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Introduction

1 Why This Book?

I have always been very fond of integration. While receiving some rather sketchy teaching of
the process at school, where it was explained as merely an inverse process to differentiation, |
spent a couple of evenings carefully reading my textbook’s very full account of the
“meaning” of integration, and found it revelatory.

Subsequently, 1 was dragged in a most perfunctory fashion, under the pressure of an
impending exam, through a hasty exposition of the various techniques which were available
to integrate functions which would not respond to the simple rules | had so far learned. It
was, indeed, only some time later that | was able to acquaint myself more thoroughly with
this material

What | have set out to do in writing this book has been to produce the textbook I I wish | had
when | was trying to learn about the techniques of integration myself. Accordingly, | have
filled the book with over a hundred worked examples illustrating each of the techniques |
have chosen to address, and | have tried to offer detailed explanations at every turn. | have
also presented a number of algorithmic sets of instructions for the execution of many of the
techniques explained.

Clearly, the material | am presenting here is not new, and indeed there are plenty of
resources, both printed and on-line, to help students learn the techniques of integration.
However, in researching the book, I have found these to be spread out over a plethora of
different locations, and so | have tried here to gather together in one resource as much
information about the techniques of integration as | could assemble within a reasonable time.

| hope that a combination of comprehensive coverage, quantity of worked examples and the
care with which | have tried to explain everything will make this a useful addition to the
extensive literature on calculus which is already available, as well as a useful and functional
tool which students will find highly relevant to their needs.

| have chosen not to include sets of practice examples. This is because the text is already
quite lengthy, and also because practice examples are available in their multitudes from other
sources, so that it would be rather pointless to add to their number or repeat existing
examples here. There are, of course, as any student mathematician will agree, few things
more fatuous than practice examples in a textbook which are rendered almost impossible for
most readers by the conciseness or incompleteness of the explanation which has preceded
them
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It will be obvious to those who make their way through the entire book that there are some
more advanced techniques which I have not covered in the current edition — the tangent half-
angle substitution is a case in point. Additionally, | have chosen not to address the various
interesting issues associated with the hyperbolic functions in the context of integration. It
was clear to me, however, when writing the material that | would have to stop somewhere, if
only to make a finished product of some sort available. A (hypothetical) future second
edition might remedy some of the more glaring omissions.

2 How to Use This Book
| envisage at least two ways in which you might make use of this book.

First, if you are learning about the techniques of integration or if you want to reacquaint
yourself with them, you may like to start at the beginning of Part 1 and make your way right
through to the end of Part 3, omitting any sections you find less useful, and consulting the
appendices when a reference to them piques your interest.

Second, you can use it simply as a reference book, by consulting the full index of integrals at
the end to find something which looks a bit like whatever knotty integration problem you
may be facing. You can then go straight to the relevant part of the text, and follow any back-
references you may find there if necessary for greater understanding.

The book will, I hope, be of particular use to anyone studying mathematics in their final years
at school or their earlier years at university. Students of any of the mathematical sciences,
such as physics or statistics, as well as engineering, may also find it useful.

It may be worth pointing out in addition that the book contains a fairly full explanation of the
algebraic Method of Partial Fractions (which doesn’t seem to be as widely or as thoroughly
taught as it once was) as well as my own tabular approach to polynomial division, which 1
hope will prove a labour-saving approach for those who are used to having to wade through
the horrid “long division” technique.

3 What You Need to Know to Use This Book

This book is concerned almost exclusively with integration — as such, I haven’t spent any
time on explaining how to differentiate. You need to know how to differentiate, including
how to use the Chain Rule, the Product Rule and the Quotient Rule in order to get the most
out of the book.

Additionally, 1 have concentrated on particular techniques for integration, including
substitution, integration by parts and the application of various algebraic and trigonometric

methods. | have assumed that you will already know and be able to apply the following basic
rules of integration:

1
fx"dx = ——x"l4+ C
n+1

fsinxdx: —cosx+ C
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fcosxdx= sinx + C

You should also know how to integrate term by term where appropriate — in other words, you
should be able to apply the rule:

f (F) + g(0)dx = f FOo)dx + f g(x)dx

and you should also be aware of how we can take a constant coefficient outside the integral
sign, as illustrated by the rule:

fkf(x)dx = kff(x)dx

The book does contain quite a lot of algebraic manipulation, so it will certainly pay not to be
afraid of this essential mathematical skill. | have tried to explain any unusual algebraic
“tricks” I have had to call on where these prove necessary. In particular, you will find Part 3
much more enjoyable if you have at least some familiarity with solving systems of linear
equations (even just two equations in two variables).

Two final points are worth making. First, some familiarity with the behaviour of the basic
trigonometric functions sinx and cosx will be very useful: | have tried to give quick
explanations of many of the trigonometric identities the book calls upon. Second, | have
made occasional use of the Binomial Theorem — though in all cases | have explicitly quoted
the particular instance needed whenever the theorem has been used.

4 The Content of the Book

When we learn to differentiate, we quickly become familiar with a number of techniques,
including the Chain Rule and the Product and Quotient Rules, which allow us to write down
the derivatives of a wide variety of functions without much difficulty. Admittedly, these
techniques of differentiation usually produce as results some fairly complicated functions by
way of output.

For example, the Chain Rule (in its simplest form) takes a function formed by the
composition of one function on another and gives as its result the product of two functions.
In other words, we can say that, using the Chain Rule, differentiation takes a functional
composition into a product of functions.

The Product Rule takes the product of two functions into the sum of two functional products.
The Quotient Rule starts with the quotient of two functions and produces a new quotient, with
a numerator comprising the difference of two functional products and a denominator
comprising the square of the function in the original denominator.

When it comes to learning integration, however, we don’t get a similar set of tools, and we
rapidly encounter functions which cannot be integrated simply. Indeed, it seems that there
are even some functions whose indefinite integrals cannot be expressed using the various
combinations of “elementary” functions which are available to us.
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There are, however, some venerable and effective techniques which can be applied to the
problem of integrating “difficult” functions, and I hope to explain and examine these
techniques in some detail in this book.

To start with, | will look at the problem of integrating one example of a “difficult” function,
and use it as our starting point for a close look at the technique known as integration by
substitution.

I will then proceed to examine a second technique, called integration by parts.

For both of these methods, | will discuss several examples of their use, and then try to set out
some useful recommendations on when each method is the best approach, and how exactly
we should decide the best way to apply it.

In the final part of the book, I present a number of worked examples of the use of algebraic
and trigonometric techniques to put integrands into a form where we can use either the
standard rules of integration or one or some of the techniques already discussed to integrate
them. 1 also show some examples of the use of a combination of several different techniques
to evaluate integrals.

5 A Note on the Constant of Integration

From the first stages of learning to integrate, we are taught that when writing out indefinite
integrals, we should always add a constant term, as follows:

1
szdx= §x3+ C

The simple justification usually offered for this practice is that there are infinitely many
possible “versions” of the indefinite integral, each of which has a different constant term. In
the case | have chosen, therefore, it would be fair to say that three randomly chosen
candidates as the indefinite integral of f(x) = x? are:

13+413+5 d13 15
R R T

Treating the indefinite integral F(x) of our chosen function f(x)as the antiderivative of that
function — so that F'(x) = f(x) - we can easily see that any of the candidates | have listed

above (and any others you may care to choose) all differentiate to give f(x). This is because
the derivative of a constant term is always equal to zero.

We therefore add our constant term to an indefinite integral to show that we are aware that
adding any constant term to the expression in x which we have obtained will provide an
equally valid solution. In applications of integration to practical situations, we may well
have at our disposal some additional information (for example, the value of the integral when
x = 0) which will allow us to assign a particular value to the ”constant of integration” which
| have labelled C.

In order to make clear that the constant term we routinely add to our indefinite integrals can
represent any actual constant term which may arise from the circumstances in which we need

4
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to use the result of integration, some writers choose not to use a particular variable, but
instead use an abbreviated narrative description, such as:

Others choose a different letter as the place-holder for the constant term, such as:
1
f x2dx = §x3 + k

I have chosen in this book to use a capital C throughout — partly, I admit, because this is the
notation | first learned as a teenager in the Scottish education system, and partly because no
notation | have encountered since seems to offer advantages convincing enough to make me
want to change. In particular, | have sometimes used the letter k for other purposes in this
book, so | have been at pains to avoid creating confusion by making it stand for the constant
of integration as well.

| have been a little naive in using the same letter C as the constant term resulting from the
integration of an expression under substitution and the constant term in the indefinite integral
after reversing the substitution. | have avoided burdening the reader with a theoretical
exploration of the rightness or wrongness of this convention, because this book is meant to
explain techniques of integration, and not the theoretical underpinnings of the process of
integration itself.

The only occasions on which | have used a different symbol for a constant of integration are
those where the mechanical process of integration gives rise to a constant term in the result it
produces. Here, I have generally discussed the usefulness of “restating the constant”, and
have used the symbol C’ for the “restated” constant, in order to emphasise that it subsumes an
explicit constant which has arisen from the integration process.
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Integration by Substitution



1 A “Difficult” Function

I’'m going to start by considering the following indefinite integral, which does not seem
amenable to the simple rules for integration we are taught when beginning calculus:

I = jsinxcosxdx

I first encountered this integral along with some other similar ones, when reading about
equations which represent sounds in terms of their harmonics. We might perhaps expect to
be able to handle the integration of a simple product of two trigonometric functions without
breaking too much of a sweat. We can certainly differentiate the product easily enough,
using the Product Rule. But how exactly should we go about integrating it?

One thing might occur to us at the outset: this is a product of two elementary functions, both
of which we know how to integrate on their own. We don’t, however, have a Product Rule
for integration at our disposal, so we might next recall the Chain Rule, which allows us to
differentiate functions which are the result of the operation known as functional composition.
This rule takes a “function of a function” and produces as its derivative the product of two or
more functions. Using the “dashed” notation, we recall that if

F(x) = g(f(x))

then its derivative will be:

Fi(x) = g'(f(x).f'(x)
which is a product of two functions.

Now, the Fundamental Theorem of Calculus tells us that the integral of F'(x) is quite simply
F(x) - indeed, this function is sometimes referred to as the “antiderivative” of F'(x) (we
have, of course, left out the famous “constant of integration”). So if we can shoehorn the
expression sin x cos x into the shape given in general terms above for a derivative according
to the Chain Rule, we might be home and dry.

To start with, then, let’s set f'(x) = cosx. Our knowledge of differentiation should allow
us to deduce straight away that f(x) = sinx. Continuing to fit our “difficult” function into
a Chain Rule template, we then have g'(sinx) = sinx, from which we can state more
generally that g'(x) = x. To find the function g, then, we just have to integrate the right-
hand side of this expression for g'(x), and this brings us to the conclusion that:
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1
glx) = Exz + C

Putting together our conclusions about the functions f and g and using functional
composition - recalling that F(x) = g(f(x)) -, we can finally say that:

I =g(f(x) = %sin2x+C

And so, by managing to fit our “difficult” function into the structure of a derivative according
to the Chain Rule, we find that we can write down its integral after all.

2 Integration by Substitution

Now it’s time to explain the first of the techniques for integration of “difficult” functions
which form the subject of this book. Integration by substitution — the name of this first
technique - is simply a slightly more mechanical way of following through the logic based on
the Chain Rule for differentiation which we used in the previous section.

I’ll start by taking the function we integrated in Section 1 as our first example. But before
doing so, a word or two will be necessary about the principles behind this technique. The
starting point is as follows: if we are asked to integrate a function f(x) with respect to x, and
the function appears too complicated for our simple rules of integration to handle, then we
could try to turn the function into a simpler one which we can handle by making a
substitution. This act of substitution would involve “packing up” some of the complexity in a
helper function u = h(x) and getting into a position where we can integrate with respect to
u. You will find that the usual choice of alternative variable in this context is the letter u - in
fact, the substitution technique we are examining here is often referred to as “u-substitution”.

How do we get into this desired position? Well, let’s first remark that if we are trying to
evaluate the indefinite integral

I = Jf(x)dx

then making our substitution in the way | have described above will transform this into the
new integral

f g(w)dx

We would, of course, hope that the new function g(w) is rather simpler than f(x) - perhaps a
polynomial in u, which we can integrate more easily than the function we began with. So far,
so good — however, the presence of the symbol dx in the integral means that we have not yet
got into a position where we are integrating with respect to u - so there is still work to be
done.

We can get to the desired position by performing something of a “conjuring trick” — we can,
in fact, claim the following identity to be true:
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du = 24
u—dx X

where the instances of dx are “cancelled”, just as if we were dealing with an ordinary
fraction.

This piece of notational legerdemain brings our indefinite integral into the form:

fg(u);l—;tdx= fg(u)du

And so we find ourselves able to integrate with respect to u, which is the position we wanted
to reach.

In order to put this theoretical apparatus into practice, let’s return to our initial problem, to
evaluate the indefinite integral

I = fsinxcosxdx

and walk through an application of our new technique to find its solution.

If we start by making the substitution u = sinx, and immediately note that as a
consequence:

du
— = CcOoSXx
dx

we find that by the reasoning we have just set out, our indefinite integral is transformed into
the simpler integral

We know that this integrates simply and easily to:

-u?+ C = lsin2x+C
2 2

undoing the substitution once the hard work has been done, in order to provide us with a
result expressed in terms of x, just like our original function.

And thus we arrive at exactly the same result that our informal Chain Rule reasoning in
Section 1 gave us.

3 Some Further Examples

A good way to get an appreciation of how to use this technique of integration is to examine a
number of examples of its use, and I will now set out several which will illustrate the method

9
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in action. These will also allow us to proceed to make some generalizations and create a set
of rules for using the method.

Example 1

Let’s consider the following indefinite integral:
I = f cosx (1 + sinx + sin?x) dx

Although this looks daunting, it’s only a slightly more complicated version of our original
example, and it can be solved in a similar way. As before, we will make the substitution
u = sinx, and immediately note the useful consequence:

du
— = COSX

dx

Our indefinite integral is now transformed into:
du
f(1+u+ uz)adxz f(1+u+ u?)du
This integrates very simply to:

+1 2+1 4+ C = si +1'2 +1'3 +C
u Zu 3u = sinx Zsmx 3smx

reversing the substitution to obtain a result in terms of x. As a final step, we can if desired
factorise out sin x, to obtain the expression:

1 1
sinx(l + —sinx + —sinzx) + C
2 3
This brings the solution into the same shape as that in which our integrand was presented,
although it’s probably fair to say that the decision on whether or not to factorise is largely a
matter of taste and convenience in the particular context in which the problem arises.

Example 2

Here we will look at the following indefinite integral:
I = J(sinx + cosx)(sinx — cosx)? dx

With this integral, if we start by asking ourselves what kind of simplification would make our
job easier, we might remark that since we already know how to integrate u?, we could try a
substitution of u = sinx — cos x. This substitution gives us the derivative:

du

— = cosx + sinx
dx

10
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which is, of course, equal to the expression sinx + cos x, which is the first factor in the
integral we need to evaluate. We can therefore transform our integral into:

du
fuz—dx= fuz du
dx

This integrates to:
1
udl+ C= §(smx— cosx)®+ C

on reversing the substitution.
Note

All the examples we have looked at so far have used simple trigonometric functions. These
have appealed to me in introducing integration by substitution because of their agreeable
symmetry under differentiation, which makes it easy to see how a particular substitution
might help us. It is now time, however, to examine the technique at work with non-
trigonometric functions, and at the same time to introduce a more algorithmic approach to its
use.

Example 3

Consider the following indefinite integral:
I = jx(x2 + 1)%dx

Of course, this is actually simple enough to let us multiply out the squared term and then
multiply the result by x, ending up with a simple polynomial in x which we could integrate
term by term. However, we will turn our backs on this tempting approach and try to apply
our substitution technique to the problem of integrating the function “as is”. Who knows, we
might even save some labour by doing this.

Well, to start with, we know how to integrate u?, so we might try a substitution of u = x? +
1. This gives us a derivative:

du_

— =2
dx X

Unfortunately, unlike the preceding “convenient” examples, we don’t have a 2x term which
we can straightforwardly replace in the way we have been doing so far.

In order to get round this difficulty, we are asked to perform a little more Leibnizian hand-
waving and manipulate du/dx as if it were a fraction. This manipulation gives us:

du = 2x dx

11
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or alternatively:

Eduzxdx

We do have an x dx term in the written expression of our integral, so we can substitute this
with (1/2)du. This means that, with our chosen substitution, the integral can be written as:

1
fzuz du

which integrates to :

1 1
.3 — Z(x%2+ 1)3
s+ C= (P + 1D+ C

on reversing the substitution.
Note

In the previous example, when we were manipulating du/dx, we could have gone the whole
hog and obtained an expression for dx - this would have been:

d—ld
x=5_du

On substituting this back into our integral, as well as making the original substitution we
decided to try, the integral would be transformed into:

[ g
x.u.zxu

We can now see that the x in the denominator of fractional factor would cancel out with the x
at the start of the integrand, thus giving us the same neat integral in terms of u which we
obtained by a slightly different route. We will use this technique of obtaining an expression
for dx in the next few examples, and this will eventually allow us to set out a fairly neat
algorithm for integration by substitution.

Example 4

Now consider this indefinite integral:
I = Jx\/(l —3x?)dx

In line with our reasoning in the examples above, we immediately note that we know how to
integrate v/u, or u'/?, so that would suggest a substitution of u = 1 — 3x2. Let’s now see
what this gives us by way of an expression for the symbol dx. We can write:

12
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du _ ¢
dx
so that:
dx = 1 d
X = 6X u

Plugging these expressions back into our original integral (and cancelling the x at the start of
the integrand with the x in the denominator of the expression for dx) gives us :

1 1
J. x. ut/?, (— —) du which simplifies to f ——ul/? du
6x 6
and this integrates to:
1 1
—§u3/2 +C=—-50- 3x2)3/2 4+ C

on reversing the substitution. Swapping back from our “rational power” notation to restore
the square root sign we originally had in our integrand would give us this solution:

1
1= —5/A=3°+ C

Example 5

Here, we are going to look at another indefinite integral which may appear slightly less
complicated than some of our previous examples.

I = jcos(Zx +3)dx

We might first note, however, that, unlike our previous examples, this is not expressed as a
product of two functions, but is instead a rather simpler “function of a function” — and this is
why it may seem less complicated in appearance. It is not readily amenable to integration
using the basic rules, though, so we will have to try our substitution technique.

Following the intuitive reasoning used in earlier examples, we notice that we do know how to
integrate cos u, which points us towards a substitution of u = 2x 4+ 3. We can then write:

du_2
dx
so that:
dx = 1d
X = E u

Putting these expressions back into the original integral, we obtain:

13



Integration by Substitution

! d
fzcosu u

which integrates to:

1 1
Esinu+ C = Esin(2x+3)+ C

on reversing the substitution.

Note

The last example is one of a class of indefinite integrals which will respond to the use of a
substitution of the form u = ax + b. These are particularly interesting since they allow us to

use substitution to handle the integration of functions of the form f(ax + b). Using the
substitution proposed, we will always obtain a very simple expression for dx, namely:

1
dx = —du
a
This will simplify our job to one of integrating
1
~f(w

with respect to u. If f is an easily-handled function, then the introduction of a constant
coefficient will not make our job any harder.

Example 6

We will conclude this set of illustrative examples with one which looks a little different, but
not too much so for comfort:

dx

[ = fsiil/%/}

Since we can readily integrate sinu, we might consider trying the substitution u = +/x,
otherwise written as u = x'/2. This gives us:

d—u = 1_’X‘_l/z — —1
dx 2 2\Vx
so that:
dx = 2v/xdu

When we plug these expressions back into the original integral, the v/x in the expression for
dx and the /x in the denominator of the original function cancel each other, so that we now

14
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only have to integrate:

f 2sinudu
which integrates to:

—2cosu+ C= —2cosvVx+ C
on reversing the substitution.
4 An Algorithm for Integration by Substitution

Through force of repetition in the above set of examples, it should now be possible to see our
way to writing an algorithm which can be used every time integration by substitution, in the
basic form we have seen so far, can be applied. By abstraction from the examples, which
became more and more “algorithmic” as we worked through them, our procedure should run
as follows:

Step 1: Choose the substitution u in terms of x. How do we choose the right substitution?
The rule of thumb which began to emerge in the preceding set of examples is this: we look
for a part of the integrand which has the form g(f(x)) (such as (x + 1)? in Example 3, or
sinv/x in Example 6) and set u = f(x). Another way of putting this is as follows: when
looking at an integrand containing, say, sin+/x, we ask ourselves: “what simplification might
turn this expression into something we can integrate easily?” In the case in point, if sinv/x
were to be simplified to sinu, our task would become much easier. This suggests that we
might try a substitution of u = /x.

Note

A useful general principle in approaching integration by substitution is to look at our
integrand, which may comprise a product of two functions, and try to spot a “function-
derivative pair”. If we are able to use substitution, we would expect to find the “function”
component bracketed inside another function, and the derivative component present in the
other factor of the product, with or without an accompanying constant coefficient.

Step 2: Obtain an expression for dx. This could be described, using an older term from the
teaching of calculus, as “calculating the differential” — this being the name given to a symbol
such as dx on its own. We achieve this by applying the “formula”:

du = Py
u—dx X

differentiating our substitution expression for u with respect to x, and rearranging to obtain
an expression for dx. This will usually be an expression in terms of both x and du.

(In my earlier comments, | have been scathing about the mathematical rigour of taking what
we are taught to regard as the symbol du/dx apart and treating it like a fraction. 1 might
point out in mitigation, however, that we are also taught a number of rules for manipulating
derivatives in Leibniz notation which could lead us to believe that treating du/dx like a
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fraction in some limited circumstances is not wholly wrong-headed. | have persevered with
the treatment of du/dx as if it were a fraction since this approach allows us to illustrate in a
shorthand form the work necessary to change our integrand into a form where we can reliably
integrate with respect to the substitution variable w.)

Step 3: Make the substitution. This involves making substitutions in the original integral
using both the chosen substitution formula for u in terms of x, and the formula for the
“differential” dx in terms of x and du. After making both of these substitutions — and the
method requires both, not just one of them — we should find that all instances of x in the
integral have been removed — perhaps by cancellation, or because the integrand already
contains part of the formula we obtained for dx. (We have seen this latter behavior on
several occasions in the above examples.) If instances of x still remain after these
substitutions, then either we have chosen the wrong substitution, and we should return to Step
1 and think again, or the integral cannot actually be solved using the substitution method.

Step 4: Integrate the resulting integral with respect to u. As we have seen in the
examples, this can be a very simple matter if the problem we start with is particularly suited
to the substitution approach.

Step 5: Return the expression to the original variable x. Use the formula for u in terms of
x to expand out the result of the integration in Step 4 to arrive at a final expression in x.
Don’t forget that it may be useful to tidy the final expression up by factorising out any
common factors, or making any other rearrangements which might lead to greater
conciseness. Such rearrangements will often cause the result to appear in a broadly similar
form to that of the original integrand.

| have reproduced this algorithm as a list of five simple steps, without my explanatory notes,
in Appendix 1 Section 1.

5 When Does Substitution Work?

We are now in a position to give at least a preliminary answer to the question of what kinds
of function can best be integrated using the method of substitution.

As a preparatory step, let’s review what we are doing when we integrate by substitution.
Recalling the Chain Rule for differentiation which we used as a starting point for our
discussion, we can say that in using substitution, we transform a “difficult” integral into a
simpler one by choosing a formula for a new variable u in terms of x; after some
manipulation (in particular, obtaining a formula for dx by differentiating our formula for u),
we are left with a simpler integral, hopefully comprising one simple function in terms of u
which we can integrate with respect to u - or possibly a sum of such functions. The method
of substitution could be written in a shorthand form by the following equation:

Jg'(f(x))f’(x)dx = Jg'(u)du, where u = f(x)

We move from the use of dx to the use of du by first noting the following equivalence,
which arises from our formula for the substitution variable u:
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du
i G

This allows us to make a notational rearrangement in order to obtain the following expression
for dx:

_ du
AC)

The above expression equating the original integral to a new integral in terms of u can now
be explained more fully using an intermediate step. This step is made by substituting into the
original integral our expressions for both u and dx. The full details are as follows:

dx

! ' ! du _ '
[ st @ar = | gwr w7 = [ gt

If we denote the “antiderivative” of g'(u) by g(u), we can then make the general statement
that the integral we wish to evaluate will be equal to:

g+ C=g(f))+ C

This abstract and symbolic reasoning would actually allow us to write down almost
immediately the following solution to any integral of the type we have been considering:

[g(r@)r@ax = g(r@) + ¢

which is, of course, nothing more than the Chain Rule for differentiation “in reverse” — that
is, a function of a function expressed as the integral of the expression for its derivative which
the Chain Rule provides.

Let’s take a look at how some of the integrands in our preceding examples can be
decomposed in the light of the general form set out above.

Example 1
g (f(x)) = 1+ sinx + sin’x; g'(x) = 1+ x + x2
f(x) = sinx; f'(x) = cosx
gx)=x+ %xz + %x%g(f(x)) = sinx + %sinzx + %sin3x
Example 2

gl(f(x)) = (Sinx— COSx)Z; g'(x) — x2

f(x) = sinx — cosx; f(x)= sinx + cosx
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g(x) = %x3; g(f) = %(Sinx— cos x)°
Example 3
gUFe) = x>+ D% gx) = x°
f(x) = x>+ 1; f'(x) = 2x so that %f'(x) = x

Our integrand was therefore of the following form:

Z9(F@)f @)

To complete the decomposition:

1 3 1 2 3
90) = 3x%g(f(0)) = 32+ 1)

However, due to the factor of 1/2 which appeared in our explanation above, our final
solution was found to be:

1
g(x2+ 13+ C

(We notice that in this case, f'(x), which we noted to be 2x, contains a coefficient of 2,
which is not present in our integrand. We can, however, note that our integrand does not
actually contain f'(x) itself, but only (1/2)f '(x). This coefficient of 1/2 can be brought
outside the integral sign, upon which the remaining integrand is of the exact form we require
to apply our technique. After integration, we can apply a corrective coefficient of 1/2 to the
result. This can be considered an alternative explanation to the reasoning set out in the
commentary on the example itself.)

From these decompositions, and in the light of the working shown in the examples
themselves, we can conclude that integrands expressed in the form g'(f (x))f '(x) can
generally be integrated by substitution. Example 3, as well as our knowledge of simple
integration, tells us in addition that the presence of a constant coefficient in the expression
which would occupy the place of f'(x) (if, for example, the given integrand contains not
exactly f'(x) but a fraction of f'(x)) does not prevent the use of substitution, since a
corrective coefficient can be applied to the result of our efforts.

We can finally conclude, then, that integrands comprising the product of two simpler
functions with or without a constant coefficient, which have the form:

kg (fCO)f ()

can usually be integrated by substitution.
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(In the light of this revised general formula, we might extend the decomposition of the
integrand in Example 3 to include an additional term of k = 1/2.)

Example 6
We might think at first that it would be hard to fit Section 3 Example 6 above into our

structure. This difficulty should evaporate, however, once we rewrite the integral in the
equivalent, but in this case more informative, form:

= fx‘l/z sin x'/%dx
This allows us to give the following decomposition for Example 6:
g'(f(x)) = sinx¥?; g'(x) = sinx
, 1 ,
fx) = xY% f(x) = Ex_l/z so that 2f (x) = x~1/2

Our integrand therefore had this form:

29'(f))f' ()

Even though the factor of 2 was not visible in the original integrand- and we can complete the
decomposition as follows:

g(x) = —cosx; g(f(x)) = —cos x1/2

The factor of 2 in the expression representing the form of the integrand, however, gave us this
solution:

—2cosx? + ¢

From all this reasoning, we can see that the method of integration by substitution can be
regarded as a kind of Chain Rule in reverse. Whereas in order to use the Chain Rule we must
observe that the function to be differentiated is of the form g(f(x)) - a “function of a
function” - in order to use integration by substitution, we must first spot that our integrand is
a product of two simpler functions (with or without a constant coefficient), and that the two
functions are related by differentiation so that the integrand has the form kg'(f(x))f'(x).
The presence of the constant k in this expression covers situations where our integrand
contains not f'(x) itself, but kf'(x) — we noted such a case in our discussion of Example 3
above, where k was found to have the value 1/2.

Section 3 Example 5 above and its accompanying note tell us that we can also expect to be
able to integrate functions of the form f(ax + b) using the substitution u = ax + b. At first
sight, such functions might seem not to conform to the structure we observed in the examples
cited earlier in this section. However, we can decompose the integrand in Section 3 Example
4 as follows:
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g (f(x)) = cos(2x +3); g'(x) = cosx
f(x) = 2x+3; f'(x) = 2sothat %f’(x) =1

Our integrand therefore needs to be expressed with the help of a “hidden” constant factor —
indeed, it is of the form:

1 ,
TAVUC)INE)
so that k = 1/2, and we can complete the decomposition as follows:

g(x) = sinx; g(f(x)) = sin(2x + 3)

Taking into account our discovery of the need for a constant coefficient k in making our
integrand, fit into the standard form for substitution, we find that our final solution is
actually:

1
Esin(Zx +3)+ C

This decomposition points the way to regarding our integrand as falling into the structure we
have set out for the use of substitution - it’s just that one of the two functions in the product
we are looking for is a constant function — in this case, one half of that constant function. As
we have remarked before, our original integrand lacks this constant coefficient — but we can
express its ghostly presence using the factor k in our standard formula for the purposes of
qualifying it for integration by substitution and apply a corrective coefficient to our result.
We can express this approach in symbolic terms by providing the following slightly more
general version of the result of integrating by substitution:

[ ka(rea)r @ax = kg(r@) + ¢

The purpose of this explanation is to demonstrate that functions of the form f(ax + b) are
simply special cases of the general pattern kg'(f (x))f (x), where (renaming our function as
F(ax + b) to avoid confusion):

g (f(x))= F(ax+b); f(x)=ax+b; f(x)= a; k= %

As a final remark on the subject of functions susceptible to integration by substitution, we
should note that it is also possible to integrate sums of functions of the form kg'(f (x))f (%),

by treating each term as a separate integral and then adding the results. If necessary, this
might involve using different substitutions for different terms. For example, the integral:

I = j<e2x+ ;>dx Jezxdx+ J;dx
V(1 —4x?) V(1 —4x?2)
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can be treated as two separate integrals; the first one needs the substitution u = 2x, while the
second can be solved using u = 1 — 4x2.

6 Definite Integrals Using Substitution
Before proceeding to explore some more sophisticated uses of the substitution method, it
would be useful to remark briefly on a minor but possibly very useful consequence of
integrating by substitution in situations where we have to evaluate a definite integral — so far,
to illustrate and explain the method, we have only considered indefinite integrals.

Let us therefore turn our minds to the evaluation of the following definite integral:
1
I = j x2(x3 + D*dx
-1

Treating the problem first as an indefinite integral, our earlier reasoning should lead us to try
a substitution of u = x3 + 1. This gives us:

du _ 342
dx x
so that:
1
dx = ydu

Proceeding to make these substitutions, we find that the x2? in the denominator of the
expression for dx cancels out with the x? factor in the integrand, so that we are left with the
following integral in terms of u:
1
Zutd
fgu u

which integrates simply to:

iu5+ C = i(x3+ D>+ C
15 15

The final solution to our definite integral would then be given by:
1 1
_ 3 1 5]
[15 S

which would require us to substitute the values 1 and -1 into the expression in x contained
inside the square brackets.

However, since we have arrived at this solution using substitution, there is an alternative
which may frequently provide a less laborious route to the end result. In fact, it is not
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necessary to take the final step of a return to an expression in x if we can find the values of u
which correspond to the limits of the definite integral in x. We can do this by substituting
each of the limits of integration into the substitution formula we have chosen, as follows:

x= —1lgivesu= (-1)3+ 1=0
x=1givesu= 13+ 1=2

These results allow us to express the solution in terms of u, as follows:

, [ 1 5]2 32
= —Uu = —
15 1, 15
Since the aim of integration by substitution is to put ourselves into a position where we are
integrating a rather simpler function in terms of u, we might well expect that avoiding a

return to an expression in terms of x before evaluating the definite integral would normally
save us at least some effort in calculation.

7 Some Standard Rules for Integration

We are now in a position to extract from our experience of integration by substitution some
useful standard rules for integrating functions of particular types: these rules will make use of
the principles of integration by substitution which we have been gradually piecing together in
the preceding sections.

First of all, we must recall an identity which was stated towards the end of Section 5 above,
where we discussed the question of why the substitution technique works, and its relationship
with the Chain Rule for differentiation. This identity could be regarded as a statement of the
Chain Rule “in reverse”, so that it can be applied to integration; it was as follows:

f g(fe))f ()dx = g(f(x)) + €

We can use this fundamental formula, together with the technique of integration by
substitution itself, to derive some useful standard rules for integration which will allow us to
write down directly the integrals of some functions which might otherwise require detailed
work.

Two Useful Rules

In order to make a start, let’s consider the above formula with a fairly simple function in
place of g'(x) in the integrand: we will set g'(x) = x™. This means we need to obtain a
formula for the general integral:

1= [(rea)'s Codax

We will walk through the process of integration by substitution here (since the integrand is of
the exact form we need to apply this technique). We will substitute u = f(x). By
differentiation, this gives us the following (again, a quite general result):
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du () s0 that dx = du

dx_f x) so tha x_f'(x)
Putting our substitution and the expression for dx into the original integral, we have the
following in terms of u:

fu”f'(x)fc,lg;) = fundu

(The right-hand side is obtained by cancelling out the occurrences of f'(x).)

This integrates very simply — by the standard formula for the integration of a simple power of
our chosen variable — to give the result:

ul 4 ¢

n+1

and reversing the substitution then gives us the following final result:

I = 1 n+1 C
= —= (™ +

We can now state the first of our new rules for integration. It runs as follows:

fU@Yﬂ@M=Z%ﬂﬂWM+C

We can expect this to work for any suitable function f(x). Let’s present a few examples:

Example 1
1
fsin3x cosxdx = —sin*x + C

because

f(x) = sinx,f'(x) = cosx andn =3
Example 2

1

f3x2(x3 — 5)*dx = g(x3 -5°+C

because

f(x)= x3—5,f(x) = 3x?andn = 4
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Example 3
1
fx3(x4+ 2)%dx = E(x4+ 23+ C

This seems a slightly less immediate application of our new rule. To see why it works,
however, we need only rewrite the left-hand side integral as follows:

1
Zf4x3(x4 + 2)%dx

And then note that our rule directly applies to the revised integral to give:
1
j4x3(x4 + 2)%dx = §(x4‘ + 23+ C
because

fx)=x*+ 2,f'(x) =4x%andn = 2

(In other words, by rewriting the integral with a coefficient taken outside the integral sign, we
can now see clearly the function and its derivative which we require to apply the rule.)

Our initial solution then arises by simply re-applying the coefficient of 1/4 to the result
obtained from our rule.

One issue which arises from this first useful rule, however, is the question of what happens
when we are faced with a situation where n = —1. In such a case, the right-hand side
expression for the solution to our integral would not make any sense, since the fractional
coefficient it contains would be undefined in this situation. It will therefore be useful to
investigate whether we can derive an alternative rule to deal with this particular situation.

We should note first that we can rewrite our integral where n = —1 as follows:
-1 . f(x)
(%) (x)dx = | —=dx

As before, we will substitute u = f(x), and this gives us the same result for dx as we
obtained before, that is:

du _ f'(x) so that dx = _du_
)

dx
Now we can put everything back into our original integral and arrive at the following integral
in terms of u:
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f Iix)'f’ilgc) - f L

(Once again, we see that the two instances of f'(x) cancel each other out.)

This is now a standard integral, whose solution is:
In|u| +C
and by reversing the substitution we will arrive at the following solution in terms of x:
[=In|[f(x)|+ C

We have now covered the situation where our first rule falls down — it can only be relied
upon in cases where n # —1 - and state this additional rule of integration:

AG)
16

As before, it will be helpful to look at a few examples of this rule in action.

dx = In|f(x)|+ C

Example 4

cos x _
j ——dx = In|sinx| + C
sin x

because
f(x) = sinx and f'(x) = cosx

We should note that the integrand we have considered here is usually rewritten as cotx, the
trigonometric cotangent function. This function is defined as follows:

1
tan x

cotx =

Noting the common trigonometric identity for tan x:

sin x
tanx =
COS X
we can conclude that:
1 CcoS X
cotx = =

tan x sin x

That said, our example integral could be rewritten as the following standard integral:
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fcotxdx = In|sinx| + C

Example 5
f sz dx=In(x*+ 1)+ C
x-+ 1
because
f(x)=x*+ 1and f'(x) = 2x
Example 6

f x dx = Slnlx® — 3|+ €
x3_3x—3nx

Like Example 3 above, this entails the use of a constant coefficient. We can rewrite our

integral as:
1] 3x? 4
3] -3%

and observe that our rule gives us:

3x? s
fx3— 3dx= In|x®> - 3|+ C

because
f(x) = x> — 3and f'(x) = 3x?

Re-application of the coefficient of 1/3 gives us our desired result.

Some Useful Consequences

We can make these two rules for integration even more useful by looking at how they apply
to one particular function:

f(x)=ax+b

This function is the general linear expression in x. We immediately note the consequence
regarding its derivative — f (x) = a.

Putting this simple function and its derivative into the first of our two rules (the rule which
applieswhenn # —1), we have the following identity:
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f a(ax + b)"dx = (ax + )™ + C

n+1

If we multiply both sides by a coefficient of 1/a, we will obtain the following consequence:

1
af a(ax + b)"dx = (ax + b))+ C

1
a(n+1)

Now, we should notice here that in the integral on the left-hand side, our coefficient of 1/a
and the coefficient of a inside the integral sign (which can, of course, be brought outside the
integral sign!) cancel each other out. This leaves us with the following useful rule for
integrating linear expressions raised to a power:

f(ax + b)"dx = (ax + )™ + C

a(n+1)

In situations where a = 1 (and | will rename b as k to represent the constant term inside the
integrand) this reduces to the following:

f(x + k)"dx = (x+ k)™ + C

n+1

These useful rules allow us to write down directly some integrals which we might not have
been able to deal with so quickly before. Here are a couple of examples:

1
f(2x+ 5)3dx = 5(2x+ 5*+ C

1
J(x—2)4dx= g(x—2)5+ C

A similar useful result can be obtained from the second general rule we established in the
case where n = —1. Once again, we will start by setting:

f(x)= ax+bsothat f'(x) = a

Our second rule gives us this identity:

a
f dx = Inlax + b|+ C
ax+b

Multiplying both sides by 1/a (and this time, we will cancel out the a in the integrand’s
numerator with our factor of 1/a straight away) we obtain the following useful rule:

1 1
f dx = —Inlax+ b|+ C
ax+b a

Finally, setting a =1 and renaming b as k the way we did a little earlier gives is the
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following rule for simpler linear expressions:

1
f dx = In|lx+k|+ C
x+k

We can additionally use the substitution technique to derive two useful rules which can be
applied when integrating expressions containing functions of any kind at all. Carrying on
from the last result, let’s consider the following very general integral, where k represents
some constant value:

ff(x + k)dx

We will further adopt the convention that the integral of the (unknown) function f(x) in the
above integral is denoted by F(x) + C. Written out as an equation, this would be:

ff(x)dx =F(x)+ C

With this convention in mind, let’s look back at the integral of f(x + k) | set out earlier. We
should expect to be able to approach the solution of such an integral by making the
substitution:

d
u=x+ksothat£=1andsodx=du

We then have an integral in terms of u as follows:

f fw)du

By the convention we adopted to represent the integral of f(x), this has the solution:
F(u)+ C

and, reversing the substitution, we can then state the following general rule of integration:
Jf(x+k)dx=F(x+k)+ C

Let’s see an example of this rule in action:

Example 7
f cos(x +3)dx = sin(x+3)+ C

In this example, our constant k = 3, and we were able to make use of the standard integral:
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fcosxdx= sinx + C

Our final rule is of a similar type, and is once again derived using substitution on an integral
expressed symbolically, with the same conventions as those we used for the preceding rule.
We will consider:

f f(kx)dx

Here, we will substitute:

du 1
u = kxsothat — = kandsodx = —du
dx k

This gives us the following integral in terms of u:

1 1
[ 2radu =1 [ rad
The integral on the right-hand side, of course, has the solution:
F(u)+ C

so that we can reverse our substitution and apply the coefficient of 1/k which we took
outside the integral sign to write down our solution as follows:

Jf(kx)dx = %F(kx)+ C

As before, an example will serve to show the kind of result we can get from this rule.

Example 8
1
fcostdx = Esian + C

We used the same standard integral as was applied in Example 7 - the integral of cosx - to
obtain this fairly familiar result, where our constant k = 2.

We have here a number of useful rules for integration which will allow us to write down
immediately solutions to integrals which would previously have required walking through the
substitution technique. | have listed all of these rules for ease of reference in Appendix 4
Section 2.
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8 Algebraic Substitutions

You are likely to be already familiar with the idea that some integrals which look difficult can
be made more tractable by performing some simple algebra on the integrand, in order to
rearrange it into a form which is easier to deal with. Indeed, we referred to this possibility
when considering Example 3 in Section 3 above.

We will now proceed to examine some examples of the use of our substitution technique
where the substitution is chosen so as to allow us to carry out some simple algebra on our
integrand which will yield up a more easily integrated expression. Once again, we will do
this by exhibiting some examples and accompanying them with plenty of explanation as we

go.
Example 1

Here we will consider the following indefinite integral:
I = fx(x+ 1)3dx

We might first remark that the integrand does not fit the desired structure for integration by
substitution as we set it out in Section 4 above. However, let’s persevere in this case, and see
how far we can get by trying substitution anyway. Trying to apply our algorithm as best we
can, we note that the most complicated part of the integrand, comprising a compound
function, is the cubed factor in brackets. We might therefore suggest a substitution of
u = x + 1, since we know how to integrate u3.

We should immediately note that this simple substitution gives us a very simple relationship
between dx and du. This is because:

du
— = 1sothatdx = du
dx

This only leaves us with the question of what should be done with the x term in the integrand,
since unlike in our earlier examples, we do not have anything provided in our expression for
dx which we can use for cancellation. The answer comes from remembering that here, we
are using substitution to help us do some algebraic rearrangement before integrating; making
use of the simple substitution expression we have chosen, we should be led to the conclusion
that the way forward is simply to write x in terms of u using a rearrangement of our
substitution formula, giving us x = u — 1. Our integral now becomes:

f(u —Duddu = f(u4 — u3)du

This is a simple difference of powers of u, which we will integrate with ease in a moment.
First, however, let’s think briefly about what we have done here: we have chosen a
substitution which, despite the integrand not looking quite suitable for this technique, has
allowed us to transform the cube of a bracketed expression in x to create a simple power of w.
Because the substitution was an uncomplicated one, we have been able to expand the x term
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into a simple bracketed expression in u - not raised to a power, but instead amenable to
straightforward “multiplying out”, to give us an easy integral to evaluate.

Let’s complete the job. Our integral in u integrates using standard rules to give:

1 1 1 1
_qy5 — 4 = utl=u—- =
5u 4u + C u(Su 4)+C

Finally, by reversing the substitution, we obtain the following solution in x:
( +1)4<1( +1)—1>+C—1 +1)4< —1>+C
X 5 4 =5 X7y

The final step here involves expanding the right-hand bracketed term in the first expression
above as follows:

e io1,,1 1.1 1_1( 1)
5" 457572 5" 20 5\
Example 2

In this example, we’ll attempt to generalise a little from the previous one, in order to exhibit a

new class of functions which can be integrated by substitution, using the “algebraic”
approach we saw in the previous example. We therefore set ourselves the task of integrating:

I = f(x+ 2)(x + 3)*dx

Noting that this is only slightly more complicated than Example 1, we can immediately
proceed to suggest a substitution of u = x + 3, which as before will have as consequence the
very simple relationship dx = du. Furthermore, we note that the first factor in the
integrand can be expressed easily in terms of u. Rearranging our substitution formula, we
have:

x=u—3sothatx+2=u—-1

On substitution, therefore, we obtain the integral:

f(u — Dutdx = f(u5 — ut)dx
This doesn’t look an awful lot different from the integral in Example 1, and integrates to:

I WP ST N\
6" ~ 5t B VA

Finally, reversing the substitution gives us:
+35<1 +3 1)+C—1 +35<1 +3>
@+3)°(cO+3) - )+ C=S@x+3)°(gx+ :
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The final step results from the same kind of simple algebra we made use of at the end of
Example 1. The detailed steps we perform on the right-hand bracketed term in the first
expression run as follows:

ey lo1.,1 1_1+3_1<1+3>
6 5 67275 6~ - 23"

It should be clear that we can use exactly the same technique, with one of two of the numeric
constants altered as necessary, to solve any problem of the form:

I = f(x+a)(x+ b)*dx

by choosing the substitution u = x + b. A demonstration of the integration of this general
expression is given in Appendix 5 Section 2.

It is worth remarking additionally that it doesn’t affect the usefulness of our method if the
power of x + b is negative, so that we can also use the method of this example to solve
problems of the form:

I— xXx+a d
)+

Example 3 - Substitution with a Difference

This example will look somewhat familiar after the preceding two, but we will approach it in
a different way. This will serve to illustrate a use of the substitution technique which is
sometimes encountered, and is generally adopted in order to reduce the complexity of the
integral to be evaluated after the substitution has been made.

Our problem will be to evaluate the indefinite integral:
I= f(x + DV(x + 2)dx

Apart from the fact that the second factor in the product which comprises the integrand is
raised to a fractional power, namely 1/2, this integral clearly matches the structure of the
preceding two examples. We might therefore expect to be able to use the substitution
u = x + 2. This does, however, require us to integrate an expression in u with fractional
powers, which, though entirely feasible, we might feel to be algebraically vexatious and,
worse, prone to error.

We can therefore ask ourselves: is there any substitution we might perform which would
make the fractional power, ie the square root, disappear from view so that we are left with
whole-number powers only? And indeed there is (though it may not immediately pop into
the mind of itself): if we express our substitution in a reversed form, ie as an expression for x
in terms of u, we will find that the substitution x = u? — 2 will transform the square root
factor in our integrand into the simple value w.
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How do we arrive at this choice of substitution? Well, we want to end up with the result that:
u= V(x+2)
Simple algebra then gives:
u? =x+ 2sothatx = u? — 2

(We should pause a moment here to remark that there is, of course, nothing wrong with
expressing our substitution as a simple expression for u, as we did a few lines ago when 1
explained how we might get to the substitution formula I originally quoted. However, | have
decided to show the substitution in the form | have because this is a way you will see
substitutions described, and it is useful to get a little experience of it!)

The first factor will be transformed into:
u—2+1=u*-1

We are now just left with the question of finding an expression for dx. Since our substitution
this time is given in terms of u, we might try differentiating the expression for x with respect
to u. as follows:

dx
— = 2u so that dx = 2udu
du

After substitution, our integral now becomes:
j(u2 — Du.2udu = JZuz(u2 — 1du = f(Zu4 — 2u®)du
This is now easily integrated (without any fractional powers) to give us, in terms of u:

2 2 1 1
§u5—§u3+ C=2u3(§u2—§)+ C

Now, however, we come to the final matter — that of reversing the substitution. As initially
set out, the expression for x in terms of w is fairly unhelpful as it stands: there is nothing else
for it but to rearrange it to give an expression for u which we can then put back into the
above solution in u. Simple algebra gives us:

u? =x+2,sothatu = V(x + 2)

and we can now reverse the substitution in the manner we have adopted every time so far, to
obtain:

2(x+2)3/2<%(x+2)—%)+ C= §m<x+%>+ C

The final step takes place by carrying out the following work on the right-hand bracketed
term in the first expression:
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1(+2) 1_1+2 1 1 1_1<+1>
5 35775 3 5" 15 5\"'73

We note that one fractional power does reappear at the very end of the process, but not in a
manner which is likely to cause us any alarm.

We may now point out that our initial discussion of this example, where we noted that it
should respond to the substitution u = x + 2, as long as we are not deterred by having to deal
with fractional powers of u, leads us to the conclusion that this type of substitution will
handle any problem of the form:

I = f(x+a)(x+ b)Pdx

where p is any positive rational number, ie a number greater than zero with or without a
fractional part.

Example 4: A More General Case

In order to go a little further in our survey of the types of integral which this technique will
help us to tackle, let’s take a look at a substitution-based approach to the following integral:

] f 3x+5 g
= | m/——==dx
(2x + 3)3
In overall appearance, this is not wholly dissimilar to the type of integral we have been
concerned with previously in this section, except that one linear factor is raised to a negative

power. We will therefore start off by rewriting the integral for convenience in the following
form:

1= j(Bx +5)(2x + 3)73dx

and immediately declaring, in line with the earlier examples in this section, that we will try
using the substitution u = 2x 4+ 3. Now, this is a substitution of the form u = ax + b, a type
we remarked on in the note following Section 3 Example 5 above. In accordance with those
remarks, we immediately note that our chosen substitution gives us this equivalence:

d—ld
x—Eu

We should just pause for one moment as we consider how the first factor in the product
which constitutes out integrand can be converted into an expression in terms of u. If we first
make x the subject of our substitution expression, obtaining the following:

1
X = E(u—S)

we can substitute this into our first factor, obtaining:
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+ 5= +1—13+1
Zu = -u —Z(u )

Making all the substitutions we have now arrived at, out integral is transformed into:
fl(ls +1) —3d —1f(3 2+ u3d
> 2( u+1))u>du= 2 u u u

Integrating term by term yields the result:

1 1
I -1_ —,,-2
4( 3u 2u >+C

We can now proceed to finish the job by reversing the substitution. The result is transformed
as follows:

1( 3 4 1 )+C
4\2x+3  2(2x + 3)?

We can combine the two fractions inside the brackets into one by the following bit of algebra,
where we multiply the numerator and denominator of the first fraction by 2(2x + 3):

1/6(2x +3) 1 _6(2x+3)+ 1
_1(2(2x+3)2 * 2(2x+3)2) T 8(2x +3)?

Let’s take things one step further by multiplying out and simplifying the numerator, so that
we arrive at the following:

12x + 19 +C
8(2x + 3)?

which brings the solution into a similar shape to that of the integrand we started with.

Now we are in a position to go a little further with our generalisation and say that we can use
integration by substitution can to solve any integral of the form:

I = f(ax+b)(cx+d)p dx

where p can be either positive or negative, and | give a general solution to any such integral
using symbols instead of actual values for the constants in Appendix 5 Section 3.

Note

To help in deciding on a substitution formula which is to be expressed in the “reversed” form
we demonstrated in Example 3 above, we might offer the following few comments: first, the
objective is to use the substitution to “hide” a particularly awkward part of the integrand in
such a way that is does not hopelessly overcomplicate the rest of it; second, it may take
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several attempts before a really useful one is found; and third, our choice of substitution
should allow us to simplify the integrand algebraically in order to get to something we can
handle more easily.

Some algebraic justification for the choice we made is given in the explanation of Example 3
above, and it can also be useful to start by setting a portion of the integrand equal to the
substitution variable u, as we did in Example 3, and then rearranging this equation to express
the substitution in whatever form we may desire. (We could, of course, equally well stop
after the first step — one reason for making a rearrangement might, however, be to make the
differentiation of the substitution formula more straightforward.)

When we encounter in mathematical literature the glib statement of one of these “reversed”
substitutions, it’s worth bearing in mind that any glibness in the statement can only be
possible with the benefit of hindsight (or extensive experience). It’s also the case that the
substitution quoted will, of course, be the one that works, and it’s often difficult, or deemed a
waste of space, to set out the process of trial and error which finally yielded it up.

Example 5: A Horse of a Different Colour
Before leaving this consideration of algebraic substitution, let’s take a look at a somewhat
different kind of function which can be integrated using an approach broadly similar to the

one which has worked in the previous three examples.

We are going to consider the following integral:

1—f * 4
- x2+1x

Now, although we might be inclined to think that because x3 differentiates to give 3x2, this
integrand might contain a “function-derivative pair” of the kind that allows us to fit it into the
standard form for integration by substitution which we explained in Section 4 above, we will
find if we press this attempt any further that the integrand is not in fact in this form at all!

However, it can be tackled using a relatively simple substitution. We must first bear in mind
that our aim in using algebraic substitution is to transform out integral into a simpler form
than its original form. In the case of rational functions such as the current integrand, this
might involve radically simplifying the denominator in order to turn the integral into a much
simpler sum of powers, which can be dealt with term by term.

With this in mind, then, we might start our work here by trying a substitution of u = x% + 1
- in other words, we will try substituting the entire denominator with our new variable u.

This leads in the first instance to the following consequence:

du 1
— = 2x,sothatdx = —du
dx 2x

If we now insert these facts into the original integrand, it will change to the following:
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X3

2ux

The outstanding x term in the denominator can be cancelled with the numerator, which will
leave a numerator of x2. A rearrangement of our substitution formula will give us the
equivalence x? = u — 1. If we also take the constant factor of 1/2 outside the integral sign,
we will be left with the following integral in terms of u:

1fu_1d _1f(1 1)d
2 u u_Z u u

which is fairly easy to integrate — indeed, we are left with the following solution in terms of
u:

1
E(u —Inju))+ C
Taking the final step of reversing the substitution, here is our solution in terms of x:
1
E(x2 + 1-In(x>+ 1))+ C

We can safely drop the modulus brackets following the logarithmic function here, since it
will be impossible for x2 + 1 to take on a negative value!

One thing which is noticeable about this solution, however, is that it contains an explicit
constant term: if we take the constant term 1 outside the brackets (not forgetting to multiply it
by 1/2), then our solution looks like this:

1 1
(2 —In(x*+ 1)+ s+ C
2 2
We could choose to rewrite this as follows:
1 1
E(x2 —In(x?+ 1)) + C' whereC' = C +3

Now, this is every bit as good a solution as the one we obtained at first — we have simply
chosen to restate the constant C, in order to remove an unnecessary explicit numeric constant
term from the solution. We can say in our defence that in any situation where we have some
useful information, such as a boundary condition, or another fact which allows us to obtain an
actual value for the constant of integration, either of these two solutions will allow us to
incorporate this information, with just a difference of 1/2 in the value we actually assign to
our constant.

A more detailed discussion of the occasional need to restate the constant, which sometimes

arises from using the substitution technique, can be found in the notes at the end of Appendix
5 Section 7.
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Example 5: In the Same Vein but with a Different Substitution

In the discussion of Example 4 above, | deliberately chose a substitution which simplified the
denominator of the integrand completely. This choice, however, led to the requirement for a
restatement of the constant of integration at the end of the process. For those among you who
consider this ugly and undignified, here is an alternative solution using a different
substitution which avoids this regrettable necessity. It does, however, introduce some extra
complication to the process, as you will see.

This time, we will approach the integral using the substitution u = x2. Just as before, this
will give us the following:

du 1
— = 2x,sothatdx = —du
dx 2x

Our integral will thus be transformed as follows:

[
2x(u+1)u

Carrying out some cancellation on the terms in x and moving the constant factor of 1/2
outside the integral sign, we then obtain:

1[ u d
2 ur 1™
This cannot be reduced to an easily integrable form with the same simple method we were

able to deploy with our earlier substitution. However, there is an algebraic device which can
help us out of our bind in cases like this.

We first note that the denominator of the rational expression in u isu + 1. If we add 1 to the
numerator, we will turn our expression into something which can be reduced to 1. However,
in order to avoid changing the value of the numerator, we must compensate for the addition
of 1 by subtracting 1. You may not think this actually gets us anywhere — but it alters the
presentation of our expression in just such a way as to make it possible to change it into
something we can handle more easily. The algebra works as follows:

u+1—1_u+1 1 1

= — =1
u+1 u+1l u+1 u+1

(This technique will be used again elsewhere in this book, and | give a symbolic
demonstration of its use, which allows it to be applied in many similar situations, in
Appendix 3 Section 2.)

Now this lets us restate out integral in u in a form very similar to the one we obtained using
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which integrates, similarly to the way it did before, to give the following solution in terms of
u:

1
E(u—ln|u+1|)+ C

Here comes the really interesting difference, however: on reversing our substitution of
u = x2, we now obtain the following solution in terms of x:

1
E(x2 —In(x*+ 1)) +C

This was the expression we arrived at previously after we had gathered all the constant
elements of the solution into one single constant of integration.

So we see that by using a substitution of u = x2 + 1, we had to carry out a little further
work to remove an unnecessary constant term; using u = x2, however, produced a constant-
free expression (apart, of course, from the ever-necessary C). | will now make two
digressions in order to explore some general conclusions which we are able to draw from this
exploration of a rational integrand. These digressions entail some symbolic reasoning in
order to establish the generality of the results they propose.

What Kind of Integral Produces an Explicit Constant in the Result?

(Readers should be aware that the remainder of this section constitutes a digression into
realms of abstract reasoning inspired by the results we have just obtained. If you are not in
the mood for this, or perhaps don’t feel it will be relevant to your needs, then there is nothing
to prevent you from proceeding straight on to Section 8 at this point. But don’t be too hasty —
you might find it interesting and useful after all!)

Is there anything of a general nature we might be able to say about the circumstances in
which integration by substitution leads to a solution containing an explicit constant term?

One possibility certainly arises from the first approach we took to Example 4 above: in this
case, a substitution of the form u = f(x) + a was chosen; furthermore, the solution to the
integral in terms of u contained an actual term of the form ku, which was replaced by
k(f(x) + a) or kf(x)+ ka on reversing the substitution. This provided a constant term
ka in the final solution in terms of x, which led to my discussion about its inclusion in the
standard constant of integration — the process I described as “restating the constant”.

We can generalise a little from this observation to suggest the following rule: if we integrate
using a substitution of the form u = f(x) + a (where a is a constant) and we find that the
solution in terms of u contains a term of the form ku™, where k is a constant and n is an
integer greater than or equal to 0, then the final solution in terms of x will contain a constant
term which we will have to subsume in the constant of integration by restating that constant.

Why would you be expected to believe this? Well, if our solution in terms of u contains a
term of the form ku™, then on reversing the substitution, this will turn into k(f(x) + a)™
The Binomial Theorem tells us that the last term in the expansion of the bracketed factor
which is raised to the power n will be a™. Multiplying out using the constant k will produce
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a term ka™. Since both k and a are assumed to be constants, the composite term will
certainly also be a constant. Hence, a constant term will be present in the final solution in
terms of x.

Just to tidy matters up, however, we also need to ask the question: why should the power n
have to be an integer greater than or equal to 0? First of all, assuming that n > 1 allows us to
quote the Binomial Theorem. Furthermore, if we allow n to be 0, then u™ becomes equal to
1, so that ku™ is equal to k, which is of course a constant.

However, if n < 0, then we have:

k
ku™ = —m,wherem = -n
u

On reversing the substitution, this will become:

__k
e+ aym

which contains at least some terms in x in its denominator as well as any constant which
arises from the expansion of the bracketed item — so the entire expression may not be
reducible in such a way as to produce a constant term.

Can we go any further and deduce some condition which should be fulfilled by the integral in
x which we wish to evaluate in order for an explicit constant to be produced? Well, we can
say a certain amount; and a certain amount is all I intend to trouble you with here.

We saw above that a substitution of the form u = f(x) + a and a term in the solution in u of
the form ku™, where n is greater than or equal to 0, will produce an explicit constant term in
the final solution. Now we can certainly say that one way of satisfying these conditions will
be to have a term of the form Ku™"! in the integral in terms of u which we obtain after
making the substitution. This is because such a term would integrate to produce the
following term in the solution in u:

K
—u"™, which has the form ku™ where k = —
n n
Let’s pause a moment here to note that we can rephrase our conclusion here a little to give us

some useful insight. If our integral in u contans a term of the form Ku", then it will integrate
to give us a term of the form ku™, where:

k—K dn=N+1
—N,an n=

Since this is so, | will drop the capital letters in my description of the term to be integrated,
and simply revert to describing it as a term of the form ku™.

Given that our substitution is of the form u = f(x) + a, we can deduce the following:
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du
T f'(x),sothatdu = f'(x)dx

We can therefore say that if we start with an integral of the form:

f K(FGO + @) f' (0 dx

and approach it using the substitution u = f(x) + a, then (bearing in mind the expression
for du which we obtained above) our transformed integral in terms of u will be of the form:

f ku™du

The reasoning | have set out above predicts that this will yield an explicit constant term as
part of its final solution in terms of x.

This is as far as | intend to press this question here. No doubt there will be other ways of
obtaining an explicit constant in the solution to an integral, but we have at least been able to
describe one possible way this can happen.

In conclusion, let’s just pause a moment to notice that the form of integral which we have
decided will produce an explicit constant in its solution (with the appropriate substitution —

this is a key requirement - is of the standard form for integration by substitution, namely the
form:

j KF'(G(0)G" (x)dx
where:
K=kF'(x)=x"G(x)= f(x)+ a,and G'(x) = f'(x)
Our substitution here should be u = G (x), or, to put it another way, u = f(x) + a.
Does Example 4 Illustrate a New Class of Integral Suitable for Substitution?
Having worked through Example 4 above in some detail, we might now be inspired to ask
whether it exemplifies a new class of integral which is susceptible to the substitution

technique.

In order to answer this speculation, let’s take a look at the more general integral:

f
X
X a

and try to find out the circumstances in which we can integrate this using substitution.

In line with our first approach to Example 4, let’s decide that we will try to use the
substitution u = x™ + a. From this, we can infer that:
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du

— =nx""1 sothatdx = ——du
dx

nx‘n—l

Making the substitutions we have just set out in order to obtain an integral with respect to u,
we will obtain the following:
xm
—du
fu.nx”‘1

Applying the rules of indices to the x terms in the numerator and denominator, this can be
rewritten as follows:

xm—n+1
du
nu

Bearing in mind (again in the light of our work on Example 4) that our substitution formula
can be rearranged to give x™ = u —a, we can draw the conclusion that the remaining
instance of the variable x can easily be taken out of the picture if the numerator of our
integrand can be made equal to x™ (in which case we can use the above rearrangement of the
substitution formula to replace it with u — a).

This equivalence will hold whenever:
m—n+ 1 =n,or by rearrangement,m = 2n — 1
When this is the case, our integral becomes:
u—a
f du
nu

We can easily convert this into a difference of two fractions, which makes it fairly easy to

integrate:
1 a 1 al
f(__ — ) du = f(__ = ~)du
n nu n nu

This integrates quite simply to:

u a 1
—— —Injul+ C=—-(u—-aln|u|)+ C
n o n n

Taking the final step of reversing the substitution, we have the following solution in terms of
X'

1
E(xn+ a—aln|x™+ a|)+ C

Finally, we can (according to our reasoning above) subsume the constant term in a into the
constant of integration C, to arrive at the following slightly simpler solution:
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1
E(x"—alnlx"+ al) + C'whereC' = C +

SN

We have therefore established that any integral of the following form:

x2n—1
d
fxn + a X
can be integrated using the substitution u = x™ + a, and we have even been able to derive
the general solution to an integral of this form.

Before leaving this topic, we might just pause to remark that Example 4 above, of course, fits
this form exactly, withn = 2 and a = 1.

(We can actually go a little further in specifying the general form of integral which can be
solved by substitution in the way we have been doing here: we can in fact solve integrals of
the form:

axZn—l
—dx
fbx” + c

using either u = bx™ + ¢ or u = bx™ as our substitutions. In order to avoid a further
exhibition of symbol manipulation here, | have chosen instead to give the general solution to
integrals of this form in Appendix 5 Section 4.)

9 Power Substitution

In this section, we will examine one particular kind of algebraic substitution which is so
useful in dealing with integrals of a certain type that it is sometimes given its own particular
name — power substitution. In order to introduce it, I will re-examine an example which we
addressed as Section 3 Example 6 above and evaluate it using this new approach. As usual, |
will then present a series of additional examples to illustrate the method fully.

We will look again, then, at the following integral:

dx

fsiil/%/}

In effect, what we did in Section 3 was to use the fact that this integral contains a “function-
derivative pair” (subject to the use of a constant factor) in the form of the x*/2 sithin the sine
function and the x~%/2 which constitutes the denominator. Using the normal rule for
differentiating a power of x, we can see that:

dx 2

-1/2

Since | explained in detail how the integrand can be considered to contain this function-
derivative pair, as well as the need to justify this introducing a previously invisible constant
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factor, in the note on this example in Section 4 above, there’s probably no need to labour this
point further.

So how can we approach this integral using a different type of substitution-based approach?
Bearing in mind the kind of reasoning we saw in the preceding section on algebraic
substitutions, we might start by asking: what it is about this integral which contributes most
to its difficulty?

One answer might be to point to the square roots of x in the numerator and denominator. So
now it would be fair to ask: how might we use a substitution to make these disappear from
the problem? One approach might be to substitute for x something squared — let’s say, for
example, x = u?.

As is frequently the case, we can get to this “reversed” substitution by reasoning that we
want to make the square root of x be represented in the transformed integral by u. We
therefore say that we want to see:

u = vxsothatu® =x

The second formulation, of course, means that we will not have to differentiate any square
root expressions in obtaining our expression for dx.

If we make this substitution, then, in addition to transforming the integral into a function of u
which contains no square roots, we can also conclude the following:

dx
— = 2u so that dx = 2udu
du

Now this is really not a million miles from the reasoning we used (and which | have tried to
set out) when we evaluated this integral the first time. Indeed, the only real difference is that
instead of choosing a substitution of u = +/x, we have simply rearranged this in terms of x to
read x = u?. This inversion has also led us to consider the derivative of x as a function of u
- that is, the derivative dx/du - in order to find our formula for dx.

Putting both our chosen substitution and our expression for dx back into the original integral,
we find it transformed as follows:

sinu
f ” 2udu = stinudu

As we saw the first time round, this integrates very easily to give the solution:

—2cosu+ C= —2cosvx+ C

The final form in terms of x is, of course, obtained by rewriting our substitution formula to
obtain an expression for u in terms of x. Our substitution formula is:

x = u?sothatu = Vx
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Of course, this is exactly the result we obtained in Section 3 Example 6, where we made a
direct u-substitution. All we have done differently here is to express x, the original variable,
as a power of u, so that the square roots can be removed when we make the substitution and
simplify.

Some think that this is a more intuitive and appealing way of dealing with integrals
containing roots of x; the method can also be used to handle integrals which do not contain
“function-derivative pairs”, where substitution in the form we have seen it so far might not
help us. We have begun with a very simple example, where our power-substitution was more
or less equivalent to our original u-substitution in the amount of effort it required. We now
need to look at some more examples in order to bring out the real “power” of this substitution
technique.

Example 1

This example will feature another integral which contains a square root, but where no
obvious “function-derivative pair” can be spotted. Our integral will be as follows:

1
sz dx
1+ Vx

As in the introduction to this section, we will again aim to apply the substitution x = 2.
This will, as above, give us the following two useful consequences:

VX = Juz =u
and

dx
— = 2u so that dx = 2udu
du

These two pieces of information allow us to rewrite our integral as follows:

jl 2d—2J Y a
1+u.uu— 1+uu

Of course, the new integral in terms of u — even after moving the factor of 2 outside the
integral sign - +doesn’t look much easier to deal with. However, we can find a way to make
it a little simpler by performing the neat algebraic “trick” of adding and subtracting 1 to the
numerator. This does not change its value, since it is always true to say thata + 1 — 1 = a!

Doing this alters the integrand in the following way:

1+u—1_1+u 1 1

= — =1
1+u 1+u 1+u 1+u

It could be argued that the identity:
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X 1

x+1: x+1

should be considered as a standard fact of algebra — and you may already have learnt it as
such. If not, | hope the argument | have given here about the possibility of adding and
subtracting 1 to the numerator will be convincing enough to allow us to use it to reduce the
integrand to an easily handled form. In any case, | set out a slightly more general argument
about this method of converting rational functions to more agreeable forms in Appendix 3
Section 2.

This immediately turns the integrand into a simple difference of two terms, each of which we
can integrate quite easily. The result is:

1
f(l— —)duzu— In[14+u|+ C
1+u

Restoring the factor of 2 which we moved outside the integral sign a moment ago, and
reversing the substitution using the expression for u in terms of x which we noted at the
outset, we have a final solution as follows:

I=2Vx— 2In|1+ Vx| + C
Example 2

We will now move on to look at an integral which contains a more complicated square root,
to see how we can still apply power substitution to evaluate it. Our example will be as
follows:

3x+2
Vvx—9

We will aim to substitute the entire expression under the square root sign with u2, in the hope
of making the square root sign disappear completely in the transformed integral. Our
proposed substitution will therefore be represented by the expression:

dx

x—9 = u?

We could rewrite this as an expression for x in terms of u using simple algebraic
rearrangement to give us:

x=u*+9

We should furthermore confirm that this does indeed deal with the undesirable square root
sign by noting that:

i=9= a2 =u
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This is exactly the same approach we took to Example 1 — choose our substitution so that we
end up with u? under the square root sign, which allows us to reduce the entire square root
expression to u alone.

One more step is called for — obtaining an expression for dx. This can be obtained by
differentiating our expression for x in terms of u as follows:

dx
— = 2u so that dx = 2udu
du

We are now in a position to put all these facts into our original integral in order to end up
with an integral in terms of u. Using each one of the facts we noted above, the transformed
integral will be as follows:

3(u?+ 9)+ 2 6u + 58u 5
f ” 2udu = deu = f(6u + 58)du

The final right-hand side integral can easily be evaluated term by term to give the solution:
2ul+ 58u+C

We can now reverse the substitution to get an expression in terms of x, which will look like
this:

2(Vx—=9) + 58Vx—9+C

We may feel that it’s good enough to leave the solution in this form. However, we can if
preferred rewrite the whole expression using fractional indices, with the following effect:

2((x - 9)/2)’ + 58(x — 92 + C

The first term will simplify using the laws of indices, and we will be left with the following
final solution:

I=2(x—9)%%+ 58(x —NY2 + C
Example 3

This time, we will consider an example which has some differences from both the previous
two, but which will still respond well to power substitution. Our integral will be:

1
I'= fx2/3_ 173 X

How can we apply power substitution to this integral? A clue might be provided if we
rewrite it without the use of fractional indices, as follows:
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(Vx)" = Vx

We can now see that the denominator of the integrand contains two cube roots of x: our first
instinct, therefore, might be to attempt to make these go away by a suitable power
substitution. If we choose x = u3, by analogy with our earlier approach to square roots in
our integrand, then we will obtain the following equivalences for the two indexed terms in x
in our denominator:

x1/3 = (u3)1/3 =u
x2/3 = (u3)2/3 = 2

These follow directly from the laws of indices. We also have the following expression for u
in terms of x, which will come in handy when we reverse our substitution later:

u= Yx= x1/3
As for our expression for dx, we have the following:

dx
— = 3u? so thatdx = 3u?du
du

Substituting all these facts back into our original integrand, we will obtain this in terms of u:

J ! 32d—3f W d—3f"d
wz— T u(u—1) = w1

This is a little neater — in particular, all the indexed terms have now disappeared from view.
However, we still can’t integrate it directly as it stands.

A similar approach to converting the rational integrand in u to that which helped us out in
Example 1 above might get us out of trouble: we will change the appearance (leaving the
value unchanged) of the numerator by adding and subtracting 1. This will give us:

u _u—1+1_u—1+ 1 14
u—-1  u—-1  u—-1 u-—-1 u—1

Just as in Example 1, the integration is now an easy term-by-term task, as follows:

1
f(1+ )du=u+ln|u—1|+C
u—1

Putting back the factor of 3 which we took outside the integral sign and reversing the
substitution, we arrive at the following final solution:

I=3xY3— 3In|x¥3 - 1|+ ¢
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Example 4

For the concluding example in this section, we will take a case where it is not so easy to see
what substitution will help us to perform the integration. This somewhat trickier example
will be the following integral:

[Vt Vx
I—deX

We will no doubt immediately become concerned by the fact that the integrand contains both
cube roots and a square toot. We therefore can’t make the same quick choice of power
substitution we were able to make in previous examples. So how should we proceed?

The first thing we might do is to ask ourselves this question (recalling as we do the fractional
index representations of the square and cube roots) - is there a whole number value of n for
which both:

(un)l/z and (un)1/3

are equivalent under the laws of indices to something of the form u*, where k ia also a whole
number? If we can find such a number, then a power substitution of x = u"ought to remove
from view both kinds of root in our original integral.

Bearing in mind, as ever in this context, the laws of indices, we can say that this is equivalent
to asking — is there a whole number value of n for which both:

n d n
2 3
take whole number values?

To simplify our question once more, this is tantamount to asking for a number n which is
exactly divisible by both 2 and 3. The answer is quite simple — such a number is provided by
the lowest common multiple of 2 and 3, which is, of course, 6. We therefore propose the
following substitution:

x = u®
This allows us to substitute for our roots of x as follows:
\/} = y1/2 = (u6)1/2 = 43
3x = x/3 = (u6)1/3 = 32

As usual, an expression for u in terms of x will come in useful when we are ready to reverse
the substitution. This expression is:

u= x/6
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Additionally, we note that:

dx
— = 6u® so thatdx = 6u®du
du

We can now put all this back into our integral, and find it transformed as follows:
u? + ud
f7.6u5du = f(l +u).6u’du = 6f(u5 + u®)du

The final right-hand side integral is easily integrated term by term to produce:

1 1
T.6 L a7
6u +7u + C

and applying the factor of 6 which we took outside the integral sign gives us the slightly
neater:

6
ut+ -u’+ C
7
We are now ready to reverse the substitution, to obtain the following final solution:
6
I=x+ 7x7/6 + C

(Note that (x1/6)6 = x, by the laws of indices.)

This is really a surprisingly neat result obtained without too much difficulty, from what
seemed at first to be a seriously intractable integral.

The alert reader may already have noticed that the original integrand could have been
simplified, in order to produce something which would be immediately integrable — | drew a
discreet veil over this possibility in order to use the example to illustrate a particular point
about power substitution. However, in case the solution just obtained should seem to strain
credulity through its simplicity in comparison with the integrand we began with, | will
confirm the result by performing the simplification | have mentioned, and checking that with
its assistance, we will get the same result as power substitution gave us.

In order to simplify the integrand, we will rewrite it as follows:

Vet Vx_ Vx Vx o X
T A AR 2T

The final term here can be simplified using the laws of indices — it will reduce to x raised to
the power of the difference between 1/2 and 1/3, which is as follows:

1
6

N =
I
W] =
ol w
I
ol N
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Our integral has now simplified to:
I = f(l + x/®)dx

Which we can simplify term-by-term (the second term will respond to the normal rule for
integrating x™) to give us the following result:

6
I=x+ 7x7/6+ C

which is exactly the same as the one we obtained by the more roundabout power-substitution
approach.

An Explanation of the Principle

In each of the examples presented here, we have used an algebraic substitution in order to
eliminate difficult roots of x from various integrands. The choice of substitution was made in
each case so as to ensure that the transformed integral in terms of u had all its roots of x
transformed into simpler expressions in terms of u.

In Example 1, where we had to deal with an integrand containing v/x, we chose to make the
substitution x = u?, so that in transforming the integral to one in terms of u, we found that:

V= xY2= )Y2=yl=qy

Similar reasoning in Example 3 led us to deal with the cube roots of x in the integhrand by
substituting x = u3.

Example 2 presented us with a linear expression in x, namely x — 9, under a square root sign.
Here we chose the substitution x — 9 = u?2, so that the entire square toot expression could be
transformed into a simple instance of u. This last example indicates one reason why we
choose to express power substitutions in the form f(x) = g(u), rather than just setting out a
simple expression for u: we need to ensure that the entire root of some function of x is
eliminated by being transformed into a simple expression in terms of u (frequently u on its
own!). It may be easier to see this process at work by describing the substitution the way we
have been doing in these examples. There is another reason, which is perhaps more
convincing, and I will offer this in a moment.

Of course, there is always a “payback” when choosing what seems like a really useful
substitution — and that comes in the form of the expression for dx which we must obtain
before being able to create the transformed integral. If we phrase the substitution as, for
example, x = f(u), we can then note the following general consequences:

d
ﬁ = f'(u)so thatdx = f'(u)du

By way of a concrete case, let’s imagine we have to integrate s function which contains the
term x1/5. (We could obviously integrate this directly using the standard rule for integrating
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powers of x, but let’s see what would happen if we were to use power substitution instead.)
Using the approach | have just outlined, we would choose a power substitution of x = u®,
from which we can obtain the following:

dx
— = 5u* so that dx = 5u*du
du

The integral of our term in x would therefore be transformed as follows:
fxl/sdx becomes fu Sutdu = fSuSdu

In general, when we choose a substitution of the form x = u™, we obtain dx = nu™ du.
Since we have seen that power substitution proves very useful when we have to integrate
rational functions of roots of x - which are not amenable to term-by-term integration — it is
very reassuring to find that our expression for dx just contributes an additional power of u to
the numerator of a rational expression, rather than contributing something awkward and
undesirable to the denominator.

For example, if we were to express the substitution in what we might feel to be the more
natural way — in this case as u = x/%, we would then have to write down the following in
order to obtain our expression for dx:

d—u = 1_)({'_4'/5 =
dx 5 S5x*/5

so that dx = 5x*°du = 5u*du

This does get us to the same place as our earlier reasoning, but getting there is really not at all
as simple or elegant.

Two more points arising from this set of examples are worth bringing out. First, in Example
2, our integrand contained the expression x — 9 under the square root sign. We chose a
substitution of x —9 = u?. This did not make things any more complicated than a simple
power substitution of the form x = u™. This is because, afyer rewriting the substitution
formula as x = u? + 9, we were still able to obtain the simple relation dx = 2udu, since
the constant term of 9 did not make any contribution to the expression for dx/du.

Finally, I would point out once more the special reasoning we applied in choosing the power
substitution for Example 4, where we had both cube roots and a square root of x in the
integrand. Expressing these roots in the form x/3 and x*/2, we found that a substitution of
the for x = u™ could be chosen, where n was selected to be the lowest common multiple of
2 and 3 — namely, 6. This choice, after substitution, resolved all the roots of x in the
integrand into whole number powers of u, allowing us to complete the job with just the help
of a little algebra.

| evaluate a couple of integrals containing nested roots of x in the following section.
Additionally, Part 3 of this book contains some more examples of power substitution in
conjunction with specific algebraic techniques such as partial fractions and a form of
polynomial division.
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10 Integrating Nested Roots with Power Substitution

In this section, | will present three examples where functions containing nested roots are
integrated successfully using power substitution. | have chosen to include these in a separate
section since such integrals might be regarded as relatively rare. However, it is important to
include some treatment of these integrals — first of all for the sake of complete coverage, but
also in order to demonstrate the wide range of applicability of the power substitution
technique.

Example 1

Here we will consider the following integral:

I=j /5+\/§dx

We will approach this using power substitution, starting off by simply trying to do away with
the outer square root by choosing an appropriate substitution. Substituting as follows:

u? =5+ x
would convert the outer square root expression into vVu? - or in other words, simply u.

That seems a very appropriate starting point, but what does it imply about the expression for
dx which we will now need? Bearing in mind that we have generally expressed power
substitutions in the form x = f(u) in order to differentiate and obtain the desired expression,
let’s rearrange our chosen substitution into this form. We first obtain:

Vx=u*-5

by subtracting 5 from each side of the substitution expression. Squaring both sides of this
result will bring us to the following result:

x= (u— 5)2

We are now in a position to obtain an expression for dx/du. Using the Chain Rule on the
above expression in terms of u, we obtain:

dx
= 2(w? — 5).2u = 4u(u?® — 5) = 4u3 - 20u

(We could alternatively multiply out the squared bracketed term in our expression for x to
obtain:

x = u*— 10u?®+ 25

which differentiates term by term to give the same result as we obtained using the Chain
Rule.)
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From either method, we can conclude that our expression for dx is as follows:
dx = (4u® — 20u)du

Putting all this back into our original integral, we obtain the following relatively undaunting
integral in terms of u:

fu(4u3 — 20uw)du = f(élu4 — 20u?)du

Despite the fact that we seem to have accumulated at l;east one fairly high power of u in a
rather short time, this will integrate very easily term by term to give us this solution in terms
of u:

4 20

5 3
- - — C
5u 3u+

We are now ready to reverse the substitution. Wee first note that, from our original
substitution formula:

u? =5+ x

we are able to deduce the following expression for u:

u= /5+\/§

Our solution in terms of u can therefore be rewritten as:

() - 2

A final refinement might be to rewrite our original nested square root integrand using
fractional power notation, as follows:

/5+ Vx = (5+ Vx)l/?

This allows us to use the laws of indices to provide a final solution which contains fewer
square root signs. This final solution is as follows:

4 20
I= G+ VO = =+ V)2 + C

Example 2

For this second example, we will look at an integral of slightly increased complexity:
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I = f3/1+ VX =3 dx

Here, the outer root is a cube root, and the inner root contains not merely x, but the linear
expression x — 3. However, it will prove to be susceptible to a similar approach to that of

Example 1.

We will start by choosing a substitution which will allow us to remove the outer cube root.
To this end, and in direct analogy to the choice we made in Example 1, we will substitute as
follows:

w= 1+ Vx-3
This will, of course, transform the integrand into Yu3, or simply u. To obtain our expression

for dx, we will rearrange the substitution expression as before to make it into an expression
for x in terms of u. We start by subtracting 1 from both sides to obtain:

Vx—=3=ud-1
Squaring both sides now leads to the following:
x—3= (ud— 1)?
and we can now add 3 to both sides to end up with:
x= (u3- 1)+ 3
Differentiating using the Chain Rule allows us to conclude that:

dx
= 2w — 1).3u? = 6u?(u3 — 1) = 6u° — 6u?

(Once again, we can briefly note the alternative approach of multiplying out the squared
bracketed term and adding the final term of 3 in the expression for x to obtain:

x=u®— 2ul+ 4
This, of course, differentiates term by term to give the same result as the Chain Rule.)
We can now write down our expression for dx as follows:
dx = (6u® — 6u?)du

Plugging all of this back into the original integral gives us the following integral in terms of
u:

fu(6u5 — 6u?)du = J(6u6 — 6u®)du
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This can be integrated term by term to give the following result:

6 6 6 3
—’ — —q4 — _ 7 _ 2,4
7u 4u+C 7u 2u+C

As before, we are almost finished. In order to show the effect of reversing the substitution,
we first note that our substitution expression:

3
u®= 1+ Vx—3givesusu = ’1+ Vx -3

Reversing the substitution thus gives the following solution in terms of x:

§<3/1+m> _§< 1+m> i C

We can rewrite this as in Example 1 using the laws of indices to obtain the following final
solution:

6 3
1= 2(+vx=3)" - S+ vi=3)"+ ¢

Example 3

In this final example, we will increase the level of complexity still further, by considering the
integration of a function comprising three levels of nesting. Our integral will be:

1=sz+ /4+\/§dx

In line with our approach to the two preceding examples, we will start with a substitution
which will allow us to remove the outermost root from consideration. This substitution will

be:
u =2+ /4+\/§

As was the case in Example 1, this will transform the integrand into vu?, or simply u.

In order to obtain our expression for dx, we now have to rearrange the substitution fornula to
make x the subject. This will require more manipulation that in the previous examples. To
begin with, we can subtract 2 from both sides in order to obtain:

/4+ Vo= u?t- 2

Squaring both sides will take us a stage further, and give us this equation:
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4+ Vx = (u*— 2)*

We should now be able to see that the end is in sight. Subtracting 4 from both sides gives us:
Vx= (u?-2)?%2- 4

and a final squaring of both sides brings this expression for x in terms of u:
x= (- 2)?- 4)?

In order to differentiate this to find dx/du, we need to use the “three-level” version of the
Chain Rule, which states that if:

d
y=h(g(f(0))then = = ' (g(£)) g'(f(I)f'(x)

This rule gives us the following derivative:

Z_ji = 2((u2 — 2)2 — 4). 2(u2 —_ 2) 2u = 8u(u2 _ 2)(u4. _ 4u2)

(The final factor comes from multiplying out (u? — 2)? and subtracting 4 — in other words
by expanding the first bracketed factor which follows the 2 in the first version of the
derivative.)

Multiplying out the final right-ha d side above gives:
8u(u® — 4u* — 2u* + 8u?) = 8u(u®— 6u* + 8u?)
and a final step of multiplying out brings us to a useful final expression for the derivative:

dx
v 8u’” — 48u® + 64u3sothatdx = (8u’ — 48u® + 64u3)du

This is the most complicated expression for dx which we have obtained in this section so far
—and it contains even higher powers of u than in earlier cases.

(With my customary desire to provide an alternative derivation, particularly for anyone
uncomfortable with the version of the Chain Rule I have deployed in this case, let’s see what
happens when we multiply out the various parts of the expression we obtained for x and then
differentiate the result.
We recall first that:
x = ((u?— 2)% — 4)?

so that expanding out the outer squared bracketed item, we obtain for the right-hand side:

(u? — 2)*— 8(u? - 2)%2+ 16
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We can now proceed to expand out the powers of u? — 2 - using the Binomial Theorem for
the fourth power, and the ordinary quadratic expansion in the second case. As a reminder,
the appropriate Binomial Theorem result for this situation is as follows:

(a+b)* = a*+ 4a3b + 6a*b? + 4ab® + b*
These two expansions give us:

(u? — 2)* = u® — 8ub + 24u* — 32u? + 16

and

(u?> — 2)2 = u*— 4u? + 4

Putting these back into the first expansion of our expression for x gives:
u® — 8u® + 24u* — 32u?+ 16 —8u*+ 32u? - 32+16
Gathering like terms together, we obtain the following revised expression for x:
x = u®— 8u® + 16u*

From this rather simpler expression for x, we obtain by differentiation:

dx
— =8u’ — 48u® + 64ud
du

which is exactly the same as the result we derived using the three-level Chain Rule.)

Putting the results of all this reasoning back into our original integral, we will obtain the
following integral in terms of u:

]u. (8u” — 48u® + 64u®)du = J(Su8 — 48u® + 64u*)du

This now integrates term by term to give us the following solution in terms of u:

8 48 64
© 9 O 5 OF 5
9u 7u+5u+C

We are now ready to reverse the substitution. We note, in order to do this, that by choosing
our substitution as:

u =2+ /4+ \/Ewecanwriteuz\/2+ ’4+\/§

This gives us the following solution in terms of x:
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9 7 5
8 48 64
5 j2+ f4+«/§ - = \/2+ f4+\/§ + = \/2+ /4+\/§ +C

To conclude, we can rewrite this as we have done before using the laws of indices to give this
final solution:

9/2 7/2 5/2
8 , 48 ’ 64 ’
I:§<2+ 4+\/X> —7<2+ 4+VX> +?<2+ 4+vx> + C

Some Observations

All the above examples have a good deal in common. In all cases, the most complicated part
of the process was the work we had to do to obtain our expression fordx: this always turned
out to be a series of powers of u accompanied by their various coefficients. We were always
able (frequently by squaring both sides of our rearranged substitution formula) to remove
roots of x, and the end result always included some unexpectedly high powers of u.

The substitution expression was chosen with a view to eliminating the outermost root as
simply as possible. In general, we were always dealing with integrals of the form:

[ reymax

And we chose a substitution of the form u™ = f(x), noting that (u™)*/" = u.

Why did we choose to express the substitution in this way, rather than simply stating it in
terms of u alone? In order to see why this was a more fruitful approach, let’s take a look at
Example 1 with the substitution expressed in this way.

Here we chose the substitution:

u? =5+ x

Noting towards the end of the working that this means that:

u= /5+\/§

so why not just start with this expression instead of the expression for u2?

When we have a substitution expression of this kind, a natural instinct might be to obtain our
necessary expression for dx by first evaluating du/dx. In this case, we will first rewrite the
expression for u using fractional indices, as follows:

u= (5+ x¥/»)1/2
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This differentiates using the Chain Rule to give us:

du 1 1
o 1/2\-1/2 ~ ,.—1/2
I 5 5+ x9) 5 X

This already looks unpromising — however if we rewrite it without negative powers, as
follows:

du 1
dx — 4yx(5 + Vx)

and try to express it in terms of u, as follows:

du B 1
dx  4u?(u? - 5)

we do still finally arrive at our original expression for dx, namely:
dx = 4u?(u? — 5)du = (4u® — 20u)du

It could be argued that this was rather more laborious — requiring us to differentiate fractional
powers of x and then deal with a disagreeable-looking rational expression before we finally
reach our goal — than the approach we took when presenting the example. Indeed, it could be
suggested as a general rule in mathematics that one should always adopt the simpler and less
error-prone method when a choice between two or more exists; and certainly there is nothing
like fractional indices to create potential upsets when differentiating!

| therefore hope that this brief excursion will serve to convince you that power substitution is
a convenient and straightforward way to deal with integrands containing nested roots of x.

11 Trigonometric Substitutions

Apart from their interesting symmetry under differentiation, the trigonometric functions also
satisfy a whole range of useful identities, such as the well-known equation:

sin’x + cos?’x =1

These identities, and, it should be noted, simple rearrangements of them, can be used in
conjunction with carefully chosen substitutions, to make some really gruesome integrals quite
easy to solve. This is a similar approach to that of the substitutions we described above as
“algebraic”, with the added advantage that we have a wide range of standard relations
between trigonometric functions to help us if we can transform our integrand to take
advantage of them.

We’ll illustrate this approach as before with several examples, and accompany each with
some remarks on generalisations or other points of interest which may arise.

Example 1

Let’s consider the following integral:

60



Integration by Substitution

1
= [t

Adopting the “reversed substitution” approach of Example 3 in the previous section, we will
use the substitution x = 3 sinu. (Remember at this point my earlier remarks about the trial
and error which must have led me to making this choice!)

Using this substitution, we will find that:
9 — x2 =9 —9sin’*u = 9(1 — sin?u) =9cos?u

The final stage in this chain of equalities is obtained by a simple rearrangement of the
trigonometric identity we quoted at the start of this section in order to make cos?x the
subject. And perhaps now we can see the point of the rather arbitrary decision | made a few
lines above to use the particular substitution | chose — it lets us make use of a trigonometric
identity to simplify our integrand. This kind of substitution is referred to by some authors as
“sine-substitution”, and its success derives from its ability to call on the power of the
trigonometric identity | have quoted.

However, the heavy lifting is not yet complete: apart from noting quickly that with the aid of
our chosen substitution:

\/9— x?% = \/9coszu= 3cosu

we must now move on to the question of an expression for the “differential” dx. Using our
by now familiar procedure, we have:

dx _ 3
Tu cosu
so that dx = 3 cosu du.

Plugging these conclusions back into our original integral, we find it transformed into:

3cosu
j du = Jldu=u+C
3cosu

which is a surprisingly neat and simple result considering the integrand we started out with.

Our final job is to reverse the substitution, which requires us to obtain an expression for u in
terms of x. Our original substitution formula can be rearranged quite simply as follows:

1 1
x = 3sinu so that sinu = §x andsou = sin‘lgx

This gives us a final result of:
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1
| =sin"t=x+C
3
Note

We can generalise this example to the problem of integrating:

1
S Freroly

Using the same reasoning as in our concrete example, we will choose the substitution

x = /Asinu, which (again, by exactly similar reasoning as in our concrete case) will give
us a final solution of:

., 1
sinTt—x+C

VA

(It’s worth pointing out that integrals of this type are often represented in textbooks as having
the form:

1
'~ [y

I’ve chosen the form I have in order to emphasise that if A in my notation is not a perfect
square, we need not be afraid of using a square root as the coefficient of sinu in our
substitution. | have reverted to the more common form using a? in my notes below and in
the Appendices.)

As an added bonus, we can also see that if we didn’t already know the derivative of the
inverse sine function, the following special case of the above general rule:

1
j—dx = sin"x+C
V(1 - x2)

will give us the information we lacked with the aid of the Fundamental Theorem of Calculus.
Using a Different Trigonometric Identity

The next two examples, which will indicate ways of integrating two further classes of
integrand, will feature the use of an additional trigonometric identity:

sec?x — tan’x =1
For those unfamiliar with the function sec x, here is its definition:

1
Cos x

secx =
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The trigonometric identity above hints at some partial symmetry between secx and tan x
(which will become more apparent when we mention these functions’ derivatives) and we
will use rearrangements of it to simplify integrands in a similar way to the method of sine-
substitution we used in Example 1. In order to provide as complete an explanation as
possible, here are two rearrangements of the identity, each making a different function the
subject:

sec’x = 1+ tan’x
tan’x = sec’x — 1

(It may be of interest to note that this new identity relating tan x and sec x can be derived
fairly easily from the more common Pythagorean identity which connects sin?x and cos?x by
dividing both sides of this latter identity throughout by cos?x.)

In order to use this new identity in the context of integration by substitution, we will need to
know what the derivatives of secx and tanx are, to help us create expressions for
“differentials”. Since this book are concerned with integration techniques, I will simply
quote the derivatives below, and give a sketchy description of how they are obtained.

d

—secx = secxtanx

dx
d 2
—tanx = sec‘x
dx

The first derivative is obtained by using the Chain Rule on the definition of sec x: note that as
is common with the Chain Rule, our derivative is a product of two functions.

The second one can be confirmed by using the Quotient Rule on the common identity:

sin x

tanx =
CoS x

which gives us a squared term in the denominator of a fraction. The result sec?x arises from
the definition of sec x which we gave earlier.

A potentially very useful alternative form of the derivative of tanx arises from the new
trigonometric identity we introduced at the start of this section, in the rearrangement which
makes sec?x the subject. This provides the following possible form for the derivative:

d 2 2
—tanx = sec’x = tan“x +1
dx

| have altered the order of the two terms in the final expression in order to stress the curious
fact that under differentiation, the function tan x actually produces a higher power of itself.
This contrasts teasingly with the power-reduction behaviour of functions of the form x™
under differentiation.
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Since we will need it later, we will also quote the integral of secx, and use it as a standard
result:

fsecxdx = In|secx + tanx|+ C

This integral can actually be evaluated using substitution, but only with the prior use of a
non-intuitive piece of algebraic trickery. For those who would like to see this piece of
mathematical swashbuckling, | set it out in Appendix 5 Section 6.

Example 2

Here, we will consider the integral:

1
’=fmd"

This time, in order to be able to use our new trigonometric identity, we will try the

substitution x = /5 tanu (being resolutely unafraid of using a square root, since 5 is not a
perfect square)

Using this substitution, we will find that:
5+ x2 = 5+ 5tan’u = 5(1 + tan?u) = 5sec’u

by simple rearrangement of our new trigonometric identity to make sec?x the subject. As
one might imagine, this approach is sometimes referred to as “tangent-substitution”.

We now note the effect of our substitution on the denominator of our integrand:

J5+ x2 = \/55ec2u = V5secu

Moving on towards an expression for dx (and here, we can use the derivative we quoted
above):

dx
—~ = /5sec?u
du

so that dx = v/5sec?u du.

Substituting all this back into our original integral, we are left with:

V5sec?u

——du = Jsecudu = In|secu + tanu|+ C
V5secu

Finally, we can reverse the substitution, which requires us to obtain an expression for u in
terms of x. We are left with the following result:
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1 1
In|sectan™!—=x+ —x|+ C

V5 5

obtaining the second, simplified, term inside the modulus brackets by keeping in mind that
tantan~la = a.

The compound function sectan™!u which appears in our solution above is a rather ugly
customer. Fortunately, we can simplify it to obtain a solution much more in keeping with the
appearance of our original integrand. (Indeed, there are a number of useful identities which
let us simplify compounds of trigonometric functions and inverse trigonometric functions like
this one: these are often not well known, but they can be derived without too much difficulty
if you know how to go about it. | have quoted some of these identities and given derivations
of them in Appendix 4 Section 3.)

| will therefore simply quote here the identity which will let us simplify sec tan™! x:

sectan lx = /x2+4+ 1

So, to round off our discussion of the current example of integration, how does this affect our
solution? Well, we can now rewrite the first term inside the modulus brackets as follows:

. 4 1 12_|_1 x4+ 5 1 £ a2
sectanl—x = [=x = S X
V5 5 5 V5

(In the final right-hand side, | have reversed the order of x2 and 5 to match the order in our
original integrand.)

We can now rewrite the expression inside the modulus brackets in our first solution as
follows:

1 1
sectan” 1?x+ Tx— T 54 x2+ Tx— T V5 + x%2+ x)

This gives us a rewritten solution of:

54+ x2 + C

Now, we have still not quite finished. We must at this point recall the rule of logarithms
which states that:

In(ab) = Ina+ Inb

By this rule, we can rewrite the solution we obtained above as follows:

I = ln(%)+ln| 54 x%+ x|+C
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We noted in the preceding section that solutions to integrals which contain explicit constant
terms can be rewritten by absorbing the constant terms into the constant of integration. In
this case, we can restate the constant as follows:

C'=C+ 1n(71§)

With this restatement of the constant, we have the following final solution to our integral:

I = ln| 5+ x2+ x|+ C’'
Note
This last result, and its reduction to a form free of trigonometric functions, is really quite a
horror, and this complexity stems from two aspects of our method: first, the derivatives of
secx and tan x are not as neatly symmetrical as are those of sinx and cos x, which means
that we were unable to cancel elements of the numerator and denominator of our substituted
integral quite as comprehensively as we did in Example 1; and second, we were left with
having to integrate secu, which we did by quoting its integral as a standard result — this
result of this integral is quite complicated in itself.

As we noted earlier with our example of sine-substitution, the reasoning we used in Example
2 can be used to evaluate any integral of the form:

1
- [
V(x2 + a?)
Example 3

Our third example of trigonometric substitution will be the following integral:

1
= g

Once again, we want to use our new trigonometric identity here, but this time in a different
rearrangement. We will therefore try the substitution x = 2 secu.

With this substitution, we find:
x? — 4 = 4sec’u—4 = 4(sec’u—1) = 4tan’u

using the second rearrangement of our trigonometric identity. And, of course, it will come as
no surprise to hear that this approach is sometimes called “secant-substitution”.

Under substitution, the denominator of our integrand becomes:

Vx?%2— 4= y/4tan?u = 2tanu
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In order to obtain an expression for dx, we proceed as follows:

dx

— =2secutanu
du

sothatdx = 2secutanudu.
Substituting all this back into our original integral, we are left with:

fZ secutanu

du = fsecudu= In|secu + tanu|+ C
2tanu

In order to reverse the substitution, we first obtain an expression for u in terms of x, and we
are left with the following result:

1|1 +t 11 + C
n zx an sec 2x

obtaining the first, simplified, term inside the modulus brackets by keeping in mind that
secsec”la = a.

The second term can be simplified in a similar way to the way we dealt with the result of
Example 2. In this case, we want to simplify the expression tan sec™! x. Once again, there is
a convenient identity which will help us — listed and derived in Appendix 4 Section 4 — this
identity is:

tansec”lx = yx2 -1
This gives us another simplification of the combination of a trigonometric function and an

inverse trigonometric function which is completely free of trigonometric functions. We can
use this to rewrite our earlier solution to the integral of the current example as follows:

11+121+C
n|sx e

As in Example 2, we can aspire to do even better: we can rewrite the expression inside the
square root as follows:

The square root of this expression, when we take the denominator outside the square root
sign, becomes:

1
—Jx2— 4
2

This turns our solution into the following expression:
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1
5+ a2~ 4)‘ +C

Using the rules of logarithms, as we did in the previous example, this becomes:

ln(1)+ ln|x+ Vx?z— 4|+ C

2

In

Finally, restating our constant of integration as follows:

C'=C+ 1 (1)

we arrive at a final solution, expressed in similar terms to those of the integrand, as follows:

I = ln|x+ Vxz— 4|+ C'

Note

Although we concluded the central work of integration in this example by integrating the
same function of u as we did in Example 2, the final result is not quite as big a monster as we
obtained in Example 2, due to the absence of square roots — we started with a constant term
of 4, which is a perfect square. However, its multiple layers still bear witness to the greater
complexity produced by tangent- and secant-substitution as compared with sine-substitution.

We can round off this set of examples by pointing out that the same reasoning as we used
here can be used to evaluate any integral of the form:

1
= j\/(xz— 2™

For the greater part of this section, we have been looking at integrals with square roots in the
denominator of a rational function. It would be a mistake to give the impression that
trigonometric substitution is limited to such cases; and in order to make this clear, the next
example in this section will illustrate an application of trigonometric substitution to a case
where a square root of the kind we have been looking at is present on its own, and not as part
of a rational function.

Example 4

Here is our integral:
I = J\/(16— x2)dx

This looks not unlike the first example we worked through in this section. In that earlier
case, of course, the square root was in the denominator of a fraction, and we were able to do
some comprehensive cancelling once we had made our substitution. Such cancellation won’t
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be available to us here; but let’s try a trigonometric substitution anyway, and follow where
that leads.

The expression under the square root is of the type which might attract us to the idea of a
sine-substitution, so we will try x = 4 sinu. Using this substitution, we will find that:

16 — x%2 = 16 — 16sin®u = 16(1 — sin?u) = 16cos?u

Proceeding further, as we have done in earlier examples

V16 — x2 = /16cos?u = 4cosu

and in order to find an expression for dx:

dx

—'}
T cosu

so that dx = 4 cosu du.

All this transforms our integral into:
f 16cos?u du

We note once more, as we did a little earlier, that we have not been able to carry out any
cancelling between a numerator and a denominator, but we are instead left with the square of
a trigonometric function, which at first sight doesn’t make things any easier.

We can’t argue that perhaps we have chosen a wrong substitution, however, since all the x
terms in the transformed integral have obligingly disappeared. And indeed, there is a step we

can take at this point in order to allow us to carry on with the integration — we can use the
“power-reduction formula”:

1
cos?x = 5 (1+ cos2x)

(This formula can be derived from the “addition formula” for cos(a + B) by setting

a=f=x.)

Using this identity, we find that our integral has been transformed into the rather easier:
f 8(1 + cos2u)du = J(8 + 8cos 2u)du

We can now integrate this very simply if we are prepared to use the rule for integrating
expressions of the form cos kx which is quoted in Appendix 4 Section 2.

Our result in terms of u is:

8u+4sin2u+ C
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However, this is still not a result in terms of x: in order to achieve that, we have to obtain an
expression from our substitution, which was a trigonometric one in the “reversed” notation
we have used for these. An expression for u in terms of x is required, and our original
substitution expression can be rearranged to give the following:

41
u= sin"l-x
4

Putting this into the solution in terms of u which we obtained above, we are left with:
41 . 41
8sin~! Vi 4 sin(2 sin™! Zx) + C

This is not the prettiest result in the world, but at least it’s a result. We can try to make
something a little less ugly out of it by noting that the second term is of the form 4 sin 24, so
that we can apply the double-angle formula:

sin2x = 2sinx cosx

This transforms the term in question into:

1 1 1

1
8sinsin™" —x cossin™ Zx = 2x cossin™ Zx

which is slightly less inelegant.
In line with the work we did at the end of the previous two examples, we might now ask

whether we can simplify the expression of the form cos sin~! x which makes its appearance
here. Indeed there is a trigonometric identity which does this very job. It is as follows:

cossintx =+/1— x2

and its derivation is given along with other similar derivations in Appendix 4 Section 4.

We can now make use of this identity and bring our final solution into the form

8sin‘1lx+ 2x ’1— ix2+ C
4 16

The expression inside the square root sign can be rewritten and generally improved as
follows:

| xz_ 16 — x2
16 16

Taking the denominator of 16 outside the square root sign turns the second term of our
solution into:
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2x 2x 1
—16 — x? = —/16 — x? = =x/16 — x?
V16 4 2
leaving us with the following final solution:

1 1
[ = 8sin‘1zx+ Ex\/16— x2+ C

The moral of this example, if it is legitimate to draw one, must be this: you can’t afford to be
squeamish about a little algebra or trigonometry when doing calculus.

Note
This last example serves to indicate that the method of trigonometric substitution can work

well on a range of integrands which contain square roots of the kind encountered in the
examples in this section. These have been of the following forms:

\/a2 — xz,\/a2 + x2 or\/x2 — a?

Accordingly, we might expect to find that any integrand containing one of these square root
expressions might be a promising candidate for trigonometric substitution. The exact
substitution we should choose, of course, varies depending on which of the above expressions
IS present.

We can summarise the choices we have made in this section using the following table:

Square Root Expression Recommended Substitution

az — x2 Sine-substitution
[x2 + a2 Tangent-substitution
x2 — a2 Secant-substitution

A number of useful standard integrals arise from the use of trigonometric substitution — some
of these have been mentioned in the various notes following the examples of this section. A
fuller list is given for ease of reference in Appendix4 Section 2.

Example 5

We will conclude this section with an example of a more sophisticated application of
trigonometric substitution, which will use the properties of the trigonometric functions to
reduce a difficult integral to a form where it can be easily dealt with. Our example will be the
following integral:

1
N p———
Jx(1 = x)
We immediately note that there are no explicit squared terms in the denominator (unless, of

course, we multiply out the expression under the square root sign — even then, we are left
with one term which is not squared.
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In order to open up the possibility of using the Pythagorean identity, we will try introducing
some squared terms by suggesting the following substitution:

x = sinu

This is unlike any of the sine-substitutions we have used so far: however, let’s list its
consequences, and see if it will help us. We first have by means of the Chain Rule for
differentiation:

dx
0 = 2sinucosu sothatdx = 2sinucosudu

We further note that the denominator of our integrand is transformed as follows:

Jsin2u(1 — sin%u) = Jsin2ucos?u = sinucosu

Putting all this together, we will find a surprisingly convenient integral in terms of u, which
will be as follows:

1
j_—ZSinucosudu= jZdu
sinu cosu

This, of course, integrates to give the solution:
2u+C

All that is left is to reverse the substitution. This requires us to obtain an expression for u in
terms of x. Taking the square root of both sides of our original substitution formula gives us:

sinu = Vx sothatu = sin"!+/x
From this result, we can now write down our solution in terms of x as follows:
[ =2sin"'/x+ C

This is, of course, a rather exotic solution, combining as it does an inverse sine function with
a square root. And indeed, we ought to remark that the integrand was actually in just the
right shape for the substitution we chose to work and allow us to cancel almost everything out
when obtaining our integral in terms of u. This example, then, is something of a “just-so
story”, although it may serve to illustrate how a cunning choice of trigonometric substitution
can be of great help in dealing with awkward integrals — particularly where the presence of a
square root indicates that a useful rule such as the trigonometric Pythagorean identity ,ight
make things much easier for us.

12 Integration in Several Stages

In the last few sections, we have seen how different forms of the substitution technique can
be used in conjunction with simple algebra or the use of trigonometric identities to evaluate
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integrals. We will conclude this survey of integration by substitution with a look at a few
examples of the successive application of several techniques, including algebra, trigopnometry
and even the use of more than one substitution, in order to evaluate integrals which do not at
first look like promising candidates for our technique. This will give some idea of the true
scope of the method’s applicability.

Example 1

For my first example of multi-stage integration, using both successive substitutions and some
algebra, 1 am going to consider an example | found in my lecture notes from university. |
will, however, make every effort to give a much more detailed explanation of the integration
process than was provided in my notes, or indeed in the lecture at which they were taken.

The indefinite integral we are asked to consider is as follows:

1
T
4 —2x — x2

Based on our experience of the preceding examples, we might think that a substitution such
as u = 4 — 2x — x?, where we substitute the entire quadratic expression under the square
root, might be a good idea. However, when we find the corresponding expression for dx, it
becomes obvious that this approach leaves us with unresolved terms in x, so in accordance
with our algorithm for integration by substitution, we must go back and think again.

At this point, we might consider an algebraic technique which can be applied to quadratic
expressions to render them more tractable in a number of ways: this is the technique known
as completing the square. Since this technique can be very useful in getting an integrand
containing a quadratic into a form where we can make a useful substitution, | give a full
account of how to use the technique in a range of situations in Appendix 3 Section 1. For the
sake of this example, however, | will go through the process in a more informal way.

Looking at the quadratic under the square root, we first notice that the order of terms is
reversed from the more common one, and in addition, the signs of the terms in x and x? are
both negative. In order to approach the form which we may be more used to, we can choose
to rewrite the quadratic as follows:

4 — (x% + 2x)

Now that we have it in this form, we might note that the part in brackets only lacks a constant
term of 1 to become the expansion of (x + 1)2. And when we reflect that an expression of
the form a — b retains the same value if we simply add 1 to each term, obtaining the result
(a+1)— (b+ 1), we should readily agree that our rearranged quadratic can be rewritten
as:

A+1D)—-(x?*+ 2x+1)=5- (x+1)2

Our indefinite integral now therefore looks like this:
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1
d
f,/S— (x +1)? ¥

This immediately seems a little friendlier towards the substitution technique, indeed the
integrand could be regarded as a function of the form f(ax + b), which as we know should
respond to the substitution u = ax + b. We will therefore try u = x + 1, which as we have
seen above gives us the simple equivalence dx = du. This gives us the new integral:

1
——du
f\/S — u?

We should immediately be overcome by the sensation that we have seen something very like
this before. And indeed we have, in Example 1 of Section 11 above, where we used sine-
substitution. Of course, 5 is not a perfect square, as the constant 9 was in the above example,
but we should by now not be deterred by a mere square root. Accordingly, we will make the

further (trigonometric) substitution u = v/Ssinv. (Note that we require the additional
substitution variable v this time, since u has already been used once!)

We will now proceed to repeat the steps we took in Example 1 of Section 11. Using our sine-
substitution, we find that the expression under the square root becomes:

5— u? = 5—5sin?v = 5(1 — sin?v) =5cos?v

As an immediate consequence, we can say:

\/5 —u?= \/5coszv = V5cosv
To obtain an expression for du, we state that:

du

%: V5 cos v so that du = V5 cosv dv

Putting these conclusions back into our integral in u, it becomes:

\/gCOSU
\/gCOSU

This is the agreeably simple result we reached at the end of Example 1 of Section 11. As in
that case, reversing the trigonometric substitution gives the result:

dv = fldv=v+C

_ 1
sinl—u+C

V5

and with one final piece of substitution-reversing, we obtain the following result in terms of
X:

1
I = sin‘lﬁ(x+ D+ C
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An Alternative Approach

Having reached our solution using the techniques we have already discussed, this would be a
good stage to point out that the second substitution we used to solve the above integral could
be replaced by an algebraic substitution which would get us to the same result by a different
route. Here is the reasoning.

Starting with the integral in terms of u:

1
——du
f\/S — u?

We will turn our backs on the simple route provided by sine-substitution, and instead look for
something algebraic which might simplify our integrand. We will also turn our backs on the
possibility of power-substitution, as explained in Section 8 above, and instead try the

algebraic substitution u = /5v, reflecting for a moment that it would probably take some
trial and error to arrive at this substitution from scratch. We note that this gives us:

du_
dv

V5
so that du = V5dv.

The integral in u now turns into the following:

dv=sin"lv+ C

[z w7

treating the result we demonstrated in the note following Example 1 of Section 11 above as a
standard integral.

Reversing each of our substitutions in turn gives us the same successive results we presented
at the end of the main discussion of this example, and we are, of course, left after reversing
both our substitutions with exactly the same final result in terms of x, namely:

1
V5

1

I =sin~ x+1)+C

Example 2

For our second example, we will consider an integral which is a little more complicated than
any we have so far examined. The integral we will attempt to evaluate is as follows:

x
I= | ——d
fx2+ 2x + 2 x

Learning from the approach which worked in Example 1 above, we might start by completing
the square for the quadratic in the denominator. It should be easy to see, even without
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adopting a formal method for completing the square, that this quadratic is simply the
expansion of (x + 1)? with a constant term of 1 added.

We can therefore rewrite our integral as:

X
f(x+1)2+ 1dx

This almost cries out to be treated using the substitution u = x + 1, which of course gives us
the very convenient equivalence dx = du, as we saw in Example 1 above. Our integral is
now transformed into the following form:

f u—1 4

uz+ 1 u

At first sight, this is really no less awkward than the integral in x with which we started out.
However, not to be deterred, let’s see if a little simple algebra can be brought into play to
help us out. And indeed one simple idea might be to split this single fraction in terms of u
into two separate fractions, each of which we can then integrate separately. And if we do

this, we quickly find that the two integrals we obtain look a tiny bit like some we have dealt
with before.

Dividing the integrand into two separate fractions with the same denominator, therefore, we

now have to integrate:
[ [
uz+ 1 u uz+ 1 u

If we now name these integrals I; and I,, we can state that the solution to our original integral
will simply be the difference of the two. In other words:

1211_12

Let’s now deal with each of the two integrals into which we have decomposed I as two
separate sub-problems. We’ll put the results back together again at the end of our discussion.

Example 2: Evaluation of I,

Let’s start with the first of the two integrals, which is as follows:

I—J Y
1= u2+1u

We might at first lean towards a trigonometric substitution here. However, noting the u term
in the numerator should give us an important clue on how best to approach this integral. In
fact, the integrand here is of the form we set out in Section 4 above as being suitable for the
basic substitution approach. The integrand is of the form:

kg'(fW)f' W)
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where:

fw=u?+1; f'(w) = 2u; k—1

g(fw) = T >

This, of course, makes straightforward u-substitution available to us (although we will, of
course have to use v rather than u since the integral is already expressed in terms of u), and
so we can use the substitution v = u? + 1, substituting for the entire denominator. From
this we will obtain, in line with the structure of the integrand as just set out:

W o sothatdu = —d
du_ Uu so a u—zu v

We immediately note that the u term in the denominator of the expression for du will now
cancel with the u term in the numerator of the integrand, so that our integral becomes:

[5qutv=[gav=[550= 35
v 2T ) T v= v

| have taken the coefficient of 1/2 outside the integral sign to draw out the fact that we can
now use the standard integral:

1
j—dx = In|x|+ C
X
This allows us to evaluate our integral in v to arrive at the following result:

1 1
Elnv+ C = Eln(u2+ 1)+C

The final result above is, of course, obtained by reversing the v-substitution to obtain a result
in terms of u.

Example 2: Evaluation of I,

We can now turn our attention to the second of our two integrals, which is as follows:

e [
2= u2+1u

Recalling the work we did in Section 9 Example 2, there could be a suggestive case here for
tangent-substitution. We therefore wade boldly in and consider the substitution u = tanv.

This substitution has the following effect on our denominator:
u? +1 = tan®v + 1 = sec?®v

As for our expression for dv, we proceed as follows:
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du

e sec?v so that du = sec?v dv

Putting these conclusions back into our integral, we obtain:

sec?v
f > dv=f1dv=v+€
sec2v

(We can see that this is an even neater result that the one we obtained when evaluating the
integral in Section 11 Example 2, which had a square root in its denominator.)

The final step for this integral is to reverse the substitution, obtaining a result in terms of u -
and this is, very simply:

tan"lu+ C
(Let’s take a moment to emphasise this conclusion — of which you may already have been

aware — that we have actually demonstrated another standard integral, which is frequently
used without detailed justification. That standard integral is:

1 1
fx2+ 1dx= tan " x4+ C

This is a similar result to the one we remarked upon at the end of the discussion of Section 11
Example 1.)

Completing Example 2

We can now remind ourselves that we have divided our integral in terms of u into two
separate integrals, I; and I,, which must be put back together to give us our final result using
the relation:

I=Il_12

Taking our results in terms of u from the two previous sections, then, we arrive at the
following position:

1
I = Eln(u2 + 1) —tanlu+ C

Now all that remains is to reverse our u-substitution in order to achieve a solution in terms of
x. Recalling that we originally made the substitution u = x + 1, we can transform the
solution very simply into the following:

1
Eln((x +1)2+ 1)—tan"!(x+ 1)+ C

Taking the final step of expanding out the (x + 1)? term, we get a final solution which is
satisfyingly reminiscent of the structure of the original integrand:

78



Integration by Substitution

1
Eln(x2 + 2x+2)—tan Y (x+ 1)+ C

An Interesting Curiosity

In the university notes from which | drew this example, we were actually asked to evaluate
the definite integral:

1 X .
,[;xz-i- 2x+2

Having evaluated the corresponding indefinite integral just a moment ago, we can
immediately write down the solution to the definite integral as:

1 1
[Eln(x2 + 2x+2)— tan"1(x + 1)
0

By putting into place the upper and lower limits of integration, this evaluates to:

1 1
ElnS — tan"12 — Ean + tan"11

We can simplify this by noting that:
tan — = 1 so that tan~' 1 = —
an - = 1so that tan =3
and additionally making use of the following property of logarithms:

Ina— Inb = ln(%)

With the aid of these two identities, our solution now simplifies to the following form:

7T+11 5) tan=12
4 2“(2 an

We therefore see that the area under the curve:

X

Y= Xt 2x+2

between the lines x = 0 and x = 1 is obtained by combining a fraction of the transcendental
number 7, a logarithm to the transcendental base e and an inverse trigonometric function. It
almost makes one wonder how the areas under some other curves turn out to be such simple
guantities as they do.
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Example 3

We conclude this section with one further example which will serve to show how wide the
applicability of the approach we have been using here really is. Our integral will be less
complicated in its initial appearance than the two preceding ones, but it will still require more
than one application of substitution.

We will evaluate the following integral:

sz\/4—2x— x2dx

The integrand here is, of course, none other than the square root expression which comprised
the denominator of the integrand in Example 1 above. As well as giving us a slightly
different kind of integrand for the application of the methods we are using in this section, it
will perhaps also prove interesting to see how the solution compares to the solution we
obtained when we integrated the reciprocal of the current expression in Example 1.

We have not had to deal with an integral looking quite like this one before in the course of
this book. However, we might begin by recalling how we decided to treat the square root
expression when it appeared in the denominator of the integrand in Example 1 above. There,
we completed the square for the quadratic in question, and that opened the way for a simple
substitution as the first step towards a solution.

Following this line of attack then, we can begin by simply quoting some of the results we
derived at the start of Example 1.

First, completing the square for the quadratic under the square root sign gives us this
equivalence:

4—2x— x*=5— (x+1)32

which transforms our integral into:

f 5— (x+1)%dx

As we did with the first substitution in Example 1, we will again choose u = x + 1, giving us
the equivalence dx = du. We now have the following integral in terms of u:

f J5 — widu

The arguments offered in Section 11 above, not to mention the more recent demonstration in
Example 1 of this section, should point us decisively towards sine-substitution — the very
same sine-substitution which worked so well in Example 1, in fact.

We will recall that it was:
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du
u= V5sinv sothatd—vz V5cosv and du = V5 cosvdv

Once again, the expression under the square root becomes:
5 — 5sin?v = 5(1 — sin?v) = 5cos?v

and we arrive at the following integral in terms of v:
f\/5coszv.\/§cosvdv = f\/gcosv.\/gcosvdv = SJcoszvdv

For the final right-hand side, we have multiplied together the two instances of v/5 in the
preceding version of the integrand and taken the resulting coefficient of 5 outside the
integral sign.

We can integrate the final right-hand side above fairly easily by applying the trigonometric
power-reduction formula for the cosine — this is among the trigonometric formulae listed in
Appendix 4 Section 3, and it is as follows:

1
cos?x = 5 (1+ cos2x)

Putting this formula to work on our integral in terms of v, we find that it becomes the
following:

5 5 1
Ej(l-l_ cos 2v)dv = E(U-I_ 551n2v>+ C

We are now at the stage where we can begin reversing substitutions so as to reach our final
solution. First, we must recall that the trigonometric substitution which produced our integral
in terms of v was as follows:

. . 1 : . 1
u = VSsinv so that sinv = Eu and finally v = sin!—u

V5

This formula can be inserted into our earlier solution in terms of v to obtain the following
solution in terms of u:

® (st L + Soinzeint =u )+ ¢
—|Sin T —u —SInZsin "~ —u
2 V5 2 V5

While this is undoubtedly a solution of sorts, the combination of the sine and inverse sine

functions is hardly the most elegant thing in the world, and we might expect to be able to
reduce it to something rather less unwieldy.

To help us improve on this clumsy expression, we can call to our assistance the double-angle
formula for the sine — again, this can be found listed in Appendix 4 Section 3, and | quote it
here for those who may not be familiar with it:
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sin 2x = 2sinx cos x
In our present case, we apply this formula with the substitution:

o, 1
x = sin"l—u

V5

This lets us rewrite our undesirable expression as follows:

. 1

1
—u = Z(Sinsin‘ —u)(cossin‘l—u>
V5 V5 V5

The two bracketed factors on the right-hand side can now be dealt with separately. First, we
know that:

sin 2 sin~?!

1 1

—Uu = —

N

In the case of the second factor, we can quote one of the formulae for combinations of
trigonometric and inverse trigonometric functions which are listed and derived in Appendix 4
Section 4. The one we need in this case is:

sinsin~! x = x so that sinsin~?

1 1
cossin"!x =+4/1 — xZsothat cossin™'!—u = [1— -u?
\5 5
The expression under the square root can be rewritten to make it simpler to handle as follows:
" 1 21 u?>  5-u’
54 T T 5T T s

This lets us restate the above simplification of the cosine and inverse sine combination as
follows:

1 5— u? 1
cossin"!—u = = —+/5— u?
V5 5 V5

Assembling all this together, we can now simplify our awkward expression as follows:

1 1 1 2
sinZSin‘lﬁu = Z.Eu.ﬁ\/S— u? = gu\/S — u?

The solution in terms of u can now be written out more elegantly as follows:

5 1 12 5 1 1
E(sin‘lﬁu + E.gu\/S— u2>+ C = Esin‘lﬁu + Ju 5—u2+ C
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All we have to do now is to reverse the opening substitution, which was u = x + 1. Simply
substituting x + 1 for each instance of u produces this expression:

5 1 1
D cin=1 - _ 2
5 Sin \/g(x+1)+2(x+1)\/5 x+1)*+ C

Rather than leaving it at that, we ought to recall that our very first step — completing the
square for the quadratic under the square root in the original integrand — gave us this
equivalence:

4—-2x— x>2=5— (x+1)2

We therefore ought to replace the expression under the square root in the above solution in x
with the quadratic on the left-hand side above, in order to bring the solution into line as far as
we can with the original integrand. Taking this, perhaps largely cosmetic, step will produce
our final solution of:

5 1 1
= —gj -1__ — —_ —_ 2
I > sin \/g(x+1) + 2(x+1)\/4 2x — x*+ C

Out of interest, let’s conclude by comparing this with the solution we obtained for the integral
of the reciprocal of the integrand in this example. That solution, obtained in Example 1
above, was:

1 1
——————dx=sin"l—x+1)+ C
j\/4—2x—x2 \/ﬁ( )

Fascinatingly, we see that the solution in the present case contains the solution from Example
1 multiplied by a coefficient of 5/2, with the addition of an extra term containing the original
integrand as a factor.

Note

Consideration of these three examples allows us to see that we can now describe a further
class of integrals which are amenable to substitution — admittedly with the aid of some
algebra and trigonometry at various stages, and by means of more than one successive
substitution. This class includes integrals of the following three forms:

Ax + B
dx
VCx?>+ Dx+E
also
f Ax + B P
Cx?2+ Dx+E X
and:
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f\/sz + Bx + Cdx

These integrals require the following techniques: first, completing the square to put the
quadratic expression into a form where a substitution becomes obvious; then two successive
substitutions, one of which may be a trigonometric substitution if the first substitution brings
us an integral in one of the forms we explored in Section 11. In cases where the coefficient A
in the numerator is non-zero (as we saw in Example 2 above), we will find that after the first
substitution, it will be necessary to divide our integrand into two separate fractions, using the
simple algebraic relation:

a+b a b
= — 4 —
c c c

Each of the resulting fractions can then be integrated separately. Each one will typically
require a different kind of substitution.

Finally,it is useful to remember, as we saw in the alternative approach to Example 1, that if
we are prepared to quote as standard integrals the expressions which integrate to the various
inverse trigonometric functions, we may be able to use an algebraic substitution as the second
substitution in the above algorithm instead of a trigonometric one.
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1 Substitution is Not Always the Answer

Let’s start our examination of a second useful technique for integration by considering
another “difficult” function which we cannot readily integrate using our basic rules:

I = fxcosxdx

The integrand here lacks the symmetry of the one we considered at the start of Part 1 which
allowed the expression for dx which we derived as part of the substitution technique to be
used to cancel out a part of it. This symmetry reflected the symmetry of the basic
trigonometric functions under differentiation.

We should note right at the outset that this integral does not conform to the structure we
established in Part 1 for the most basic use of substitution, but since that hasn’t stopped us
before, let’s see if substitution can get us anywhere. Leaving aside any consideration of
algebraic or trigonometric substitutions — anything we might try simply seems to complicate
rather than simplify the integrand — we probably only have two real choices for u-
substitution.

One of these, the trivial substitution u = x, gets us precisely nowhere since it doesn’t alter
the integrand at all. The second option, which would be u = cos x, gives us the following:

du )
— = —sinx sothatdx = ——

du
dx sin x

This introduces an additional term of sin x in the denominator of a fraction, which cannot be
cancelled with anything in the original integrand. Indeed, it turns the integral into:

ucos tu
— | —du

sinx
This contains an unresolved term in x; is there anything we can do about this? Well, one

course opens up to us if we remember that there is a relationship between sin x and cos x
given by the Pyathagorean identity:

sinx + cos?’x =1

This allows us, by rearrangement, to say:

sinx = {1 — cos?x
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Since the substitution we chose to try in this case was u = cos x, this means that we can
rewrite the denominator of our transformed integral as:

V11— u?

So that the integral as a whole is transformed into:

ucos tu

— —_1 — du

Now, at least this doesn’t leave any unresolved terms in x lying around, so it doesn’t fail the
first test in our algorithm for integration by substitution. However, it has not made the
integral any simpler, which is what we look for when we use substitution. Indeed, it has
made it considerably uglier and more disturbing.

So, barring our invention of any special algebraic tricks like that used in Appendix 5 Section
6 for the integration of secx, or our preparedness to try applying substitution again to see if
that will help, we are forced to the conclusion that if we are going to evaluate this integral in
a simple fashion, we will need a new kind of technique altogether.

2 The Product Rule for Differentiation and its Consequences

In order to introduce a new technique which we will be able to use to evaluate our example
integral, we need to start by renewing our acquaintance with the Product Rule, which allows
us to write down with ease the derivative of any function which has the form f(x)g(x), orin
other words, is formed of the product of two simpler functions.

The Product Rule for differentiating such functions states that, if F(x) = f(x)g(x), then:

F'(x)= f'x)gx) + f(x)g'(x)

This is frequently written differently, by setting the variables u = f(x) and v = g(x) and
using Leibniz notation, to give the following restatement:

d( )_du N dv
dxuv_dxv udx

I will stick with this second version of the rule for the moment, since it allows a neater
statement of the consequence | want to derive. This has also been a common presentation of
the rule in textbooks. It is worth pointing out that a shorthand form of this version using the
“dashed” notation is sometimes given, which you may find easier to remember, and which
looks like this:

(uv)' = u'v+uw

We will start by integrating each side of the full-blown Leibniz form of our equation with
respect to x. This will give us the new equality:
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_ J‘du 4 +f dvd
uv = | ——vdx u—dx

A minor rearrangement, so as to make the second term on the right-hand side the subject of
the equation, leads to this interesting result:

dvd _ du 4
udx X = uv dxvx

In order to give the most complete presentation of this result, let’s take a look at a version of
it using function notation. Reversing the substitution of the variables u and v which we
described above, that would run as follows:

[ g @ax = rwgw - [ reg@ax

Now, from the point of view of evaluating integrals, this is a potentially promising conclusion
to have reached. It means that if we are asked to evaluate an integral which has the form:

[ reg@a

ie an integral comprising a product of two functions, one of which can be identified as a
derivative, then this integral can be expressed as the difference

_ﬂ@gu>—ff%m9qu

This will be a useful representation if the following two conditions are met: first, it needs to
be fairly easy to get from g'(x) to g(x) - in other words, g’(x) needs to be a function which
is easy to integrate; and second, the integral:

[ rrg@ax

must be easier to evaluate than the integral we started out with, that is:

[ reg @i

In cases where these two conditions are met, we have in this equation a potentially useful
new approach to the evaluation of difficult integrals.

You may encounter in some textbooks a version of the u-v expression of our new result
which uses the “differentials” du and dv. 1 don’t intend to use such a version in this book,
since it seems to be a little opaque to anyone not thoroughly used to that kind of notation and
able to interpret it clearly. | do, however, give an account of this version in Appendix 4
Section 5 for the sake of completeness.
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3 Integration by Parts

We will now try to evaluate the integral with which we opened this part of the book using the
interesting result we derived in the previous section.

By way of reminder, the integral we want to evaluate is as follows:
I = f X cosx dx

and the useful formula which we hope will help us to integrate it is as follows:

J‘ dvd _ du 4
udx X = Uuv dxvx

In order to use this formula, we will have to allocate the two parts of the integral on the left-
hand side of the formula to the two factors in the product of functions in our integral. As a
start, let’s see what happens if we set:

dv
u=xand — = cosx
dx

We can immediately see that these choices give us the following consequences:

du ]
— =1landv = sinx
dx

Substituting all the values for u, v and their derivatives into the right-hand side of our useful
formula, we get the result:

fxcosxdxzxsinx— fsinxdxzxsinx+ cosx+ C

In case you may be unprepared to believe this result, we can check it by differentiating the
final expression above. This requires an application of the Product Rule in order to
differentiate the first term, and gives us the following:

sinx + xcosx — sinx = xcosx

which gets us back to the original integrand since the two terms in sin x cancel each other
out.

The application of our formula, with the integrand we are given being divided into two parts
which we can represent using the variables u and v (along with the derivatives of the
functions in x which they represent), is called integration by parts. This is the second of the
techniques for integration which this book sets out to explain

Before leaving the integral we have been examining, it will be instructive to see what
happens if we allocate u and v in a different way from the choice we made above. The only
other alternative would be the following:
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dv
U= cosx and —=x
dx

The consequences of these choices are as follows:

du ) P 1
I~ —sinxandv=cx

2

Things are already beginning to look a little more complicated than they did with our earlier
set of choices, so let’s see what happens when we plug the above expressions into the right-
hand side of our integration by parts formula. We obtain:

1
jxcosxdx= Exzcosx+ fxsinxdx

We can see that this set of choices has left us with an integral on the right-hand side which is
no simpler than the one we wanted to evaluate in the first place. Since this integral is of a
similar shape to the one we want to evaluate, we might try applying the integration by parts
technique once more to try and solve it. However, even if this were to be successful, it would
mean one more application of the process which, using our original set of choices, solved the
problem in one single step.

The obvious conclusion to draw from this phenomenon is the following: not every choice for
the variables u and v is equally useful. I will revisit this issue, and offer some heuristics for
making the best choice of parts, as we call the allocation of u and v, in a later section. First,
however, in order to become thoroughly familiar with integration by parts, and in order to
make some interesting observations about its use, we need to consider a number of further
examples of the method in action.

4 Some Further Examples
I will now set out several examples which will illustrate the method of integration by parts in
action. As in Part 1, these will also allow us to proceed to make some generalizations and
create a set of rules for using the method.

Example 1

| propose to start with an integral which is in some ways similar to the one with which we
started this part of the book:

I = Jxexdx

Instead of being the product of x and a trigonometric function, this integrand has as its
second factor an exponential function. Fortunately, it’s one which is very easy to
differentiate and integrate. So we might feel confident enough to allocate parts in a similar
way to the allocation we used our opening example, as follows:
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— ddU_
u=Xxan dx—e

X

This choice gives us the following consequences:

du_1 dp= o
T andv=e

All this looks fairly simple and promising. We can therefore plug these identities into the
integration by parts formula, so that our integral now turns into:

fxexdxzxex— fexdxzxex— e+ C

We might like to take the final step of factorising the result, so that we obtain:
I=e*(x—-1)+ C
which is a little neater.

This integral was very easily evaluated using integration by parts. Let’s now proceed boldly
on towards some more challenging integrals.

Example 2

However, one step at a time: here we will consider an integral which is only a little more
complicated than our opening example. It is as follows:

1
I = j(3x+ 5) coszxdx

Here, instead of a simple first factor of x, we have instead a linear expression in x; the second
factor in our product of functions is of the form cos kx, which we can differentiate using the
Chain Rule, and integrate easily by substitution, or by using one of the standard results listed
in Appendix 4 Section 2.

By analogy with the choices we made in our opening example, then, we will start by
choosing parts as follows:

—3x+5and = coss
u = sXx an dx_ COS4x

This choice gives us the following consequences:

W_ o ondv = 4si
d_x_ ana v = Sln4x

Let’s now insert all these facts into the integration by parts formula. Our integral becomes:
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1 1 1
f(3x +5) cos 7 x dx =4(3x+5) sinzx - f 12 sian dx
The right-hand side expression, after integration of the second term, produces the solution:
1 1
I =4(3x+5) sinzx + 48 cos X + C

A little factorisation produces the tidied-up version, which is as follows:
1 1
I=4{3x+5) sinzx + 12 cos X + C

We are already beginning to see from the examples considered so far that integration by parts
will often integrate a product of two functions to give a solution which is the sum of more
than one term. One clue as to why this might happen is to be found in the integration by parts
formula itself. Its right-hand side contains two terms separated by a minus sign, so that we
can be fairly confident that our solutions will contain two separate terms, at least before
factorising or otherwise re-arranging. We can expect to see more behaviour of this type as
we proceed.

Example 3

So far, all our examples have featured integrands which are the products of functions of two
different types. On this occasion, however, we will look at an example where we have to
integrate a product of two polynomials in x (one of them, admittedly, much simpler than the
other!). The integral we will consider is the following:

I = fx(3x+ 5)2%dx

Of course, we could just expand the squared term to a quadratic in x, and then mulriply
through by the x on the left; this would give us a polynomial in x, which we could then
integrate very simply term by term. However, I’d like instead to take a look at the
application of integration by parts to this kind of problem, so we will turn our backs on this
temptation.

We might also remark that the integrand is of the form:
(ax + b)(cx + d)?
(where in the present case a =1 and b = 0) so that we might expect integration by

substitution, using u = 3x + 5, to bring us a fairly easy solution. (Indeed, I give this solution
for reference in Appendix 5 Section 7.)

To reiterate, we are concerned here with integration by parts, and | have included this
example to illustrate the full range of application of the technique. So we will proceed to
choose parts, and watch with interest as things unfold.
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If we try to allocate parts on a simple left-to-right basis, we immediately find ourselves faced
with the following:

= xand &= (3x 4 572
u = Xxan dx—(x )

We could find v using integration by substitution, but if we’re going to have to do that, then
we might as well just integrate the whole product of functions using substitution. So let’s try
reversing the choice of parts, so that we have:

- (Bx+5)2and 2 =
u = X an dx—x

This gives us these consequences:

du 1
—_— = = — 2
T 6(3x+5)and v > X

(The first of these results was obtained by differentiating our expression for u using the
Chain Rule.)

We now insert all these pieces of information into the integration by parts formula, so that
our integral becomes:

1
fx(Sx + 5)%dx = §x2(3x +5)% — f 3x%(3x + 5)dx

The second term on the right-hand side can be multiplied out (I think we can probably allow
ourselves this luxury, having actually applied our technique), and behaves as follows:

9
]3x2(3x + 5)dx = j(9x3 + 15x2)dx = ZX4 + 5x3+ C

The first term on the right-hand side of the integration by parts formula can be expanded into
a quadratic and then multiplied out, as follows:

1 9 25
Exz(%c2 + 30x + 25) = Ex‘* + 15x3 + 7x2

Subtracting the expansion of the right-hand term from that of the left-hand one, and gathering
together similar powers of x, we are left with:

(9 9) *+ (15-5 3+25 2+C—94+103+252+C
>~ )% ( )x > X =% X > X

Probably the best final polish we can put on this expression would be to factorise in order to
remove the multiple fractions, which leaves us with the following:

1
I =Zx2(9x2 + 40x +50)+ C
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which is, of course, a polynomial in x, and hardly different in quality from the result we
might have obtained by just expanding our the integrand in the first place.

The lesson we draw from this experience — a rather more laborious one than we might have
hoped for — is perhaps that integration by parts can be a promising approach when we want to
integrate the product of two functions of different types, but it is perhaps less of a help when
we have to deal with products of functions of the same type — at least, when the two functions
in question are polynomials in x.

Example 4

With the salutary experience of Example 3 under our belts, let’s return to look at another
situation where we are asked to integrate a product of two functions of different types. This
time, however, we will explore a case involving a function of a type we have not looked at
before in this context.

Our integral will be as follows:
I = fxtan_lxdx

which has as its second factor an inverse trigonometric function.

We might at first try choosing parts in a similar order to that used in the first two examples of
this section. This would give us the following choices:

v -1
u=xand — = tan " x
dx

In order to proceed to the next stage of our usual train of reasoning, we would now need to
know what expression corresponds to v. In order to be able to write this expression down
would need to know the integral of tan™'x. Do we know what this is? It’s not usually
presented as one of the more common standard integrals, and I don’t propose to assume
knowledge of it here. (In fact, it is possible to evaluate it by parts, although with the use of a
clever trick which we have not yet mentioned. We will be examining this technique in a later
section.)

In order not to stumble any further in this direction, where we have already encountered a
difficulty, let’s consider what happens when we choose parts differently, as follows:

dv
u=tan"'x and — =«
dx

We can immediately remark that we do in fact know how to differentiate tan™! x - indeed,
Appendix 4 Section 2 gives us a standard integral which integrates to tan™! x; this means that
its integrand must be the derivative of tan™ x, by the Fundamental Theorem of Calculus.

We are therefore able to proceed optimistically to draw the following conclusions from our
new choice of parts:

94



Integration by Parts

du_ 1 q _1
dx_xz+1aln v—zx

2

If we now substitute these identities into the integration by parts formula, our integral will
become:

2
fxtan‘lxdx = 1xztan‘lx— fx—dx
2 202+ 1)

At least the second term on the right-hand side no longer has any inverse trigonometric
functions in it. In itself, however, it still looks a little challenging, so we will need some
careful thought in order to evaluate it .

If we start be rewriting it with a constant factor taken outside the integral sign, as follows:

1j‘ x? g

2z + 1™

then we might notice, after a look back at Part 1 Section 10 Example 2 to refresh our
memory, that an approach based on tangent-substitution might be fruitful. However, without
hauling you down a frustrating blind alley, I will simply point out that the presence of the x?2

in the numerator will leave us with an unresolved tan?u to integrate once all the cancelling
has been done. We will therefore need an alternative.

Some simple algebra on the integrand will be of service here. In Part 1 Section 8 Example 5,
we dealt with an awkward-looking function expressed as a fraction by splitting it into two
separate fractions, which were then easily dealt with on an individual basis. In the present
case, our numerator has only one term, so we will need to transform it a little first. It is
always possible to leave an expression unchanged in value by adding and subtracting a
constant, so we might try adding and subtracting 1 to the numerator, having sought
inspiration for our choice of constant from the nature of the denominator. This will alter our
integrand as follows:

x2+1—1_x2+1 1 1

= — =1
x2+ 1 x2+1 x24+1 x2+ 1

Remembering our list of standard integrals, this immediately begins to look a lot easier.
Indeed, the second term of our integration by parts formula for the original integral now looks
like this:

1[ de_1f<1 1>d—1( tan1x) + C
2) 2+ 197 2 2y 1) T T X

And finally, the solution to our original integral now takes the following form:

1 2 -1 1 -1 1 2 -1 -1
5% tan x—E(x—tan x)+C=§(x tan"'x+ tan " "x — x)+ C
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In the final right-hand side, | have made a minor rearrangement so as to gather the terms
involving tan~1 x together.

Notes

In this last example, we had to do two things which might not be immediately obvious. First,
we had to choose parts in an order different from that which worked well for our first two
examples; and second, it became necessary to use some algebraic manipulation (one might
almost say “an algebraic trick™) to turn the remaining integrand on the right-hand side of the
integration by parts formula for our problem into two separate components, each of which
was very easy to integrate.

This last technique, where we converted a rational expression in x into an expression of the
form:

1
t —
(some expression in x)

is an example of a general method which can be useful in dealing with some of the simpler
rational expressions which we may be asked to integrate. | explain the method in detail in
Appendix 3 Section 2.

Furthermore, the integral:

[#5
x24+1 x

can be solved using the method of tangent-substitution which was explored in Part 1 Section
10. 1 give a solution by this method in Appendix 5 Section 8 for reference and comparison.

Example 5

To round off this section, we will now look at another integral which has some broad
similarity with the one in Example 4. This integral is as follows:

I = fxlnxdx

As in the previous example, we might first consider the allocation of parts as follows:

dv
Uu=xand — = lnx
dx

We can immediately see that we are now faced with a similar stumbling-block to the one we
nearly fell over in Example 4 above: in order to establish the value of v, we need to know
what is the integral of Inx. Once again, this is not usually considered to be one of the more
elementary standard integrals, and once again, I will not assume it here. (You will perhaps
not be surprised to learn that it can be integrated by parts, with the aid of an algebraic trick. |
give the solution in a later section, and point out in addition that even if we did know what
the required integral was, we would find that it actually made our original problem more
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difficult, and not less, due to the fact that it is a longer and more complicated expression than
the In x with which we started!)

After this lengthy explanatory digression, let’s revert straight away to the alternative
approach we adopted in Example 4 above, and set parts as follows:

dv
u=Inx and —=x
dx

This choice of parts gives us the following consequences (using the standard derivative of
In x):
du 1

— = - dv= -
dx xanv 2x

2

The integration by parts formula now transforms our integral as follows:
f Inxdx = ! 2] fl d
xInxdx = Zx"Inx 5 xdx

where the integrand on the right-hand side is obtained after simple cancellation of the x in the
denominator of the derivative of u with the x2 which appears in our expression for v.

Evaluation of the right-hand side integral then produces the following final solution:

121 12+C—12(21 D+ C
Zx nx 4X —4X nx

Notes and Conclusions

In all the above examples, we have been considering simple products of functions. Indeed,
these have been somewhat artificially chosen, in that they are all (apart from Example 2) of
the form xf (x), where the place of f(x) has been taken successively by functions of several
different kinds.

We have found that the most useful choice of parts is different for the different types of
function occupying the place of f(x). If we also take into account the example with which
we started this part of the book, then we can summarise the choices of parts we made in the
preceding examples in the following table:

Integrand: xf(x) Choice of u Choice of dv/dx
xe* X e*
X COSX x cosx
xtan lx tan™' x X
xInx In x X

From this information, we can see that where f(x) was an exponential or trigonometric
function, it was satisfactory to choose:
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u = Xxan dx—f(x)

Leaving out of consideration Example 3 (which, as we have already noted was ideal for the
method of substitution, and only included here to provide a comparison between our two
methods), we can also note that where f(x) was an inverse trigonometric function or a
logarithmic function, then we were able to proceed more simply by making the following
choice:

u = f(x)an i

Can we draw any conclusions as to why this has turned out to be the case? Well, realising
that in order to use the method of integration by parts we have to split our integrand into two
factors: u and dv/dx, a look back at the integration by parts formula will confirm that in
order to produce the expression given by the right-hand side of that formula, dv/dx has to
be integrated in order to produce v, and u has to be differentiated in order to produce du/dx.

We can therefore recommend that u should be chosen such that it is easy to differentiate, and
dv/dx should be chosen so that it is easy to integrate. We can go further, especially in the
light of Examples 4 and 5 above, as well as the shape of the integral:

—vdx

which appears on the right-hand side of the integration by parts formula, and say that we
would ideally like du/dx to be simpler than u (or at least to introduce no more difficulty
from the point of view of integration). Likewise, we can say that we would like v to be
simpler than dv/dx (or, once again, no more complicated from the viewpoint of integration).

As we have seen above, it is not essential (or even likely) that both of these aspirations to
simplicity will be met; but it is highly desirable that one of the two should be met —
otherwise, the integral on the right-hand side of our formula will be no simpler than the one
we started out with.

In Examples 4 and 5 above, we chose u to be first tan™! x and then in the next example In x.
In both of these cases, du/dx produced a rational function in x, which together with the other
element in our choice of parts:

dv_ that _1
dx—x,so atv = 2x

2

left us with an integral on the right-hand side which was easier to handle than one involving
inverse trigonometric or logarithmic functions.

This is probably about as far as we can go in drawing general conclusions about how best to
choose parts at present. | will return to these issues, which have a bearing on the kinds of
integral which we can integrate by parts as well as the statement of an algorithm for the
method, a little further on.
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5 Repeated Integration by Parts

All of the relatively simple integrands we examined in the previous section could be dealt
with by one simple application of the integration by parts technique. There are, however,
many integrands where integrating by parts produces an integral on the right-hand side which
is only a little less difficult than the one we started with. In such cases, it is sometimes
possible to apply integration by parts for a second time (or even, as we shall see, several
more times), in order to deal with the slightly less difficult integral on the right-hand side.

We will now look at some examples of this approach at work.
Example 1

First of all, we will move one simple step beyond the integrands we considered in the
previous section and try to integrate the following example:

I = fxz sin x dx

where we have a trigonometric function multiplied by an factor of x2, rather than the simple
factor of x which was present in the trigonometric function example above.

Stepping in boldly in the light of the above discussion on how our various choices of parts in
Section 4 worked out, let us try the following:

dv
— 2 _ :
u= x“and — = sinx
dx

These choices give rise to the following results:

u
— =2xandv = —cosx
dx

Putting these into the integration by parts formula, we obtain the following expression for our
integral:

fxzsinxdxz —x?%cosx + focosxdx

(I have taken the coefficient of 2 which is part of our expression for du/dx outside the
integral sign on the right-hand side so that we can see more clearly the nature of our
remaining integral. Additionally - no pun intended - the minus sign in the integration by
parts formula has been transformed into a plus sign by the negative sign in our expression for
v, which we will recall turned out to be — cos x.)

You will note that, while we cannot evaluate the integral on the right-hand side using our
simple rules for integration, the integral is identical to the one we evaluated in Section 3
above, as our very first illustration of the use of integration by parts. There, we used
integration by parts to find the following solution:
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fxcosxdxz xsinx + cosx + C

We can therefore substitute this solution for the right-hand side integral in order to find a
final expression for I, which can be written as follows (not forgetting that the right-hand side
integral must be multiplied by a coefficient of 2):

I =2cosx + 2xsinx — x2cosx + C
This can be thought of as a quadratic in x with trigonometric functions as its coefficients. |

have rearranged it in ascending order of powers of x in order to display it without a leading
minus sign.

If we feel more comfortable factorising out the two instances of cos x, we can end up with a
linear expression in sin x and cos x, as follows:

I =2xsinx+ (2— x*)cosx + C
Note

Although we simply quoted a solution we had obtained earlier in order to complete this
example quickly, it should not be lost on you that in order to evaluate our chosen integral, we
did have to apply integration by parts twice, since after the first application, the remaining
integral on the right-hand side was still not simple enough to be dealt with using direct
methods.

Example 2

We now proceed to another example which will require multiple applications of our
technique. This time, the integral under consideration will be:

I = Jx3ezxdx

Noting the broad similarity in the nature of the two functions whose product forms our
integrand to those we encountered in Section 4 Example 1, we will start by choosing parts as
follows:

— 3 ddl?_
u = x" an dx—e

2x

If we make use of the standard integral for e** which is quoted in Appendix 4 Section 2, we
can then write down the following consequences of these choices:

du_32 q _1
I X4 an v—ze

2x

The integration by parts formula now gives us:
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1 3
I = fx3ezxdx = Ex3e2x— fixzezxdx

Let’s now use the symbol I; to represent the integral on the right-hand side, as follows:
3
L = A2 Zxd
1 f 2 x“e X

We will now proceed to apply integration by parts once more, in order to simplify this
integral. In line with our previous selection, we choose parts as follows:

3 dv

= — 2 d _— = 2x
u Zx an P e
We can deduce the following consequences:
du_ 3 dy = 1 oy
e xandv = 2e

The integration by parts formula then gives us this result for I, :

3 3 3
I = L 2,2x — 252X _ f_ 2x
1 jzx e“*dx 4x e er dx

Noting how the integrals on the right-hand side of the integration by parts formula are
becoming steadily less complicated (because of the successive reduction in the power of x
each contains), we now set I, to represent the integral on the right-hand side of our
expression for I, as follows:

I, = fixezxdx
2 2

One more application of integration by parts should see us almost home and dry. Sticking
with the convention which has brought us this far, we choose parts, using the same reasoning
as follows:

_3 ddv_
u—zxan I e

2x

Just like before, we can deduce the following consequences:

du 3
=—andv = —e?*

dx 2 2

The integration by parts formula then gives us this result for I,:

3 2x 3 2x 3 2x
I, = S xe dxzzxe — | z€ dx
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In line the practice we have established, we can set I5 to represent the integral on the right-
hand side of this most recent equation, as follows:

I, = fﬁezxdx
3 4

We will find that we can integrate this directly, to obtain the following solution:
I, = Eer + C
T8

We now have no more difficult integrals to deal with using integration by parts, so that we
can start to unravel the effect of the repeated uses of the technique in order to obtain an
expression first for I,, then for I, and finally for I itself. We start by substituting the solution
for I3 into the equation for I,. We obtain the following:

I, = Exez"— Eez"+ C
27 4 8

This can now be plugged into our equation for I;, from which we obtain:

3 3 3
2x _ _ 2x — 52x
2 e 4xe + 88 + C

Finally, this can be fed into the equation for I which resulted from our very first application
of integration by parts. So that we end up with this solution:

e?x — Exzer + Exezx - Eer + C
4 8

Enthusiasts of factorisation and the tidying up of repeated fractional coefficients may prefer
the following rearrangement:

1
I =§ezx(4x3— 6x>+ 6x—3)+ C

It will be instructive to look at an expression for the original integral I in terms of the various
intermediate integrals to which we gave labels of the form I;,. Once more, we can work back
from the expression for I, in terms of I (the first integral produced by our technique which
we could solve directly) to display an expression for I in terms of all the intermediate
integrals. We will obtain the following sequence of equations:

— 3 2x
I, = er - I3
3 3
I, = szezx — I, = —x%e?* ——xe?* + I
1
[ = =x3e?* -], = §x3ezx ——x%e?* 4+ [, = —x3e?* szezx +erzx - I
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In the equations for I and I, we see that the minus sign before I, and I, respectively causes
the signs in the expansions of these integrals to be reversed. In particular, the sign preceding
I; is made to alternate from minus to plus and then back to minus again as we expand our
solution, moving from the equation for I, back up to the equation for I.

Setting out our working in this way helps to see how the final solution, comprising several
terms separated by addition or subtraction signs, is built up by repeated applications of the
integration by parts techniqgue. We may gain an even more powerful overview of this
process, however, by setting it out in the form of a table, as shown below:

dv dv du

Stage —d u — uv —vd
9 udx x dx dxv *
1 3
1(I) fx3ezxdx x3 e?x §x3e2x Jixzez"dx
3 3 3 3
2 (1 —A2,2X a2 2x A2 ,2X f_ 2x
(I) fzxe dx 5% e 2xe 5 Xe dx
3 3 3 3
3(I —xe?Xd — 2x Z 52X f_ 2x g
(I2) fzxe X 5% e 1€ € dx
3 Solution
4 (I3) fzez"dx Eer
8

This table contains one line for each application of integration by parts; each stage is
numbered, and the integral to be solved at each stage is shown in column 2. Columns 3 and 4
show the choice of parts made at each stage, while the final two columns — 5 and 6 — show
the two components of the right-hand side of the integration by parts formula for each
application. Row 4 is unigue, since the integral in column 2 could be solved directly, without
a further integration by parts; | have, nonetheless, written its solution in the column headed
“uv”, to help us to read off the complete solution from the table.

The final solution to the integral we started out with can be obtained, then, by reading off
each entry in the “uv” column, starting at the top and proceeding down to the bottom row.
Entries must, however, be separated by the appropriate sign. What is this “appropriate sign”?
Well, we must clearly start with a minus sign, since the integration by parts formula dictates
it. Subsequently, however, we must alternate signs, because the minus sign in the integration
by parts formula for one stage will change the minus sign obtained at the next stage to a plus
sign, by the following standard rule of algebra:

a—(b—c)=a—-b+c
At the succeeding stage, however, our integration by parts formula will be preceded by a plus
sign, so that its own native minus sign will remain when we expand out our result. This
process can be seen at work in the description of the process | gave a few paragraphs earlier
in terms of the various intermediate integrals with names of the form I,.

Reading our solution off the “uv” column, and using alternating signs as suggested by the
above reasoning, we will obtain:
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1 3 3 3
_ _3,2x _ Z.2,2x S 2x T 2x
I—zxe 4xe +4xe 8e + C
remembering that we must be sure to add the constant of integration C. As we would expect,
this is indeed the solution we obtained by our original stage-by-stage process.

Example 3

The previous two examples have entailed quite a lot of explanation, which has arisen in part
from the very fact that integration by parts has had to be applied repeatedly. In Example 2
above, however, we ended the discussion by displaying a table which summarised the
working we were obliged to undertake to find our solution. In this example, | propose to
dispense in large part with the kind of detailed explanation | have presented so far, and
instead evaluate the chosen integral using a table-based approach alone.

The integral which will be the subject of this endeavour will be the following (not completely
dissimilar to the previous two examples):

I = jx3cosxdx

Here is the table which sets out the procedure for evaluating this indefinite integral:

dv dv du
Stage u— dx u —_ uv —vdx
dx dx
1 fx cos x dx x3 COS X x3 sin x foz sin x dx
2 j 3x?% sinx dx 3x2 sin x —3x%cosx — f 6x cos x dx
3 —J6xcosxdx 6x —Ccosx —6x sinx —f6sinxdx
4 — f 6sinx dx Solution
6 cosx

Let’s record a few remarks about this table, before we read off from it the solution we
require.

1. The integral in row 4 and column 2 can be solved directly, without further use of
integration by parts. Just as we did in Example 2, then, we write down its solution in
the “uv” column, to help us read off the full solution easily.

2. In completing this table, we work through each row in turn, making our way from left
to right. Column 2 always contains the integral we have to deal with at each
particular stage of the repeated process. From this column, it is generally quite easy
to complete columns 3 and 4, which show our choice of parts for the next repetition of
integration by parts.

3. Columns 4 and 5 are the only ones which really require any work from us: in order to
complete column 4, we must deduce v from the expression for dv/dx shown in
column 3 (in other words, we must perform a quick bit of integration). For column 5,
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we will need to obtain du/dx from the expression for u which is found in column 3
(that is to say, we must differentiate).

4. We can be sure that the process has finished when we find that column 2 contains an
integral which can be evaluated directly.

Having made these comments, which are intended to be helpful in using this tabular approach
to deal with other integrals, we can now reap the benefits of this shorthand method and
simply read off our solution from the “uv” column, as we did at the conclusion of Example 2.

We read off the expressions in the “uv” column, separating each expression with a sign
alternating between minus and plus, as discussed above. We start with the minus sign which
is dictated by the integration by parts formula, and we must be sure to take note of any signs
which precede the various expressions for uv, since these may interact with our “default”
sign to change what we actually write down.

Proceeding in this way, we will arrive at the following solution:
I = x3sinx + 3x?cosx —6xsinx —6cosx + C

The signs between the terms should have been (in order) minus, plus, minus. However,
minus signs at the start of the expressions for uv in rows 2 and 3 reversed the first two of
these, so bringing us to the above result. We have, of course, added a constant of integration
labelled C at the very end.

This tabular approach is clearly much easier to set out and allows the process of repeated
integration by parts to be made fairly straightforward, depending as it does on a simple
application of integration and one of differentiation in completing each row, as well as the
simple production of the result by reading off the entries in the “uv” column. However, it
can be made even more straightforward and “mechanical” by a refinement of the table layout,
which I will explain in the next section.

6 Tabular Integration by Parts

In this section, | will set out a refined version of the tabular approach to repeated integration
by parts which | started to describe in the previous section. | will start by illustrating the
refined table layout which I propose with Example 3 from, the previous section, which will
allow the new table layout to be compared with the one we saw at the end of Section 5.

By way of reminder, the integral we want to evaluate in Section 5 Example 3 was:

I = fx3cosxdx

And here is a simplified table which sets out the most important elements from the more
complex table I used above:

u v (dv/dx = cosx) Sign
sinx =
3x? —cosx +
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6x —sinx —
6 Ccos x +
0

This table is intended to be simpler and easier to work through than the more comprehensive
table I began to set out towards the end of the previous section. Here, we only have three
simple columns — one listing values of u, one listing values of v, and a third column
corresponding exactly to the convention on the sign linking each term of the result which we
used in Section 5 above.

So how do we use this new tabular display of our repeated integration by parts operations?
Some simple instructions are as given below. Before we start, however, we can make one
observation about how we set up the table in the first place. Bearing in mind that integration
by parts requires us to choose parts, that is, to express the integral we want to evaluate in the
form:

dv

—d
u——dx

and since this new style of table only has columns corresponding to u and v, we can start by
putting the part of our integrand which we have chosen to be dv/dx in the heading for the v
column. Having done that, all of the subsequent entries in this column will correspond to a
value of v at some stage in our repeated process.

Having made this remark, let’s proceed to our instructions:

1. In the first row, enter the value of u which results from our initial choise of parts, and
the value of v which we obtain from integrating the dv/dx part of our integrand.
This part has already been entered in the column heading.

2. We can obtain entries for each subsequent row by differentiating the u entry in the
previous row, and integrating the v entry in the previous row. (For convenience, we
omit the constant of integration.)

3. Repeat this process until the u column is found to contain a value of 0. This means
that the process is at an end.

4. Fill in the Sign column with entries alternating between plus and minus, starting in the
first row with a minus sign.

Having completed our table, it is then a very simple matter to read off the solution,
multiplying together the values for u and v from each row in turn, and following this uv
value with the sign given in the third column. We must, of course, keep in mind the
possibility that the sign in the third column may well combine with a negative sign attached
to the next uv instance to produce an altered sign in the final solution. The last line of all,
which contains a zero in the u column and marks the termination of the tabular process,
contributes nothing to our solution. Naturally, we must remember to add a constant of
integration C to our final solution in order for it to be fully valid.

Proceeding to read off our solution in this way, we will, of course, obtain the same solution as
was extracted from our earlier, more complex table in Section 5, namely:
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I = x3sinx+ 3x%cosx —6xsinx —6cosx+ C

In order to provide some more examples of the tabular approach | have set out here, I will
now give brief illustrations of the tabular solutions to Examples 1 and 2 from Section 5
above.

Example 1

In this example, our integral is:
I = fxz sin x dx

and the table which gives its solution is as follows:

u v (dv/dx = sinx) Sign
2

X —COoSXx -
2x —sinx +
2 COS X =
0

We can now read off our solution as follows:

| = —x%cosx + 2xsinx+2cosx+ C

and this can be rearranged in the way we used in Section 5 to avoid an opening minus sign as
follows:

I = 2cosx + 2xsinx — x%2cosx + C
Example 2

Here, we want to integrate:
I = fx3ez"dx

and from it, we obtain the following table for our repeated integration by parts:

u v (dv/dx = e**) Sign
1
x3 Eer —

1
3x? —e?* +

6x —e?x —
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Reading off our solution, row by row and left to right, making sure we apply the sign in the
third column at each stage, we obtain the following solution:

3
[ = =x3e?* — —x%e?* + er2x — gezx + C

(We might pause here to note how much easier the tabular method makes this example,
where we are beset on all sides by hard-to-track fractional coefficients.)

Example 3

As a final example of the use of the tabular approach to integration by parts, we will
demonstrate that the method does, of course, work perfectly well for integrals where only one
application of the method is called for. As we might expect, such a table has few rows, and
the process of generating the table which we have been using comes to an end very quickly.
However, there may be some notational convenience in applying integration by parts using
the tabular method — it is certainly very quick to write down!

Let’s apply the tabular approach to the very first integral we evaluated using the method of
integration by parts:

I = fxcosxdx

Our table will look like this:

u v (dv/dx = cosx) Sign
X sin x =
1 —COS X +
0

From this table (shorter than our other examples, but still with enough rows to be useful) we
can read off our solution as follows:

I =xsinx+ cosx+ C

As we would by now expect, this is the very solution we obtained earlier using the
“longhand” method.

Why Does this Method Work?

It will be interesting to look briefly at some general reasoning which gives us an insight into
exactly why this tabular approach to integration by parts works.

Let’s start with an integral I where we can divide the integrand (a product of two functions)
into parts in the following way:

dv,
= f uq adx
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| have given the letters u and v subscripts of 1 to indicate that this is the first stage in a
potentially multi-stage process of integration by parts. We should also note at this stage that
the tabular approach comes into its own when we choose as u; a factor of our product of
functions which we can expect to be “differentiated away” — ie reduced by repeated
differentiation to a eventual value of zero.

The integration by parts formula gives us the following expression for the integral I:

duy
I = ulvl - Evldx

Naming the integral on the right-hand side I;, we will select parts for its integration as
follows (bearing in mind that our original integrand is one where we expect the u-part to
respond to repeated differentiation):

_dyy q dv,
U, = dx an dx = 7
Once more, the integration by parts formula gives us:
L= du, p
1= Uy dx vax

Substituting this back into our original formula for I will give us:

du,
I =wv; — I = uyvy —uyv, + d—vzdx
X

Note particularly here that the sign in front of the right-hand side integral is now a plus sign,
since it is the result of the application of a minus sign to the formula for ;.

Let’s take this step-by-step approach one stage further before we start looking at what it is
telling us about the overall process. We will set:

du,
I, = Evzdx
We will choose parts as follows:
_duy dvs
Us = dx dx v

According to the integration by parts formula:

dus
12 == u3v3 - Evgydx

Substituting this back into our original formula for I will give us:
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dus
I = U1 — Uy, + 12 = UV — UV, + U3V3 — d_v3dx
X

We can now see a pattern beginning to emerge: the expression for the integral I which we are
building up is formed of a series of terms of the form w,v,. Each successive u, is obtained
by differentiating u,_ 1, as is shown in the choice of parts we make above at each stage.
Additionally, the choice of parts in each case also shows us that v, is obtained at each stage
from the formula:

dv
d_xk = vy, _, which means that v}, = f Vy_1dx

In other words, we obtain v, by integrating v,_;, since integration can be regarded as the
inverse process to differentiation. Finally, the sign connecting each u, v, term is in the first
instance a minus sign (since this is what the integration by parts formula produces); next
time, it is a plus sign, due to the application of a minus sign to the minus sign which comes
out of a second application of the formula; and because of this plus sign, the next sign to
come out of the process will be an unvarnished minus sign. And so we could go on, cycling
between minus and plus every time we repeat the integration by parts process.

Now what | have described here is exactly what we are instructed to do when we complete
each line of the table in the method we have been looking at in this section — once we have
written down the values of u and v in the first line of the table, we proceed to each
subsequent line by differentiating the function in the u column and integrating the function in
the v column.

What happens, then, when we reach the end of the process? In the examples we have looked
at here, we eventually reached an instance of wu;, - let us call it u, - where one more
differentiation step will produce a result of zero. In symbols, we will have the following
situation:

du,
dx

If this is so, then we will find that we have an integral I,,_; in our chain of integrals which we
want to evaluate by parts, and the integration by parts formula will give us the following:

du,
In—l = UpVp — Evndx

Because, as explained above, we are looking here at a situation where the derivative of u,, is
zero, the integral on the right-hand side of this equation is itself zero, and we find that we
have no more integration operations to perform. Hence we can state that:

In_1 = Upvy

and the process of repeated integration has come to an end, since we have no more integrals
to evaluate. We have described here the final stage in the creation of the table.
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Finally, then, we must write down the result of the overall integration task. We have done
this in the examples in this section by multiplying together the u and v entries from each line
in our table, and combining them using the alternating plus and minus signs we set out in the
third column. This results in an expression somewhat like the final expression we wrote
down earlier for the integral I in terms of the first three entries for u and v. We can write
down the general result of the tabular process as follows:

I = wv; —Uvy +uzvz — o+ (D" tu,v, + C

The expression (—1)""1 is a shorthand method of specifying the way the plus and minus
signs vary between the terms of the right-hand side expression. If n is even, then n — 1 is
odd, and an odd power of —1 is itself —1 — so we will have a minus sign in front of every
u, v, Where k is even. Similarly, if n is odd, then n — 1 is even, and an even power of -1
results in 1, without the minus sign. This gives us the result we need for the sign preceding
u, v, Where k is odd.

We have, of course, added the usual constant of integration C at the end of our expression.

As a concluding note, we can write the expression for I using sigma-notation, once again
taking advantage of the shorthand method we just used to force the signs to come out
correctly. This will appear as follows:

n
I = Z(—l)i_luivi + C
i=1

The reasoning we have given here will provide some justification for our practice when
completing the third column of our table, which is to enter a minus sign in the first row, and
then proceed downwards, alternating between a minus sign and a plus sign.

7 How to Choose Parts

Having drawn some conclusions at the end of Section 4 above based on our first set of
examples, and having also built up a small fund of evidence about repeated integration by
parts in Sections 5 and 6, we are now in a position to give a slightly more useful rule of
thumb for choosing parts.

In my note at the end of Section 4, | remarked that when choosing parts, it can be useful to
choose u to be the part of our integrand which is easier to differentiate, and to let dv/dx be
the part which is easier to integrate, if such choices can easily be made. In the examples in
Sections 5 and 6, we found that if we consistently choose parts according to these
preferences, then in our repeated applications of integration by parts will cause the part
chosen as u to “differentiate away” after several applications of the technique, leaving us
with an integral at the end which can often be solved directly.

We should note at this point that, particularly for functions which are algebraic functions (ie
they are composed of a sum of terms of the form kx™) then repeated applications of
differentiation will gradually reduce the index of each term until we are finally left with 0.
We should remind ourselves here that the rules for tabular integration by parts specifically
state that the process ends when the u column has “differentiated away” to zero!
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We can summarise the experience we have gained with a simple mnemonic: LIATE. Here,
each letter stands for a particular type of function, as follows:

Letter Meaning Examples
L Logarithmic Inx,log, x
I Inverse trigonometric sin~!x,tan"! x
A Algebraic x2, 6x*
T Trigonometric cos x,tanx
E Exponential e*, 2%

When choosing parts, we should choose u to be the function in our integrand which comes
first in this list of function types, and set dv/dx to be the other part of the integrand. We can
compare this table with its associated mnemonic with the table at the end of Section 4, which
provided a summary of our experience of the best choice of parts for the examples in that
section. We will see that every line in that table agrees with the choice which we would
make based on the mnemonic | have just given.

(This mnemonic was proposed by Herbert Kasube of Bradley University, and is sometimes
given in the opposite order, as DETAIL. Here, the initial letter D can be taken, using the
conventions | have adopted in this book, to stand for dv/dx, and the mnemonic becomes a
rule for selecting this part of the integrand instead of u.)

We have so far always ended up choosing parts in the way this mnemonic recommends. In
Examples 4 and 5 of Section 4, we started out by trying to set u to be the algebraic part of the
integrand, only to find that this did not lead to a very easy ride. Instead, we found that
choosing u to be the inverse trigonometric or logarithmic function did make it possible to
evaluate the integrals. In Example 4, admittedly, there was a need for some algebra to finish
things off, but we did obtain a solution in the end. In all our other examples, including those
which called for repeated integration by parts, we chose u to be the algebraic part of the
integrand, and dv/dx to be the exponential or trigonometric part. All of this is precisely in
accord with the recommendations of the LIATE mnemonic.

We should, however, admit that all of our examples so far have contained integrands of the
form P(x)f (x), where P(x) has been a polynomial in x (sometimes a very simple one), and
f(x) some other function of a type contained somewhere in the LIATE list. We can
certainly conclude that functions of this type can be readily integrated by parts (sometimes
requiring repeated applications), although we only have limited experience of examples
where f(x) is an inverse trigonometric or logarithmic function. 1 shall attempt to remedy this
lack by ending this section with two more examples of this type, both slightly more
complicated than those we have seen so far.

Example 1

Here we will examine the following integral:

I = J(Zx —1DIn(x?+ 1)dx
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This is certainly of the form we described in the previous paragraph, and our mnemonic for
choosing parts dictates the following approach:

dv
= In(x?+ 1 —=2x-1
u n(x* + )anddx X

These choices allow us to draw the following conclusions:

du 2x

a:x2+1andv:x2_x

(The expression for du/dx is obtained by an application of the Chain Rule.)

We can now apply the formula for integration by parts to obtain the following expression for
our original integral:

f(Zx—l)ln(x + Ddx=(x?>—- x)In(x*+ 1) — f(x - x) 2+ 1

By multiplying out, we can rewrite the integral on the right-hand side as follows:

L= j‘2x3—2x2d
1 2+ 1

Our work is now reduced to the task of evaluating this integral, after which we will be able to
write out a complete solution to our original problem. The integral I, is certainly no
pushover, but we have at least “differentiated away” the logarithmic function in the integrand
with which we began. And since this new integrand is now a rational expression, we might
hope that some algebraic manipulation will allow us to turn it into something more easily
integrable.

I will start the ball rolling by performing a very simple piece of algebraic manipulation,
simply splitting this rational function into two parts, as follows:

2x3 — 2x2 2x3 2x2

x2+ 1  x2+1 x2+1

We will proceed to evaluate I; by integrating each of these two parts separately, and then
combining the results at the end.

So we will first consider:

I—J 2,
2= x2+1x

Now, readers who have been paying close attention during their perusal of this book will
have noticed that this is just the very integral we evaluated by substitution in Example 4 of
Part 1 Section 8, on algebraic substitutions, multiplied by a factor of 2. (We were able to
generalise from it in order to reveal a new class of integrals which could be dealt with by
substitution.)
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Therefore, taking the solution we obtained in the substitution example and multiplying it by
2, we obtain the following solution for I,:

L=x*—In(x*+ 1)+ C

Now we can move on to the second of our two integrals which is:

1—f 22",
3 x2+1x

Once again, we can reap benefits from the work we have already done, by noting that we
have also encountered this integral (without its factor of 2) before. In Section 4 Example 4
above, we had to evaluate I; without its factor of 2 in the course of using the integration by
parts technique, and we did it using an algebraic rearrangement. (We also noticed at that time
that the integral could be evaluated using tangent-substitution, and | have given a solution by
this method in Appendix 5 Section 8.)

So once again, taking the solution we obtained earlier (by either method!) and multiplying it
by 2, we have the following solution for I5:

I;=2(x—tan"'x)+ C

We should now be in a position to assemble a complete solution to our original integral. As a
first step, remembering how we divided I into its two component parts, we can state that:

L=I5L—I3=x*-In(x*+ 1)— 2(x— tan"'x)+ C

We might consider it useful to multiply out the bracketed term and rearrange this expression
so that like terms are put next to one another, giving the following:

L=x*—2x—In(x*+ 1) +2tan"'x+ C

Our final step will be to go back to the expression we obtained using the formula for
integration by parts, and write out the following solution for the original integral:

I= (x?>—x)In(x*+ 1) —x?+ 2x+ In(x®*+ 1) —2tan"'x+ C

A final rearrangement to gather together all the terms in In(x? + 1), still keeping like terms
together, will give us the following:

I= (x*?—x+1DIn(x>+ 1) —2tan 'x—x2+ 2x+ C
Notes

First of all, we notice with a passing interest that an inverse tangent function has had to be
introduced to express the integral of the product of a polynomial and a logarithmic function.

Of particular relevance to our current topic, however, will be the remark that by choosing
parts according to the LIATE mnemonic, we were able to remove the logarithmic function
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from consideration, and by means of the integration by parts formula, provide ourselves with
a rational function to integrate. While initially daunting, we found it possible to split this into
two parts, both of which were very close to functions we had already learnt how to integrate.
If we had made a different choice of parts, we would immediately have had to face the
prospect of integrating In(x? + 1) in order to apply the integration by parts formula at all,
which might have been an even more distressing prospect.

Example 2

In order to round off our look at the importance and usefulness of making the correct choice
of parts, we will now consider another integral which will be made relatively approachable
by the correct choice of parts.

This integral will be as follows:
I = f(3x2 — 4)tan "l x dx
As in the previous example, the LIATE rule leads us to the following choice of parts:
dv
u= tan"'x and — = 3x% — 4
dx

This leads us to the following conclusions:

du_ 1
dx  x2+ 1

andv = x3 — 4x
That said, the integration by parts formula now gives us the following equation:

dx

3x2 — 4)tan"lxdx = (x3 — 4x)tan™? —J 53— 4
](x Ytan™' xdx = (x x)tan"t x (x x)x2+1

Again, after multiplying out, the integral on the right-hand side becomes:

I - fx3—4xd
1 x2+ 1 x

presenting us with another rational integrand similar in appearance to the one we arrived at in
the previous example.

We will again split the integrand into two parts as follows:

x3—4x_ x3 4x
x2+ 1 x2+1 x2+4+1

and examine the integration of each term separately.

If we first consider:
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1—] * g
z- x2+1x

we first note that this is almost the same I, which we had to consider in the previous
example, and then go on to remark that it is in fact exactly the integral we evaluated by
substitution in Example 5 of Part 1 Section 8. We can therefore write down its solution
without further ado as:

1
I, = E(x2 —In(x*+ 1))+C

Let’s move straight on from this simple step to our second integral, which is:

1—[ Sl
3T e+ 1™

If we rewrite this integral in the following way:

2] Al
x2+ 1 x

Then we will notice that the expression which remains under the integral sign is in fact a
function-derivative pair, and as such is in the precise form we look for in order to apply
straightforward u- substitution. Using the notation of Part 1 Section 5, the expression has the

form g'(f (x))f’ (x), where:

g (f(x) = flx)=x2+1; f'(x) = 2x

x2 + 1;

We further note that this allows us to say:

1
g'(x)= S SO that g(x) = In|x|

and that in Part 1 Section 5 we established that the solution to this integral is:

g(fx)+ C=In(x*+ 1)+C

Restoring the factor of 2 which we earlier moved outside the integral sign in order to make
the appropriateness of substitution clearer, we can now state that:

I;=2In(x*+ 1)+ C

By this point, we have the solution to the integral of the rational function which we obtained
on the right-hand side of our integration by parts formula. This is simply:

1
L=1—-1I;= E(xz—ln(x2+ 1)) — 2In(x?2+ 1)+ C
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Multiplying out the brackets and gathering together terms in In( x2 + 1), this becomes:

1 1 1 5
Exz — Eln(x2 + 1) —-2In(x*+ 1)+ C= Exz — Eln(x2 + 1)+C

We can go one step further and factorise out the common factor of 1/2 to arrive at this
expression:

1
I, = z(xz— S5In(x*+ 1))+ C

All that remains is to put this solution back into our earlier integration by parts formula to
give the solution to our original integral as:

1
I= (x®— 4x)tan"1x — E(xz— S5In(x*+ 1))+ C

Notes

We have examined these two examples in order to get a more detailed picture of the effect of
out LIATE rule when we are faced with integrating a function of the form P(x)f (x), where
P(x) is a polynomial in x and f(x) is a (more or less complicated) logarithmic or inverse
trigonometric function.

Our rule for choosing parts recommends that in these cases u should be chosen to be the
logarithmic or inverse trigonometric function. Having made this choice, we find that the
integral on the right-hand side of the integration by parts formula requires us to integrate a
rational function in x. (This is because the logarithmic or inverse trigonometric function
which we chose to be u differentiates to give a du/dx which is itself a rational function.)
Multiplying this by the value we obtain for v by integrating dv/dx (which in these examples
has been a straightforward, easily integrable, polynomial) provides an integrand with
polynomials in the numerator and denominator. These are the integrals we have named I, in
both the above examples.

These I; integrals can be split up into two parts, each of which has a single term in x™, for
some value of n, in the numerator. We have been able to integrate these separate parts fairly
easily above, either by quoting results we obtained elsewhere in this book, or by a fairly
simple application of one of our integration techniques.

The integration of the separate parts of I;, in both the above cases, required us to be able to
integrate functions of the form:

le

x4+ 1

where n has taken the values 1, 2 or 3. | have listed the integrals of the three rational
functions which result in Appendix 4 Section 2, along with some brief notes on how they are
evaluated at various points in this book. If you find yourself regularly integrating functions
of the type we have looked at here, then making use of these as “standard” integrals could
save a lot of reworking.
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| have also carried out a short investigation into the behaviour of these integrals for some
values of n greater than 3 in Appendix 5 Section 9.

8 More About Logarithmic and Inverse Trigonometric Functions

Before we summarise the conclusions we can draw from our work so far about the process of
integration by parts, | will turn aside briefly to discuss a useful way of applying integration
by parts to a group of functions which might not at first seem amenable to this technique. |
will examine how we can use the technique to integrate two very simple functions which, in
themselves, seem to defy the armoury of integration techniques we have so far accumulated.
They can be made to respond by using what may seem at first to be a piece of mathematical
conjuring. Looked at from another angle, however, this “trick” is simply a way of restating
the problem in order to be able to apply integration by parts.

The two integrals I will look at here will also allow us to add to our list of standard integrals
in Appendix 4 Section 2, and to extend slightly the class of functions whose integration we
can approach by parts.

Example 1

We will first address the following integral:
I = flnxdx

Now, clearly, this integrand does not look like the product of two functions — and we have so
far only used integration by parts on functions which are products — the division into parts
itself requires us to allocate the two factors of the functional product to the two parts in the
formula we have been using.

We can, however, express it (“trivially”, to use a favourite description of mathematicians for
an action which appears rather simple and self-evident) as a product in the following way:

Inx=1 X Inx
Having done this, we can additionally point out that the function f(x) = 1 may be
considered as an “algebraic” function for the purposes of our LIATE rule. It is in fact a
“trivial” (that word again) polynomial, comprising a constant term only which has a

coefficient of 1.
We can therefore restate our integral as:
I = f 1.Inx dx
The LIATE rule now dictates the following choice of parts:
dv
u=Inx and —=1
dx
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From this we can deduce:

du 1
—=—andv=x
dx X

and the integration by parts formula gives us the following:
1
f l.Inxdx =xInx — f;.xdx
The integral on the right-hand side reduces (by cancellation) to:
f ldx =x+C

so that our final solution can now be written out as:
I=xlhx— x+C
Example 2

As out second example, we will evaluate the following integral, equally simple in
appearance:

= ftan_lxdx
Using the same reasoning as we gave in Example 1, we can restate this integral as:
I = f 1.tan 1 x dx

We now make the following choice of parts, as usual following the dictates of the LIATE
rule:

dv

u=tan"lx and — =1
dx
These choices give us the following consequences:
du 1
- T 1 andv =x

The integration by parts formula then gives us this equation:

1

T 1.xdx

f l.tan 'xdx = xtan ' x — f
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The integral on the right-hand side, when written out in a more recognisable form, is one we
have already integrated (by substitution), and it appears in Appendix 4 Section 2 as a standard
integral with the reference to the part of this book which explains the manner of its solution.
It evaluates as follows:

x 1 )
fx2+ 1dx= Eln(x + 1)+C

We can therefore now write out our final solution as:
1
[=xtan"lx — Eln(x2 + D+ C

Notes

We can now see that both of these integrals turned out to be fairly straightforward, once we
rewrote them as the integral of a function multiplied by a factor of 1. Since we pointed out
earlier in this section that f(x) = 1 should be regarded as an “algebraic” function, and the
LIATE rule says that logarithmic or inverse trigonometric functions should be chosen as u in
preference to algebraic functions when we are choosing parts, taking this approach means
that we now only have to differentiate our logarithmic or inverse trigonometric function,
rather than having to try to integrate it (ie it manages to transform a difficult integration
operation into a simpler differentiation operation). These functions have readily obtainable
derivatives, which are in fact rational functions; therefore, when multiplied by x, which is the
value for v when dv/dx = 1, they give us a rational function to integrate on the right-hand
side of the integration by parts formula.

9 An Algorithm for Integration by Parts

We ought now to be in a position to write down an algorithm for the process of integration by
parts, based on the experience we have gained in the range of examples we have considered
so far. I will first cover the “basic” technique, and then add a further algorithm for the tabular
approach.

The “Basic” Technique

Step 1: Choose Parts u and dv/dx. We have applied integration by parts to integrands
which are the product of two functions of x. The integration by parts formula which we use
requires us to express our integrals in the form:

dvd
udx X

One of the functions in our product will therefore have to be chosen as u, and the other will
have to be chosen as dv/dx. We have described a simple rule for choosing parts when the
two functions in our product are of different types: this rule is based on the following table of
types of function:

Letter Meaning Examples
L Logarithmic Inx,log, x
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Inverse trigonometric sin!x,tan"!x

|
A Algebraic x?, 6x*

T Trigonometric cos x,tanx
E Exponential e*, 2%

We choose u to be the function in our product which comes in the higher position in this
table; we choose dv/dx to be the other function. The rule for choosing parts can be
abbreviated using the set of letters LIATE, as shown in the first column of the table.

The essential consideration when choosing parts is that the function chosen as u should be
easy to differentiate, and that the function chosen as dv/dx should be easy to integrate. (The
description “easy” is, of course, relative.) It is this consideration which forms the basis of the
LIATE rule, and this consideration must be applied explicitly on a function-by-function basis
in cases where both functions in the product are of the same type (such as Section 4 Example
3). In the particular cases where we have an integrand which is the product of an algebraic
function and a logarithmic or inverse trigonometric function, we should choose u to be the
logarithmic or inverse trigonometric function, since each of these will differentiate to give a
rational function in x, and this will immediately reduce the difficulty of the task of integrating
the whole integrand.

Step 2: Evaluate du/dx and v. The next step is to differentiate the function chosen as u in
order to obtain du/dx. We must also integrate dv/dx in order to obtain a value for v. The
requirement to obtain these two functions explains why the function chosen as u needs to be
differentiable in a practical way, and that chosen as dv/dx muist respond without too much
difficulty to integration.

If one or other of these results cannot be easily obtained, then we may have made an incorrect
choice of parts. In this situation, we should return to Step 1 above and make the alternative
choice of parts. (Note that only two choices of parts are possible, since we only have two
functions to choose from.)

If the alternative choice of parts does not make our task any easier, then we will be forced to
the conclusion that our original integrand is not susceptible to integration by parts, and
proceed to apply some other technique.

Step 3: Apply the Formula. Having obtained the two results called for in the previous step,
we can now proceed to apply the integration by parts formula, which is as follows:

J dvd _ Jdu i
udx X = uv dxvx

This formula allows us to express our original integral as the difference of the product of u
and v and another integral, which is not identical to the one we started with. If we have
chosen parts correctly and found that we can obtain all the values required by this formula,
then we would hope to find that the integral on the right-hand side of the formula will be
easier to evaluate than the one we started with. This should particularly be so if we have
been able to differentiate u to produce a derivative which is less complicated than u itself,
and if we have found that dv/dx can be integrated to give a function v which is at least no
more complicated than dv/dx was.
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We can see that these two conditions (which must both be fulfilled for the technique to work)
together constitute a fairly strong limitation — first on the choice of parts which will be the
more useful of the two possible ones, and second and more broadly on the type of integrand
which will respond well to integration by parts at all.

Step 4: Evaluate the Resulting Right-Hand Side Integral. This step, which for simpler
integrands is often the final step in the process, is to evaluate the integral which appears on
the right-hand side of the integration by parts formula. This integral will be of the following
form:

—vdx

If we have made an appropriate choice of parts in Step 1, we should find that differentiating u
and integrating dv/dx has led to a new product of functions which can be integrated more
easily than the integrand we started with. We often aim to “differentiate away” the u
component in some way — that is, we aim for a derivative of u which is simpler that u itself.
In the cases where u is a polynomial in x - especially a simple one such as x3, or even just x
itself, then differentiation will lead to a lower powee of x than the one we began with. In the
cases we looked at in Section 7 above, where u is a logarithmic of inverse trigonometric
function, then it will differentiate to give us a rational function of some sort — and this will
often be easier to deal with than the function u itself.

In the case of the dv/dx part of our original integrand, this will have been integrated to
produce v. If dv/dx has been chosen (using the LIATE rule) to be an exponential or
trigonometric function, then integrating it will give rise to a function which is broadly of the
same type. Even if it is a polynomial in x (as it was in the examples in Section 7), the worst
that will happen is for us to be left with a polynomial in which each term is of a higher power
than before — and this may not produce any additional complications in itself.

Whatever the integral on the right-hand side turns out to be, generally one of four distinct
cases will arise. These, and the appropriate action in each case, are as follows:

Case 1: The integral can be integrated simply. If the integral we obtain can be evaluated
using the basic rules of integration, then we simply evaluate it, and the right-hand side of the
formula then gives us our final solution.

Case 2: The integral requires a specific technique. Sometimes (as we have seen in some of
our recent examples) the integral we obtain requires either algebraic rearrangement or the use
of another technique, such as substitution. Occasionally, both of these requirements are
present. In this case, we simply proceed to apply whatever method we need in order to
evaluate the integral, after which we will have a final solution.

Case 3: The integral must be integrated by parts. It is often the case that one application of
the integration by parts technique simply delivers a right-hand side integral which must again
be integrated using the same technique. We saw several examples of this kind in Sections 5
and 6 above. In these cases, repeated integration by parts will often “differentiate away” one
component of the original integrand to a constant factor, which can then be brought outside
the integration sign to make the last integration step quite simple. In these cases, we simply
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continue to apply integration by parts until we arrive at a right-hand side integral which can
be integrated in one of the ways described under cases 1 and 2 above. Finally we put the
results of each stage together to obtain our final solution.

Case 4: The original integral reappears. With some integrands, we will find that, after one
or more applications of integration by parts, the original integrand itself appears again on the
right-hand side of the formula. We have not encountered this behaviour so far, but we will
examine some cases of this kind, and explain how to deal with them, in a later section below.

A Useful Quick Method

You may encounter the following “quick method” for creating the right-hand side of the
integration by parts formula — it’s often quoted as a useful aid in carrying out the process
entirely “in your head” — ie without explicit notes of the kind | have presented in the
examples above. You can judge for yourself whether it helps or not.

The method runs as follows: first (using the LIATE rule or some other appropriate
reasoning) divide the integrand into two factors (named u and dv/dx in the approach | have
taken here) — these can be referred to as “the first part” (u) and “the second part” (dv/dx).
We will create the right-hand side of the formula as two distinct terms.

To create the first term, we integrate the second part of our integrand (obtaining v from
dv/dx), and multiply it by the first part to obtain the term uv.

We then add a minus sign and create the second term, which takes the form of an integral.
The integrand is found by differentiating the first part (obtaining du/dx from u) and
multiplying it by the integral of the second part (v), which we have already obtained in
creating the first term.

We then deal with the effect of any minus sign arising from the second term, which may
cause us to change the minus sign in the right-hand side expression to a plus sign, and the job
is done.

It may help to reiterate this mental method without my explanatory notes linking it to the
approach we have been using previously.

To obtain the first term, just integrate the second part, and multiply it by the first part. To
obtain the integrand in the second term, differentiate the first part and multiply it by the
integral of the second part.

The Tabular Method

Step 1: Choose Parts u and dv/dx. This step is identical to the first step in the previous
subsection dealing with what I have called the “basic” method of integration by parts. Once
again, we must express the integral we want to evaluate in the form:

dvd
udx X

and choose the two parts u and dv/dxaccording to the LIATE rule.
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Step 2: Create the Blank Table. We now create a table with three columns - headed u, v
and Sign, as follows:

u v Sign

In the heading of the v column, we add a note of the part of our integrand we have chosen to
be dv/dx, as in the following example:

u v (dv/dx = sinx) Sign

Step 3: Complete the Table. We now proceed to complete as many rows of the table as we
need to finish the job.

The first row. In the first column, we enter the value of u which results from our initial
choice of parts. In the second column, we enter the first of our values for v - this first value
is obtained by intregrating the function we chose to be dv/dx when we chose parts. In the
Sign column, we place a minus sign.

Subsequent rows. For each subsequent row, we obtain the u entry by differentiating the u
entry in the preceding row. We obtain each subsequent v entry by integrating the v entry in
the preceding row. Each subsequent entry in the Sign column is found by inverting the sign
in the preceding row, so that if the preceding row contains a minus sign, we insert a plus sign;
if the preceding row contains a plus sign, we insert a minus sign.

The last row. We know we have reached the last row in any particular table when the u
entry, found by differentiating the u entry from the preceding row, is found to be zero. This
will happen when the preceding u entry was a constant. Once we have encountered a u entry
of zero, the table is finished, and we don’t even need to fill in the other two columns of the
final row, since these would contribute nothing to our final solution.

In all the integration steps we make while completing out table, we omit the constant of
integration — all these constants will be amalgamated into one when we write out the final
solution.

Step 4: Read off the Solution. We can now read off the final solution very simply from the
rows of the completed table. For each row in turn, starting with the first, we multiply
together the functions in the u and v columns and follow this product with the sign in the
third column headed Sign. When we finally come to the last row, which should simply
contain a u value of zero, we can of course drop the sign obtained from the third column of
the preceding row, since there is nothing to follow it. All that remains is to add the constant
of integration C.

You will find an abbreviated version of both these algorithms, without so much explanatory
detail, in Appendix 1 Section 2.
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10 When Does Integration by Parts Work?

We can now put together some first thoughts on the question of when integration by parts can
be expected to work well in evaluating particular integrals.

First of all, we can conclude from the various examples we looked at in Section 4 above that
functions of the form xf(x), where f(x) is an exponential, trigonometric, inverse
trigonometric or logarithmic function, can be expected to respond well to integration by parts.
We must, of course, remember to apply the LIATE rule in making our choice of parts, and
this was demonstrated in the last two examples in Section 4. (I will leave out of consideration
here the situation we looked at in Example 3 of Section 4, where both functions in the
product were algebraic, since many of these integrands can be dealt with by substitution or
with the help of some initial algebra.)

In Sections 5 and 6, we found that functions of the form:

x*f (x)

at least where f(x) is trigonometric or exponential, could be integrated by applying our
technique repeatedly, until the power of x had been “differentiated away” by repeated
differentiation operations. The same approach could be made to integrands of the form:

P(x)f(x)

where P(x) is a polynomial in x, and f(x) once again trigonometric or exponential: either
the polynomial would be “differentiated away”, producing ain integrand with a polynomial of
lower order at each stage, of the polynomial could be multiplied out, resulting in a series of
integrands containing a power of x multiplied by f(x), each of which could be integrated by
parts separately.

In Section 7, after a presentation of the LIATE rule for choosing parts, we saw two examples
of functions of the form:

P(x)f(x)

where f(x) was logarithmic or inverse trigonometric. These examples were dealt with
(applying the LIATE rule) by choosing parts so that f(x) was the part to be differentiated.
Since the derivatives of logarithmic and inverse trigonometric functions are rational functions
(of varying degrees of complexity), this led to a right-hand side integral which required the
integration of a rational function. However many terms the polynomial P(x) may contain,
we would expect this latter task to respond eventually so some algebraic rearrangement,
rendering the integration practical.

Finally, in Section 8, we used an interesting device to make logarithmic and inverse
trigonometric functions themselves respond to integration by parts. We did this by rewriting
the integral in each case as follows:

ff(x)dxz fl.f(x)dx
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By choosing parts (again applying the LIATE rule) so that:

d
u=f(x)andd—z= 1 (so thatv = x)

the integration by parts formula gave us a solution that looked like this:

Xf(x) f xf'(0)dx

Because of the nature of the derivatives of logarithmic and inverse trigonometric functions
which | mentioned a few lines ago, this gives us a relatively straightforward rational function
to integrate on the right-hand side.

We now have some idea of two classes of integrand for which integration by parts will work.
11 Definite Integrals Using Integration by Parts

An interesting and important question arises from the integration by parts formula when we
ask ourselves how we evaluate definite integrals when using this technique. The question
arises because the right-hand side of the integration by parts formula contains a first term
which is not itself an integral, while at the same time not being the complete solution to any
indefinite integral. Therefore it is not immediately clear how to treat the right-hand side of
the formula when the left-hand side is a definite integral.

We can, however, reason out the answer to this question without serious difficulty. In order
to do this, I will introduce some simple notation to make things easier.

Let us consider a general integral which is to be evaluated by parts in the way which we have
done throughout this book. We will call its solution F(x). We therefore have:

F(x) = fu—dx

The integration by parts formula gives us the following identity:

fu—dx—uv— f—vdx

We will call the solution to the indefinite integral on the right-hand side of this formula G (x).
Thus we have:

d
G(x) = f—uvdx
dx

Now, when looking at definite integrals using integration by parts, we will be dealing with
integrals of the form:
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fb dvd
u—dx
. dx

Using the notation we have decided upon, we can see that this is equal to:
F(b) — F(a)

Additionally, if we recall that the items named u and v in the integration by parts formula in
fact represent functions u(x) and v(x), we can rewrite that formula with our chosen notation
as follows:

F(x) = u(x)v(x) — G(x)

These last two statements combine to allow us to represent our general definite integral as
follows:

b g
f ud—de =F(b) — F(a) = (u(b)v(b) — G(b)) — (w(@)v(a) — G(a))

The final expression above can be rearranged like this:

(u(B)v(b) — u(@)v(a)) — (G(b) — G(a))
and this can be expressed using the following notation:

b

b
[u(x)v(x)] —f Z—Zvdx

a

The square-bracket notation applied to u(x)v(x) is to be interpreted in the same way as that
used when evaluating definite integrals, for example as follows:

b

b
[ reoax= [F(x) = F(b) - F(a)

a

Returning to our main line of reasoning, then, we are now able to conclude that, when
evaluating a definite integral by parts:

u — dx = [uvl — vdx

| have removed the bracketed x notation from the uv term on the right-hand side in order to
reflect more closely the most common version of the integration by parts formula.
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12 Integration by Solving an Equation (When the Integrand Just Won’t Go Away)

In Section 9, where we set out an algorithm for the “basic” method for doing integration by
parts, the final step of our algorithm foreshadowed a situation which we have not so far
encountered — that is when the integral on the right-hand side of the integration by parts
formula is found to contain the same integrand we originally started with. It is now time to
examine some integration problems where this behaviour occurs, and to illustrate the fairly
simple way in which we can deal with such problems. As usual, we will do this by
examining a series of examples.

Example 1

We will look in this example at the integration of a product of two functions unlike those we
have seen so far. Our integral will be the following:

I = fexsinxdx

This is, of course, the product of an exponential function and a trigonometric one. Let’s try
to approach its evaluation using integration by parts, starting with the following choice of
parts based on the LIATE rule:

_ dv
U= sinx and —= e
dx

X

These choices give us the following consequences:

du
— = cosx andv = e*
dx

and from this, the integration by parts formula lets us conclude that:
f e*sinxdx = e*sinx — f e* cosx dx

We can already see that this application of our technique has given us a right-hand side
integral which is not so different from the original integral I. Let us not despair, however,
and investigate a little further by setting:

I, = fex cosx dx

We will now see what happens when we try integrating this right-hand side integral by
another application of integration by parts.

Sticking with the LIATE rule, we make the following choice of parts:

dv
U= cosx and — = e
dx

X

128



Integration by Parts

These choices lead to these consequences:

du _ X
— = —sinx andv = e

dx

The integration by parts formula thus gives us the following result for the value of ;:
fex cosxdx = e*cosx + f e*sinx dx

(Note that the right-hand side expression contains a plus sign: this is because we have taken
the minus sign in front of the value of du/dx outside the integral sign, and combined it with
the usual integration by parts minus sign to give a resulting plus.)

We immediately notice here that we seem to have gone round in a circle — the integral on the
right-hand side of the expression for I, is precisely the integral I, which we wanted to
evaluate in the first place.

So have we actually achieved anything at all? In fact, all is by no means lost, as we will see
when we start putting all these results together.

First, we recall that:
I = fexsinxdx = e*sinx — fex cosxdx = e*sinx — I

from our first application of integration by parts. Substituting into this equation the
expression we obtained for I; from our second integration by parts, we obtain the following
expression for I:

I = e*sinx — e*cosx — fexsinxdx

Recalling that the integral which we are left with on the right-hand side is precisely our
original integral I, this gives us the following equation :

I = e*sinx — e*cosx — I

Now, this is actually a simple equation in I which we can solve using elementary algebra, just
as if it were the equation:

x=a—b—x
This equation in x could be simply rearranged to give us the following version:
2x=a-—>b

from which we would be able to conclude that:
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X—E(a— )

Let’s apply exactly the same approach to the equation in I which we derived after two
applications of integration by parts. A first rearrangement gives:

2] = e¥*sinx — e*cosx

and we can solve this very simply to give us a final solution of:
1. .
I = Eex(smx— cosx)+ C

(We have done two additional things in moving from the expression for 21 to this final
expression for I: we have factorised out the common factor of e* from the two terms in the
21 equation, and we have finally taken care to add in the constant of integration C, bearing in
mind that this might in practice be the combination of constants of integration from the two
integration operations which led to our final equation in I.)

Note

It’s worth pointing out clearly that what might at first sight have seemed a failure of the
integration by parts approach in this case proved in the end to be no such thing. We did find,
after two applications of the technique, that the original integral I made its reappearance on
the right-hand side of the expression we built up. However, we treated this as an equation
with instances of I on both sides, which we were then able to rearrange to obtain a final
expression for I.

As it turned out, two applications of integration by parts had given us enough material from
the uv terms alone of the two instances of the formula to provide us with a solution to our
original integration problem.

Example 2

In order to get a better sense of how this process works, let’s look at a similar but slightly
more complicated integral.

I = Jezxcos3xdx

Our approach will follow very similar lines to that of Example 1. We will start by choosing
parts according to the LIATE rule, as follows:

v 2X
Uu=cos3x and — = e

dx

These choices will lead to the following consequences:

du_ 3 sin 3 q _1
I sin 3x an v—ze

2x
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The integration by parts formula then gives:
1 3 ,
f e?* cos3x dx = Eezx cos 3x + Ef e?* sin 3x dx

Once more, we have an integral on the right-hand side which bears some similarity to I. We
can proceed to solve this, naming it:

L = f e?* sin 3x dx
We will choose parts in a similar way to the approach we took when choosing parts for the
original integral I:

dv
u=sin3x and —= e
dx

2x

These choices give us the following:

du_3 3 q _1
I cos 3x an v—ze

2x
From the integration by parts formula:
1 . 3
I, = Eezx sin 3x — 5] e?* cos 3x dx

And so we see once again that the original integral I has made its reappearance on the right-
hand side of the expression for I;.

Substituting this expression into the result of the integration by parts formula as applied to the
original integral I will give us the following:

I = Lom 3+3(1 ?¥sin 3 31)
= Secos3x + o|Sesin3x — o
Multiplying out the material in brackets, we can turn this into:

I = lez"cos3x+§ez"sin3x— —1
2 4 4

Rearranging in order to make I the subject of this equation give us as a first step:

EI = lezx cos 3x + —e?* sin 3x
4 2 4

from which we can obtain:
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I = ieu cos 3x + ieu sin 3x
13 13

One last step of factorisation allows us to reach the following solution to our integration
problem:

1
I = Eezx(2c053x+ 3sin3x) + C

As we might expect, this solution is not dissimilar in shape to the one we obtained in
Example 1. The additional arithmetic we had to go through arises from the factors of x
which are present in the original integrand. However, the appearance of the unusual
fractional coefficient of 1/13 is an interesting phenomenon which we note in passing.

(Having noted this phenomenon, readers interested in finding our more about the
characteristics of integrals whose integrands are products of exponential and trigonometric
functions may like to examine the evaluation of the integral of the general function
e cos bx which | give in Appendix 5 Section 10.)

Example 3: “Aargh! Sec Cubed!”

In this example, we will look at what is sometimes regarded as a “notable” integral, whose
solution by parts offers an interesting example of the behaviour we are looking at in this
section. The integral is:

I = jsec3xdx

(The exclamation which | have quoted in the title of this example was uttered by one of my
old university tutors when he was confronted with this integral in the course of solving a
problem in mechanics. It therefore gives me great pleasure to be able to present a simple and
satisfying solution — which, sadly, eluded me and all my contemporaries at the time - in these

pages!)

In order to integrate by parts, we need our integrand to be expressed as the product of two
functions. This can be achieved here by rewriting our integral as follows:

I = Jsecx.seczxdx

We are now faced with the question of how to choose parts. The LIATE rule will be of no
assistance here, since both parts of the integrand are of the same type as far as this rule is
concerned — both are trigonometric functions. However, if we are able to recognise sec?x as
the derivative of tan x, then we can start by making the following choices:

dv .
u = secx and — = sec“x
dx

This leads to the following conclusions:
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du

d—: secxtanx and v = tanx
X

The integration by parts formula then produces the following result:
f sec3xdx = secxtanx — f sec x tanxdx

We can probably be forgiven for thinking that the integral on the right-hand side is no easier
to evaluate than the one we started with; however, when confronted with a complicated
arrangement of trigonometric functions, we should always be prepared to see if one of the
rich set of trigonometric identities might come to our aid. In this case, we might recall the
following identity (which is among those listed in Appendix 4 Section 3):

tan?x = sec’x — 1

This allows us to represent the squared tangent in our right-hand side integral in terms of the
secant function. Does it get us anywhere? Well, we can now restate the right-hand side
integrand as follows:

secx tan’x = secx (sec?x — 1) = sec3x — secx
Paying close attention to the astonishing piece of manipulation which now follows (there is

nothing up my sleeve), we see that the integration by parts result for our integrand I can now
be rewritten as:

Jsec3xdx = secxtanx — fsec3xdx+ Jsecxdx

I has now reappeared on the right-hand side! Indeed, we can now form the equation in terms
of I which we have been producing in the previous examples in this section. This will be as
follows:

I = secxtanx — I + fsecxdx

Rearranging to take all the instances of I to the left-hand side amd evaluating the integral of
secx (which is achieved by substitution in Appendix 5 Section 6), we will have the
following:

2] = secxtanx + In|secx + tanx|
A final step to make I the subject will give the following solution to our integral:

1

1
I = Esecxtanx+ Elnlsecx+ tanx| + C
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Notes

What special points of technique did this integration problem call for? Apart from the use of
integration by parts to produce an equation in I which we then proceeded to solve by
algebraic rearrangement, there were only two: first, splitting up the integrand into a product
of two functions which allowed us to observe that sec?x is the derivative of tan xand choose
parts accordingly; and second, using the trigonometric identity for tanx to express the right-
hand side integrand in terms of secant functions alone.

It’s also worth noting that, unlike the situation in Examples 1 and 2 of this section, we only
had to apply integration by parts once in this case to reveal the presence of an instance of I on
the right-hand side of the formula.

The approach we took here turns out to be quite useful in integrating higher powers of sec x
by reducing the problem to the integration of a lower power. An investigation of this
approach is made in Appendix 5 Section 11.

Finally, this example might give us the idea that integration by parts could be usefully applied
to integrands which can be rewritten as the product of two functions, where one is
recognisable as the derivative of another function. This becomes especially useful in
situations where the derivative concerned is more complicated than simply an instance of an
elementary function. In the case of the current example, the derivative we were able to
recognise was sec?x; we might expect to be able to apply the same technique where the
integrand is the product of some function and sec x tan x, which is the derivative of secx.
Once again, Appendix 5 Section 12 contains one example of the evaluation of such an
integral.

Example 4: It Doesn’t always Work

It must be pointed out, before we become wild with enthusiasm about the possibilities of this
slightly more sophisticated application of integration by parts, that it doesn’t always work!
Sometimes, we obtain an equation in I which either cannot be solved, or that when solved
produces the useless result that I = 0. We can illustrate this kind of behaviour by
approaching the following integral, and watching carefully:

I = Jsin3xc055xdx

(We might pause a moment to note that this integrand bears some similarities to the one
which was the basis of the opening example in Part 1 of this book, where we evaluated it
using substitution. In that example, however, we were able to spot a function-derivative pair,
the presence of which identifies an integral as ideal for the method of substitution. No such
pair exists here, however, due to the different coefficients of x in the two trigonometric
functions. Additionally, we have not looked in this part of the book at very many examples
of products of two functions of the same type — apart, of course, from Example 3 above.
However, trying to integrate this example by parts will produce a very interesting result,
which will be reason enough to continue.)

The first thing we will notice is that the LIATE rule doesn’t help us choose parts here.
However, if we take the view that things are often easier if we avoid introducing minus signs,
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we will note that sin3x differentiates without introducing a minus sign, and that
cos 5x integrates without bringing in a minus sign. Our choice, informed by these
observations, will therefore be:

dv
u = sin3x and — = cos5x
dx

The consequences of these choices are:

Y 3c0s3x and v = ~sin5
dx_ COSOX and v = SSIH X

The integration by parts formula then gives us:
. 1 . 3( .
f sin 3x cos 5x dx = < sin 3x sin 5x — gf sin 5x cos 3x dx

Now, in these circumstances — when we have another integral which cannot be integrated
using our elementary rules — we have by now become used to proceeding with a further
application of integration by parts. Accordingly, we will set:

I = j sin 5x cos 3x dx

and, by analogy with our first step, we will make the following choice of parts:

dv
u = sin5x and — = cos 3x
dx

The consequences of these choices are:

du

1
a= 5cos5x andv = §sin3x

The integration by parts formula then gives us:

1 5
] sin 5x cos3x dx = 3 sin 3x sin 5x — §f sin 3x cos 5x dx

As we have come to expect in this section, the original integral I has now reappeared on the
right-hand side. Rewriting this equation in terms of our /-notation, we will obtain:

5
I, = =sin3xsin5x — =1
1 3smxsmx 3

If we now substitute this expression for I; into the result of our first application of integration
by parts, we obtain the following equation in I:

1—1'3'5 31'3'5 51
—551n x sin 5x 5(351n x sin 5x 3)
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Multiplying out the brackets, we arrive at the following:

1 1
I = gsin3xsin5x— gsin3x51n5x+ I

The first two terms cancel each other out, and we are left with the supremely uninformative
equation:

[=1
which we can quite reasonably deem both tautologous and trivial.

When our chosen technique either fails completely or leads us to a useless result of this kind,
we must conclude that we have chosen the wrong technique — and indeed this is the
appropriate conclusion if integration by parts produces an equation in I which either cannot
be solved or contains no useful information (as in the current example).

One observation which arises from what we have seen here is this: integration by parts has
worked well for integrands which were the products of two different types of function. This
IS because the different behaviour of the two factor functions under differentiation and
integration is what allows us to arrive at a simpler integral on the right-hand side of each
application of the integration by parts formula. The examples in this section have thrown up
the original integrand I once more on the right-hand side. (This is sometimes described as the
original function “remaining in-house”.) Sometimes, we were able to solve the resulting
equation in order to arrive at a value for I. In the current example, where the functions in the
product were of the same type, their behaviour under differentiation and integration led us to
a useless and uninformative equation.

Integration by parts is therefore not appropriate for this particular integral. Those who might
like to know my recommended approach to this example will find a fairly stress-free solution
using trigonometric formulae in the first example in Part 3 Section 9.

Notes

Can we say anything about the circumstances in which this method of integration might or
might not be expected to work? | offer the following few observations.

In Examples 1 and 3 above, we used integration by parts to obtain the following equation for
our integral I:

I = f(x)— Isothat2] = f(x)and I = %f(x)

As we can see, this type of equation can be easily solved, and we can obtain from it a suitable
expression for the solution to our integral 1.

Example 2 gave us a slightly different kind of equation — it had this form:
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ptq

I=f(x)— Z—)I so that (1+ g)l = f(x) or [ =f(x)andsol = ﬁf(x)

Once again, we can solve this kind of equation and obtain a solution from it.

We can, of course, go a little further, and conclude by the same kind of reasoning that a
similar equation containing a plus sign instead of the above minus sign can also be solved.
We can see this as follows:

I=f(x)+ glgivesus (1 — g)l = f(x) or 1 pI = f(x)andso !l = ﬁf(x)

(This conclusion could, of course, be derived by simply considering what would happen if
either the numerator or denominator of the fractional coefficient p/q were to be negative.)

However, the following situation, which arises when we replace the minus sign in the first
type of equation | described above with a plus sign, gives us one situation where our equation
has no useful solution:

I = f(x) + I in general only has the solution I = 0

and so an if an equation of this kind arises from the application of integration by parts, we
will not get anything helpful from it, and will need to consider a different technique of
integration.

Lastly, we should note the equation which arose from Example 4: here we had an equation of
the form:

I =f(x)+ Iwheref(x)=0

We have already seen that such an equation, where the instance of I on the right-hand side is
preceded by a plus sign, does not help us to solve the integral — in the case of Example 4, the
equation is rendered even more useless by the shape finally taken by the expression f(x).

13 Reduction Formulae

We are now in a position to examine one of the most interesting consequences arising from
use of the integration by parts technique. In order to approach it, we will start by looking at
the integration of a higher power of a trigonometric function. We will start by considering
the following integral:

I = fcos7xdx

We might start approaching this integral using the integration by parts technique, in a similar
way to the approach we took to the integration of sec3x in Section 12 Example 3 above — this
would involve expressing the integrand as follows:

cos’x = cosx.cos®x
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Doing this enables us to make a useful choice of parts: cos x is easy to integrate, so it can be
chosen as dv/dx; cos®x, on the other hand, is no easier to integrate than the original
integrand cos”x - but it will respond very submissively to the Chain Rule for differentiation.
We therefore choose it as u. To summarise, out choice of parts will therefore be:

6 dv
u = cos®xand — = cosx
dx

The consequences of these choices are as follows:

du
vl 6cos°x (—sinx) = —65sinxcos®x and v = sinx
x

The integration by parts formula now gives us:
fcos7xdx = sinx cos®x + 6f sin?xcos®x dx

(Note that the usual minus sign produced by the integration by parts formula has been
changed to a plus sign since dv/dx has a minus sign of its own — additionally, I have taken
the liberty of moving the signed coefficient of —6 outside the integral sign.)

The integral on the right now begins to look a little disturbing. However, we can use a
rearrangement of the Pythagorean identity which connects the squares of the sine and cosine
functions to rewrite the sin?x factor as follows:

sinx = 1 — cos®x

This lets us re-express the integral on the right-hand side as follows:
f sin?xcos®x dx = f cos®xdx — f cos’ xdx

We can see that, as happened several times in the preceding section, the original integral has
now reappeared on the right-hand side. Substituting our results into the equation we obtained
from the integration by parts formula above, we now have the following equation in I:

I = sinxcos®x + 6[ cosSxdx — 61

We could now, of course, rearrange this equation to make I the subject. This would still
leave us with the task of integrating cos®x in order to get a useful solution. By analogy with
what we have just seen while integrating cos’x, we could expect this to leave us with the
additional necessity of integrating cos3x - which in turn would require similar working.

In order to shortcut this repetitive process (note that tabular integration by parts, at least in the
form we have used it in earlier sections, might not be very useful here, since we expect to
obtain an equation in I at each stage of the process rather than a straightforward solution
involving nothing more than another integral to evaluate) we will try to look at the more
general case, and consider the following integral:

138



Integration by Parts

I, = fcosnxdx

in order to see if we can derive some kind of general solution which might save some of the
labour of repeated iterations. (We have given the letter representing our integral a subscript
of n to indicate that it is the integral of the n-th power of cos x; if we encounter integrals of
lower powers — as we might expect to do, based on our experience so far — we will be able to
name them simply and suggestively in this way.)

We will go about obtaining our general result using the same approach we took in our brief
glance at cos’x a moment ago. We will start by splitting the integrand into two factors as
follows:

cos™x = cosx.cos™ 1

X
Just as before, this will let us make the following choice of parts:

dv

u = cos™ xand — = cosx
dx
This will lead to the following consequences:
du , _ _ _2 .
Tx = (n—1)cos™ *x (—sinx) = —(n — 1) sinxcos™ “x and v = sinx

Accordingly, the integration by parts formula will give us:
fcos”xdx = sinxcos" 'x + (n— 1)fsin2xcos”‘2x dx

Using the same trigonometric identity as we used earlier, we can restate the integral on the
right-hand side as follows:

fsinzxcos”‘zx dx = f(l — cos?x)cos™ 2xdx = fcos”‘zxdx— fcos”xdx

This can be substituted back into the result we obtained from the integration by parts formula;
we can also name the various integrals we encounter using the subscript convention we have
adopted here. This gives us the following equation:
I, = sinxcos™ x + (n—1)(I,_, — I,)
Expanding out the brackets on the right-hand side, this becomes:
I, = sinxcos™x + (n—1I,_, — (n— 1),
Adding (n — 1)I,, to both sides, in order to move all the I,, terms to the left-hand side, we

obtain:
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nl, = sinxcos™ x + (n—1)I,_,
Finally, dividing by n, we arrive at the following:

I 1 . iy 4 n—11
= —sinxcos"'x + —1I,_
n n n n-2

This equation, which expresses the integral of cos™x in terms of the integral of a lower power
of cos x, is the reduction formula referred to in the title of this section. It reduces the power
of cos x which we are called upon to integrate — if used repeatedly, it will eventually leave us
with only the need to integrate cos x itself if n is odd, or just 1 (ie cos®x) if n is even.

Let’s note that we could just as easily write this reduction formula with the two terms in
reverse order, as follows:

n—1

I, = I._,+ —sinxcos™?!
n n n-2 n

X

This remark may seem to be both obvious and uninteresting; it will, however, become a little
more relevant when come to the end of Example 1 below.

Let’s see this in action, in the hope that it might make it easier for us to integrate cos’x, the
problem with which this discussion began. We will apply the reduction formula we have
derived to the integral:

I, = fcos7xdx

renaming our integral using the subscript notation we adopted when obtaining our reduction
formula.

The reduction formula gives us the following equation:

Substituting into this equation the result of applying the reduction formula once more, this

time to I, we get:

oL 6+6<1_ 4+41>_1_ S o o 24
7 = 7SlIlXCOS X 7 5SlIlX'COS X 5 3] = 7smxcos X 35SlI'l)CCOS X 35 3

Let’s repeat this operation once more, this time substituting into our equation the result of
applying the reduction formula to I5:

oL oy L 5 4+24<1_ 2+1>
7 = 751nxcosx 3SSIHXCOSX 35 3smxcosx 3 1

Now, I; is no more than the integral of cos x; in symbols:
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I = fcosxdx= sinx +C

S0 we can put this back into the latest version of our expression for I, and take the final step
of multiplying out the bracketed material to obtain the following final solution:

f7d Lsi 6+6' 4+24' 2+48'+C
cos' ' xXdx = —SInXxXCos x —SINXCOS' X ——SINn X COS™X —SInx
7 35 105 105

Notes

This solution has the characteristic shape of expressions resulting from repeated use of
integration by parts — a series of terms of varying complexity. The ever-more outrageous
fractional coefficients are interesting: we can form some notion of how they arise, however,
when we recall the coefficients 1/n and (n — 1) /nwhich appear in the reduction formula we
obtained connecting I,, with I,_,. These will be compounded repeatedly through the
repeated uses we made of the formula in evaluating our integral.

The work involved only three applications of the reduction formula: to I, I5 and I;. Each of
these applications was nothing more than the substitution into the formula of the appropriate
value of n, and then the multiplying out of the bracketed material in each case.

There’s little doubt that this is much less laborious than repeated integration by parts. We
can therefore add another weapon to our arsenal of integration techniques: when dealing with
the integration of a high integral power of some function which we can integrate easily when
it is not raised to a power, it will save some labour to derive a reduction formula for the
integral of the n-th power of our function, and then apply this formula to reduce successively
the power of the function which we need to integrate. We eventually arrive at an easily
integrated function, and all that is necessary is to add that to the series of terms we have built
up by successive use of the reduction formula.

In the case we have examined above, we found that our reduction formula linked I, to I,,_,,
so that we were able to step down the powers two at a time. In our example, only three uses
of the reduction formula were needs until we reached the integral of cos x alone.

While | have not attempted to set out a tabular arrangement for the solution given, | would
point out that this repeated use of a reduction formula is in a sense not completely dissimilar
to the tabular method of repeated integration by parts explained in Section 6 above, although
any table we constructed might look a little different from the tables of Section 6.

Let’s now explore this interesting technique further by means of a series of examples.
Example 1

Having looked at the integration of higher powers of the cosine function, it seems natural to

be curious about higher powers of the sine. In order to assuage this curiosity, we will now
examine the following general integral:

I, = J sin™xdx
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After the detailed work we did on the opening example of this section, we should now feel
confident enough to jump straight in and evaluate the general integral, rather than looking at
one particular value of n.

Since we are dealing with an integrand very similar to the one we have just dealt with, we
should expect to be able to proceed in exactly the same way. So we will start by rewriting
our integrand as follows:

sin"x = sinx.sin™® lx
That said, we can now choose parts for our integration as follows:

1 dv .
u =sin" *xand — = sinx
dx

From these choices we can conclude that:

du  neo
T (n—1)sin" “xcosx andv = —cosx
x

The integration by parts formula now gives us:
jsin"xdx = —sin"lxcosx+ (n—1) j sin™2x cos?xdx

(Note that the minus sign in front of the value for v, when taken outside the integral sign, has
transformed the usual minus sign we get from the integration by parts formula into a plus

sign.)
The integral on the right-hand side contains a cos?x factor; just as we did with the earlier

cosine integral, we can use the Pythagorean identity which links the sine and cosine to rewrite
this integral as follows:

Jsin“‘zx cos’xdx = jsin“‘zx (1 — sin?x)dx = Jsin“‘zx dx — Jsin”xdx

This now lets us write out the result of our integration by parts using the subscripted-/
notation we have adopted in the following way:

I,=Mm—-1U,_, — I,) — sin" lxcosx

(Note that | have changed the order of terms in this equation so as to avoid the disagreeable
presence of an opening minus sign.)

A couple of additional operations are called for in order to arrive at our final reduction
formula. First, we multiply out our bracketed material to obtain:

L,=nm-1I,_,— (n—1)I, — sin" 'xcosx
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Adding (n — 1)1, to both sides will give us this:
nl, = (n—1I,_, — sin®" 'xcosx
A final division by n gives us the result we want:

| n—11 1. .
= — — —sin™" *x cosx
n n n-2 n

As we might expect, apart from some differences of sign and a little swapping around
between sine and cosine, this is quite similar to the reduction formula we obtained for the
integral of cos™x at the beginning of this section.

Reduction Formula for a Definite Integral

So far, we have derived reduction formulae for two general integrals; these have been
indefinite integrals, and we have seen how to use the reduction formula we obtain to evaluate
indefinite integrals for specific values of the variable n which appeared in the general
integrand. It is also possible to derive reduction formulae for definite integrals, and these can
be quite useful in practical applications. We will now look at an example of this process,
with specific reference to the general integral of sin™x which we have just examined.

We recall, first of all, that the result of applying integration by parts to the integral in
Example 1 above gave us the following equation:

j sin"xdx = —sin® 'xcosx + (n—1) (j sin™ %x dx — f sin”xdx)

splitting up the right-hand side integral into the two components we obtained by using a
trigonometric identity. Section 11 above, where we looked at the how to deal with definite
integrals when integrating by parts, tells us that in the case of a definite integral of sin™x, the
above equation would look as follows:

b

b b
+ (n—1) (f sin®" 2xdx — f sin”xdx)
a a

b
f sinxdx = [—sin"_lx Cos X
a
a

Let’s now consider one particular definite integral and adopt a suitable naming convention.
We will write:

27T
— TN
Jn = J sin"xdx
0

using the letter J with a subscript in order to avoid confusion with the names we used for our
indefinite integrals. Using this style of abbreviation, we can write down the following
equation for our chosen definite integral:
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21T

+ (Tl - 1)(]n—2 - ]n)

0

Jn = [—sinn_lx COS X

Now, since sin 0 and sin 2rr are both equal to zero, the first term on the right-hand side is
itself zero, and can be removed completely. We therefore have the following much simpler
equation for our definite integrals:

Jn= m—=DUn-2— Jn)

Just as we did with our reduction formula for I, in Example 1, we can multiply out the
brackets to give:

Jn=M—-Dh— (n—1Jy
subsequently bring all the terms in J,, to the left-hand side to obtain:
np= -1
and finally divide by n to arrive at the following simple and attractive reduction formula:

n—1

In = Jn—2

n

This exhibits a simple and elegant relationship between J, and J,_,. In fact, we can go
further and derive a direct formula for the definite integral J,, which does not depend on any
other related integral. | have relegated discussion of the investigation and proof of such a
formula to Appendix 5 Section 13 so as to avoid interrupting our consideration of reduction
formulae here.

Example 2

Let’s now look at an example which does not contain any trigonometric functions. We will
consider the following general indefinite integral:

I, = fx”ezxdx

As before, we will try to obtain a reduction formula for the indefinite integral, and then
proceed to a reduction formula for a particular definite integral. We will finally apply this in
order to evaluate a definite integral for a particular value of n.

The first remark we can make is that, unlike the powers of trigonometric functions we have
been looking at so far in this section, the integrand in this example allows us to use the
LIATE rule to choose parts for integration. Accordingly, we choose as follows:

u= x”and@: e
dx

2x

The consequences are:
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du_
dx

n 2x

U
nx an 17—28

and so the integration by parts formula gives us the following:

fxnerdx — %xner _ gfxn—lerdx

We can now rewrite this very simply using our subscripted-/ notation as follows:

L = n,2x
= —X'e — 1,
n 2 2n1

thus arriving at our reduction formula in one simple stage, and without any additional
algebra.

Let’s now have a look at one particular definite integral. We will choose:

1
— n,2x
]n—fxe dx
0

Looking back at the equation we obtained above from applying integration by parts to the
indefinite integral I,,, we can easily write down the corresponding equation for our definite
integral /,,. It will be:

1 1 1 n 1
j xnerdx — [_xner] _ _j xn—lerdx
0 2 o 2Jg

Evaluating the first term on the right-hand side gives us:

Using this, we can abbreviate the equation for J, using the subscripted-/ notation in the
following way:

ez n

In= Ch E]n—l

which is our reduction formula for the definite integral we have chosen. (We might note in
passing that our choice of zero as the lower limit of integration makes everything just that bit
simpler!)

To round off this example, let’s apply this reduction formula to the evaluation of a our
definite integral for a particular value of n. In Section 5 Example 2 above, we integrated
x3e?* using repeated integration by parts. Subsequently, in Section 6, we were able to
abbreviate the process a little by using the tabular approach to this repeated process. Here,
noting that this integral is just I5, to use our current notation, we will proceed to evaluate this
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integral with the aid of our reduction formula. We will then proceed to evaluate the
corresponding definite integral /5 in a similar way.

First, then, let’s look at the indefinite integral for the case n = 3. This is as follows:
I; = f x3e?*dx

With the help of our reduction formula, we can say:

1 3 3
—x?%e?* — 11) = §x3ezx - szezx + 511

We can use the reduction formula one more time to obtain an expression for I;, which can be
substituted into the above expression to obtain:

I; ==x"e x‘e —xe“* — =1,

132x_§22x+§(1 2x 1)
2 4 2\2 2

At this point, we need to establish what we obtain when we evaluate I,. This is fairly
straightforward, and is as follows:

1
Iy = fezxdxz Eezx+ C

(The factor in x is not stated explicitly at this point, because by the laws of indices, x° = 1.)

Substituting this into our last expression for I3 and multiplying out the brackets, we are left
with a final solution of:

1 3 3 3
I; = jx3ezxdx = §x3e2x — szezx + erzx — gem + C

Reference back to the examples concerned with this integral in Sections 5 and 6 above will
confirm that this is the same solution as the ones we obtained in those two previous
encounters with this integral.

Finally, we now move on to the definite integral:

1
J5 = f x3e?*dx
0

We will once again apply a reduction formula — this time, the one we obtained for the definite
integral /,,. In the case at hand, we can write down:
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ez 3

I3 = 7— E]z

We proceed as we did before with the indefinite integral. Substituting in the reduction

formula for J, gives:
_e* 3(e* 2\ e* 3e? N 3

noting in the above chain of equalities that 2/2 = 1. Once more, we substitute in the
reduction formula for J; to obtain:

T3

3e?2 3/e* 1 _32 3e? 3e? 3 _e2
4 2 2797 2

Js =5

At this point, we must actually evaluate J, by hand. This will produce the following result:

1 1 S| 1
— 2xd — |Zp2x — _p2_ _
Jo foe x [ze ]0 2¢ 72

Substituting this back into our last expression for J; will give us our final solution of:

1 1 3 3 e2 3 e+ 3
— 32Xy = —2 — —p2 4+ — = — 4 — =
J3 foxe x=5¢ g tgT= g3 8

We have now integrated x3e?* in three different ways: first, using repeated integration by
parts; second, abbreviating this by the tabular approach; and now, finally, by creating and
using a reduction formula for the integration of x™e?* and applying it to the case n = 3. We
note with our customary relief that the solutions given by each of the three techniques are
identical.

Example 3

We will now look at a reduction formula example involving a function from the opposite end
of the LIATE list of function types — a logarithmic function.

Our integral will be the following:
I, = fln”x dx

and our efforts to derive a reduction formula for this integral will produce some interesting
results, as we shall see. (I will be concerned here solely with the derivation of a reduction
formula: those who would like to see the construction and proof of an explicit formula for the
integral of In™x based on the reduction formula we produce here may consult Appendix 5
Section 14.)
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A First Attempt

Remembering the approach we took to the trigonometric integrals earlier in this section, we
might consider starting by re-expressing the integrand in this way:

In"x =Inx.In" x

and then choosing parts as follows:
dv
u= In""'xand — = Inx
dx

justifying this choice by noting that In x can be easily integrated, (but only because we did
the job using a clever “trick” in Section 8) and In™ 1x is not difficult to differentiate. We
obtain the following initial consequences from the suggested choices:

du (n—1Dh"?x

—_— = andv = xlnx — x
dx X

This would give us the following right-hand side integrand from the integration by parts
formula:

du (n—DIn"2x.xInx (n—1)In"2%x.x
v -_— —

dx X X

This would reduce by cancellation of the x terms in each rational expression to the following:
(n—1DIn" x — (n— 1In"*2x

All this means that the integration by parts formula will provide the following equivalence:
fln”x dx = In""1x (xInx — x) — f((n — DIn"1x — (n — 1In" 2x)dx

The right-hand side can be rewritten, after some multiplying-out and the taking of the
coefficients (n — 1) outside the integral sign, as follows:

xIn™x — xIn™"x = (n — 1) f In""xdx + (n—1) f In"~2xdx

Rewriting this using the subscripted-/ notation which we defined at the outset, we have the
following reduction formula:

I, = xIn"x — xIn"x —(n— DI+ (n—DI,_,
This is unusual in relation to the other reduction formulae we have derived in this section,
since it refers on its right-hand side to two other integrals with lower indices, namely both

I,_,; and I,,_,. It is, of course, possible that such a dependency does genuinely exist —
certainly there would seem nothing wrong with the approach we took to the work of
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integration. However, let’s see if a different approach might actually give us a different, even
simpler result.

A Simpler Result

This time, we will try to integrate the general integral I,, by taking the approach we took in
Section 8 when we integrated the function In x (which is, after all, simply I; using our current
notation). In line with that approach, this time we will re-express the integrand as follows:

In"x = 1.In"x
We can now apply the LIATE rule to our choice of parts, which will be these:

dv
u=In"xand — =1
dx

These choices give us the following consequences:

n-1

du _ nln™ *x

—_—= andv =x
dx X
and, taking all these into account, the integration by parts formula gives us:

I, = xIn"x — f nln™ 1x dx

(In the right-hand side integral, we have cancelled the x term present in the denominator of
du/dx with the actual value of v.)

Taking the coefficient n outside the right-hand side integral and then rewriting what remains
using our subscripted-I notation,, we immediately obtain the following very simple reduction
formula:

I, = xIn"x — nl,_4

This is a much more attractive reduction formula than the one we produced at our first
attempt. It is also easier to use, since it does not require the previous two integrals in the
indexed sequence (I,,_; and I,,_,) to produce a result, but only the one immediately preceding
integral I,,_;.

Can These Two Results Be Reconciled?

We have seen that two different approaches to the current integral have yielded two reduction
formulae which at first sight appear to be quite different. However, | will try to show here

that they are not really as different as they seem. In order to do this, we will first remind
ourselves of the simpler of the two reduction formulae, which is as follows:

I, = xIn"x — nl,,_,
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I will also state the version of this reduction formula which gives us an expression for I,,_;;
this version, obtained by simple substitution of n with n — 1 throughout the above formula, is
as follows:

I_; =xIn"1x —(n— DI,_,
With both these formulae before us, we will now examine a kind of combination of these — |
set out below the expression we will examine, which is formed by starting with the reduction
formula for I,, and adding and subtracting I,_; on the right-hand side. (You will agree, I

hope, that adding and subtracting the same thing from an expression leaves its value
unaltered.) The result of this operation can be written as follows:

I,=xIn"x— nl,_; — I,_1+ I,
This is all very well, but does it get us anywhere? We may start to see the benefits of the
approach when we replace the first instance of I,,_; (the one immediately following the
minus sign) with the right-hand side of the reduction formula for I,,_;. This leads to the
following equation:

I, = xIn"x — nl,_; — (xIn" 'x — (n— DI,_,) + L,_,

Removing the brackets around the expression we have just substituted and applying the
minus sign which precedes it, we obtain:

I, =xIn"x — nl,_; — xIn" x + (n— VDI, + L,_4

The simple step of gathering together the I,,_; terms and rearranging both the subscripted-I
terms to the end of the right-hand side expression brings us to this final result:

I, = xIn"x — xIn"x —(n— DI, + (n—1DI,_,
which is nothing more than the earlier, more complicated, reduction formula we obtained.
We might therefore feel completely justified in concluding that the two formulae are equally
correct in what they tell us about the relationship between I,, and lower-subscripted integrals
of the form I;,.
Some Remarks

A few comments on what we have just witnessed might seem in order at this juncture.

My first comment constitutes a question: can we produce alternative reduction formulae for
any of the other general integrals we have examined in this section?

Let’s look at a case in point:
I, = f cos"xdx

At the start of this section, we obtained the following reduction formula for this general
integral:
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I 1 . iy 4 n—11
= —sinxcos"'x + —1I,_
n n n n-2

Let’s see what happens if we treat this formula in the same way we treated the simpler of the
two formulae for our logarithmic function. To begin, we write down the version of the
formula corresponding to I,,_,. (Note that we choose this rather than I,,_;, since the latter
does not appear in our reduction formula for the n-th power of the cosine.) This formula is:

| 1 ne3 +n—31
_2 = sin x Cos X —— -

By analogy with what we did before, we will now add and subtract I,,_, on the right-hand
side of the reduction formula for I,,, giving:

L, = —1 i nly ¢ —— ] -1 + 1
sin x cos X - — -
n n n_ n2 n—2 n-2

Replacing the I,,_, immediately following the minus sign (the second-last term) on the right-
hand side with the right-hand side of the reduction formula for I,,_, gives:

I = Lsi ety 4 BT ! g sy T3
= —SInx cos X — A,y — SIn X COS X — —1,_ _
n n n n-2 n—2 n_2n4 n-2

We now simplify the right-hand side by gathering together the terms in I,,_, as follows:

n—1 n—1+n _2n—1

Ino+ Iy = Tln—z = n Ih_s

We can now reorder the terms on the right-hand side of our new formula to give the
following result:

1 1 2n—1 n—3

I, = —sinxcos™ 1x — sinx cos™ 3x + IL_, — ——1I _
n n 2 n n—-2 n—2 n—4

This is now a reduction formula which shows the dependence of I,, on both I,,_, and I,,_,.

While we have indeed produced a “new” reduction formula for the integral of cos™x, there
does seem to be a sense in which we have only achieved something rather trivial — given that
I, depends on I,_, plus a trigonometric function, and I,,_, depends on I,,_, plus another
trigonometric function, it is not really all that surprising that I,, can be shown to depend on
both I,_, and I,,_, (plus, of course, some more trigonometric functions). We might indeed
expect to be able to repeat the algebraic addition-and-subtraction technique repeatedly to
express the dependence of I,, on a whole sequence of integrals of lower index. Furthermore,
we might expect to be able to apply this technique to any reduction formula which we obtain
through integration!

This reasoning should serve to persuade us that the existence of two (apparently) different

reduction formulae for In™x is not really as strange as it first seemed. The interesting issue,
however, is that we had two different approaches to the integration by parts of In™x at our
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disposal, and one of them might be considered as “more efficient” than the other, since it
produced a “minimal” reduction formula — where I,, depended solely on I,,_, rather than the
longer formula where it was made to depend on two lower-indexed integrals.

This could be seen as a confirmation of the notion that the most efficient way of integrating a
function consisting only of a logarithmic function (where we take the product of n
logarithmic functions which is In"x to qualify as a logarithmic function) is to re-express it as
the logarithmic function multiplied by 1, and then integrate by parts observing the LIATE
rule in our choice of parts. The other approach which we were tempted into at the start of this
example (based on the method which had succeeded with the powers of the sine and cosine)
proved less effective in that it produced an unnecessarily complicated reduction formula.

A final observation in this context might be to note that if we were asked to integrate In®x,
then rewriting it as In x . In x would only give us two identical parts from which to make our
choices of u and dv/dx, so that it wouldn’t really be a very useful decomposition of the
integrand. While decomposing higher powers of Inx in an analogous way would give us a
product of the form In x . In*x, we might well feel that neither of the two parts of this product
offers convincing advantages over the other when it comes to choosing parts. In the light of
these comments the restatement:

In"x = 1.In"x
becomes much more attractive.

We thus see that while there is sometimes more than one way to skin a cat, not all methods
are equal in their effectiveness.

Example 4

We will conclude our examination of the derivation and use of reduction formulae with a
brief look at an example which might seem considerably more complicated. We will,
however, for the sake of simplicity and relevance, confine ourselves to the evaluation of a
definite integral case. It is worth spending a moment or two on this further example in order
to get some feeling for the range of applications to which we can put the reduction formula
approach.

Our example will be the following definite integral:

1
B(m,n) = J x™ (1 — x)" tdx
0

(We have chosen to abbreviate this definite integral as a function B of two variables m and n,
rather than use a variant of our earlier subscript notation. This is reasonable, since the value
of the definite integral might be expected to vary depending on the values chosen for m and
n. The variable x inside the integral is only a “dummy” variable which we could easily
choose to replace with another letter, such as t, and we do not expect this variable to be
present when we actually evaluate the definite integral to obtain a numeric value. | would
also point out that the choice of B to name the function is appropriate since this is one form
of a function studied by the mathematician Euler, and known as the beta function.)
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If we are going to produce a reduction formula for this general integral, then we would do
well to get out of the way right at the start the evaluation of the integrals B(m,1) and
B(1.n), since these may prove useful, and also since they are of interest in themselves.
Starting with the first of these, we can say:

1 1 1
1 1 1
B(m,1) = f x™ 1 1dx = f x™ ldx = [—xm] =—1-0=—
0 0 m 0 m m
Similarly:
1 1
B(1,n) = f 1.(1—x)"ldx = f (1 —x)" tdx
0 0
We will deal with this by first considering the indefinite integral:
j(l — x)" ldx
and we will approach it by using the algebraic substitution u = 1 — x, so that:
du
— = —landthusdx = —du
dx

This substitution gives us the following integral in terms of u:

1
—fu"‘lduz —Hu”+ C

Reversing the substitution brings us to the following solution in terms of x:
! 1 "+ C
~(1—x)

Armed with this solution, we can now return to our definite integral with the following result:

B(1,n) = J:(l —x)" ldx = [—%(1 —x)"]: =0— <_l> _1

n n

So far, so good. Let’s now see what we can make of the task of integrating the general
integral B(m,n),. Recalling that:

1
B(m,n) = f x™ (1 — x)" dx
0

We might try proceeding by parts. (We may remember integrating something vaguely
similar in Section 4 Example 3 above.) In order to choose parts (first remarking as an aside
that the LIATE rule cannot help us with the product of two functions of the same type), we
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might note that x™ 1 is easy to integrate, while the other factor in our product, (1 — x)* 1 is
less easy to integrate (see the approach by substitution a few lines above) — it can, however,
be differentiated easily using the Chain Rule.

We will therefore make the following choice:

u= (1—x)"‘1and@— x
= ==

m-1

From these choices, we can deduce that:

du 1
—=—-(m-1DA-x)"2?andv = —x™
dx m

The integration by parts formula (bearing in mind that we are dealing here with a definite
integral) now gives us:

1 1 _ 1 1
1 n—1

f x™ 11— )" ldx = |—x™(1 — x)"_l] + —f x™(1 —x)" %dx

0 m 0 m J,

(Note here that the expected minus sign on the right-hand side has been changed to a plus
sign because of the minus sign present in du/dx. | have also taken the combined constant
coefficient in the right-hand side integral outside the integral sign.)

Evaluating the first term on the right-hand side, we find that:

1

1
—xm(l—x)m‘l] =0-0=0
m 0

so that, rewriting the right-hand side integral using the functional notation we have adopted,
we arrive at the following:

n—1
B(m,n) = TB(m+ 1,n— 1)

If the right-hand side of this is not immediately clear, it can be understood more easily by
noting that:

1 1

xm+1—1(1 _ x)n—l— 1dx — f xm(l _ x)n—zdx

B I,n—1) =
(m+1,n-1) J \

0

This is a surprisingly simple reduction formula, although it contains one interesting feature:
B(m,n) is found to depend on a multiple of B(p, q) where q is less than n, fully in line with
the reduction formulae we have derived elsewhere in this section; however, the other
variable, p, is actually greater than m; this is the first time we have come across a reduction
formula which contains a larger parameter on the right-hand side than on the left.
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| have taken the consideration of the function B(m, n) a little further in Appendix 5 Section
15, where | set out a brief investigation which leads to the derivation of an explicit integral-
free formula based on m and n alone for the value of this function.
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Algebraic and Trigonometric Methods



In this part of the book, | propose to illustrate and explain the use of a number of algebraic
and trigonometric approaches which will help us to integrate some types of function which
we have not yet examined. These techniques generally involve carrying out some
manipulation on the function we wish to integrate before we actually attempt the integration
itself — our aim will be to rearrange or restate our integrand in such a way that we can use
techniques of integration which we already know to deal fairly straightforwardly with the
restated integrand.

I will also present a number of integration examples which call for the successive use of more
than one technique. In the last section of Part 1, we encountered some integrands which
required the repeated application of the substitution technique, in one or more of its forms;
and Part 2 Section 5 introduced some functions which called for repeated integration by parts;
so it should not come as a complete surprise that sometimes just one technique (or one
application of it) may not be enough! You will also discover that the application of an
algebraic or trigonometric manipulation to an integrand often produces a transformed
integrand which needs one or more of the techniques we have already illustrated before the
process of integration can be completed.

1 Partial Fractions

In this section, we will look at an algebraic approach based on a technique for restating
certain rational functions as the sum or difference of simpler expressions. The “rational
functions” I refer to here are functions of x which are expressed in the form:

f)
g(x)

Here, both f(x) and g(x) are themselves functions of x - generally polynomials.

Examples of the kind of rational function we will learn to deal with here include the
following:

2
(x+2)(x—-3)

7x +5
(x—1Dx+2)

The method I will demonstrate here was taught routinely in the past as part of a student’s
early acquaintanceship with algebra. However, many students do not have familiarity with
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the method nowadays, so | will try to provide careful explanation as | illustrate its use by
means of a number of examples.

Example 1

Our first example to illustrate this useful algebraic method will require us to evaluate the
following integral:

6
I= f(x—4)(x—1)dx

We have never encountered an integrand quite like this in the book so far, and it looks as if
none of our techniques can immediately be brought to bear. However, it may be possible to
restate the integrand in a form which will let us integrate it using methods we already know.
In particular, if we were able to restate the integrand as a sum or difference of simpler
rational functions, then we might be able to deal with it term by term in ways with which we
are familiar.

To start with, then, we will ask: is it possible to re-express this integrand in the following
way:

6 A B

(x—4)(x—1): x—4+ x—1

If this were possible, then we could more easily integrate each of the two terms on the right-
hand side.

In order to find out whether such a restatement is available to us, let’s start with the right-
hand side of the above equation and see what we can say about the numerators A and B if we
add the two fractions together. In order to perform this addition, we will need to express the
right-hand side as one single fraction with a denominator which is a multiple (preferably the
lowest common multiple) of x —4 and x —1. One appropriate denominator for the
combined fraction would, of course, be the denominator we already have on the left-hand
side, namely (x —4)(x —1). Rewriting the right-hand side as one fraction with this
denominator would give us:

Alx—1) B(x—4)  Alx—1)+ B(x—4)
x-Hx-1) @-Hx-1)  @-Hxr-1

We can multiply out the brackets in the numerator of the right-hand side expression as
follows:

Ax—A+Bx—4B (A+B)x—(A+4B)
-HEx-1D  @-HE-1

(In the right-hand side above, | have simply gathered like terms together to make the next
step easier.)
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We now just have to ask ourselves: are there values of A and B which satisfy the following
equation — obtained by equating the numerator on the right-hand side above with the
numerator of our original integrand):

(A+B)x—(A+4B) =6
or alternatively:

(A+B)x—(A+4B)= 0.x+ 6

I have expressed the right-hand side the way | have to bring out the fact that since there is no

term in x in the numerator of the original integrand, this is equivalent to that numerator being

an expression where the coefficient of x is zero. By equating coefficients of like terms, this

will actually give us two simultaneous equations in A and B, which are as follows:
A+B=0and—(A+4B) =6

We can restate these equations as follows, in order to remove the opening minus sign in the
second equation:

A+B=0andA+4B = —6

(In this version of the second equation, I have simply moved the minus sign to the right-hand
side — in other words, I have multiplied both sides by —1.)

The first equation can be rearranged to give:
B= -4
and substituting this into the second equation gives us the following expression for A:
A—4A= —3A = —6sothatd =2
The immediately preceding equation for B gives us very simply:
B= -2

At this stage, we can remind ourselves that this information arose from our attempt to restate
our integrand in this example as follows:

6 _ A 4 B
x—-4x-1) x—4 x-1

The conclusions we have just reached about the values of A and B which would make this
true now let us write the following equivalence:

6 2 2
x—(x—-1) x—-4 x—1
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In case this conclusion seems too good to be true, let’s take a moment to carry out the
addition of the two fractions on the right-hand side with their actual numerators in place,
rather as we did with the symbolic numerators A and B. We get the following:

2(x—1)— 2(x—4) 2x—2—-2x+8
x-Hx-1)  (x-Hkx-1)

The numerator on the right-hand side reduces to 6 (the 2x terms cancel each other out), and
this value matches the numerator in our original integrand — so we can feel quite confident
that our restated integrand is indeed correct.

All that remains is to integrate the resulting two-term expression. We first note that our
original integral I can now be rewritten as follows:

I = j x—46x—1 dx=2fxi4dx—2in1dx
(x=4Hx-1)

| have, of course, taken the coefficients of 2 which featured in each term in the two-term
expansion of our integrand outside their respective integral signs. Having done this, it should
be clear that we can now apply one of the integration rules we derived using substitution in
Part 1 Section 7 — in particular the rule which states that:

1
f dx = In|lx+k|+ C
x+k

Applying this rule to the two-term expansion of our integral I, we have the following
solution:

I=2In|lx—4|— 2In|lx—1|+ C =2(n|x — 4| — In|]x—1])+ C
Well, this is obviously a solution — one we would not have been able to write down without

the use of the algebraic method explained above. However, we can still do a little better.
Recalling the rule of logarithms which states that:

Ina— Inb =ln(%)

We can finally restate the solution as follows:

x_4|+ C
1

x =2In

0 d
ey

x —
Some Comments

Let’s take a moment to review the steps we took in evaluating the above integral. We started
with an integrand whose denominator consisted of the product of two linear factors. We
immediately threw in the towel, and decided that the only way to tackle this was to restate it,
if possible, as the sum of two rational expressions, each of whose denominators was a single
linear factor. These rational expressions could be integrated easily using a standard rule we
derived in Part 1 Section 7.
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We set out our restated version of the integrand, using the letters A and B as placeholders for
the numerators of the two terms of the restated expression, and then tried to find out what we
could say about A and B once we had done the algebra necessary to add the two terms
together to create one single rational expression with the same denominator as our original
integrand. This gave us an expression involving both A and B, which we could then equate
to our original numerator of 6.

The expression involving A and B could be rearranged to take the form Px + @, which we
could set equal to 6. We then equated coefficients of like terms, which led to two equations
which had the form:

P=0andQ =6
since the numerator of the original integrand contained no x terms.
In this summary, we should remember that P and Q in the above abbreviated description both
stand for expressions involving A and B, so that the process of equating coefficients of like

terms actually gave us two simultaneous equations in A and B. These were then solved, so
that we were finally able to express our integrand in the form:

which could be integrated term by term quite easily using one of our standard rules.

Finally, the solution to our original integral turned out to contain the difference of two
logarithmic expressions, which we were able to combine into a neater form using the
following rule of logarithms:

Ina— Inb =ln(%)

The algebraic technique we used to decompose the original integrand into two separate terms
is known as the Method of Partial Fractions. We will use the same broad approach to handle
the remaining examples in this section, although each of these will be chosen so as to bring
out some particularly useful point about the method.

An Alternative Way to Determine A and B

In the above example, we determined the necessary values of A and B by creating two
simultaneous equations in the two variables and then solving those equations. There is an
alternative way to arrive at the values of these placeholders, which may seem simpler,
particularly to those less comfortable with solving simultaneous equations.

In order to explain this alternative method, let’s cast our minds back to the equality we set up

between our original integrand and its expression as a sum of two separate rational
expressions. The equivalence was as follows:
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6 A4 B Ax-1D+ B(x—4)
(x—4)(x—1)_x—4+x—1_ (x —4)(x — 1)

By equating numerators in the first and last of these expressions, we have the following
equation, which must remain true whatever the value taken by the variablex:

Ax—1)+ B(x—4)= 6

Since this must be true whatever value is taken by x, we can experiment by setting x equal to
a number of different values and investigating what this tells is about A and B.

To start with, let’s choose a value for x which makes the factor x — 4 which is multiplied by
B equal to zero. This value is easy to choose — it will be x = 4. With this value for x, our
equation will become:

34 =6 sothat4A =2

Let’s now try the analogous step which will make the factor x — 1 which is multiplied by A
equal to zero. This, of course, requires that we set x = 1. Our equation then becomes:

—3B =6sothatB = -2

As a final experiment, let’s see what happens if we choose x = 2. Our equation then
becomes:

A—2B=6

which is indeed satisfied by the values of A and B which we obtained a little earlier. We can
also confirm (as we might have hoped) that these values of A and B are identical to those
obtained by the simultaneous equation approach we saw in the earlier work on our example.

It might be argued that this alternative approach is a good deal easier than setting up and
solving simultaneous equations, and | will use this as my preferred method in the examples
which follow.

Example 2
In the work we did to rearrange the integrand in Example 1 into a form we could integrate
easily, we obtained an equation relating parts of the rearranged integrand with the numerator
of the original integrand. This equation was as follows:

Ax—1)+ B(x—4)= 6
Looking again at this equation, we might suspect that the same approach we took to Example
1 might work for rational functions with linear expressions in their numerator, rather than

simply a constant. In other words, we might apply it to the integration of a function of an
expression of the following form:
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px +q
(x+a)(x+b)

Exploring this suspicion a little further, we will now try to apply the Method of Partial
Fractions to the following integral:

7x+5

=l -Da+®

This is, of course, the second example of a rational function | gave at the beginning of this
section.

As in Example 1, we will aim to restate the integrand in the following form:

7x +5 R N B
(x—D(x+2) x—-1 x+2

and set about determining the values of A and B which will make this equation true.

As before, we will rewrite the right-hand side using the denominator (x — 1)(x + 2) - this is
a common denominator for the two denominators x — 1 and x + 2 on the right-hand side -
and we will arrive at the following expression:

A(x +2) B(x—1)  Alx+2)+ B(x—1)
x—D(x+2) x-Dxx+2) x—Dx+2)

We can now equate the numerator on the right=hand side above with the numerator of our
original integrand to obtain the following equation:

Ax+2)+ B(x—1)= 7x+5
Rather than multiplying out the left-hand side and equating coefficients so as to derive two
simultaneous equations in A and B, we will on this occasion take the rather quicker route of
realising that since the above equation must hold for all values of x, we can proceed by
choosing suitable values to produce a single equation for each of A and B.

First, in order to make the B term in the above equation disappear, we must choose x = 1,
which will make its factor of x — 1 equal to zero. This choice gives us:

3A = 12sothatA =4
For the A term to vanish, we must choose x = —2, producing the following equation for B:
—3B = —9sothatB =3

These values for A and B allow us to rewrite our original integrand in the desired form as
follows:
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7x +5 4 4 3
(x—D(x+2) x—-1 x+2

To verify that we have not been inaccurate — and indeed that our approach is a valid one —
let’s perform the addition of the two fractional expressions on the right-hand side of the
above equation, as follows:

4(x+2)+ 3(x—1) 4x+8+3x—3
x-1Dx+2)  (x-DxE+2)

We can see that the numerator on the right-hand side reduces to 7x + 5 when like terms are
added together.

Now we can move to the actual evaluation of our integral. The Method of Partial Fractions
has allowed us to rewrite the integrand, so that we can now say that:

I = x+5 d—4f1d+3f1d
) - +2) =R x+2%

| have, of course, taken the numerators of the two separate fractional expressions outside the
integral signs on the right-hand side, treating them as constant coefficients.

The right-hand side now integrates easily using one of our standard rules for integration to
give us the following result:

I=4Inlx—1|+ 3In|x+ 2|+ C
Unlike the result in the previous example, we don’t have any common factors in this solution,
so that we can go no further in simplifying it, and must be content with what we have
obtained.
Example 3
In this example, we will take a couple of steps on from our two opening examples, and
consider an integral which at first sight might not seem to be suitable for the Method of

Partial Fractions. However, appearances can (sometimes) be deceptive, as we shall see.

Our integral will be the following one:

2x + 3
I = fxz— 9dx

Clearly, the denominator here does not conform to the pattern established by the previous two
examples. However, we should recall a standard but sometimes easily overlooked rule of
algebra, which states the following identity:

a’?— b2 =(a+b)(a—b)
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Noting that the second term in the denominator, 9, is a perfect square, we can restate the
denominator using the above rule as follows:

x2=9=x+3)(x-3)

Bear in mind that, even if the second term in the denominator were not a perfect square —
perhaps 7, for example, instead of 9 — we would still be able to restate the denominator using
a square root, as follows:

x2—7=(x+V7)(x —V7)
But we must return to the integral in hand. Having restated the denominator of the integrand
as a product of two linear factors, we find our integral taking on a much more familiar shape:

[ = 2x+3 d
AT

We can handle this in exactly the same way we handled Example 2 above. However, | did
indicate that the current example would take us forward two steps, so do keep your eyes open
for a second new feature when we actually get our teeth into the algebra required.

We now want to restate our integrand in the following form:

2+3 __ A B
(x+3)(x-3) x+3 x-3

And we will move towards this restatement by rewriting the right-hand side above using the
common denominator (x + 3)(x — 3) as follows:

A(x —3) B(x+3)  A(x—3)+ B(x+3)
x+3)x-3) x+3)Dx-3)  x+3)Dx-3)

Equating the numerator on the right-hand side with the numerator of our original integrand,
we have this equation, true for all values of x:

A(x—3)+ B(x+3)= 2x+3

We will now select particular values of x which wil make first B and then A disappear from
this equation, in order to find values for these two placeholders.

First, setting x = —3 will zero the factor x + 3, and give us the following:
1
—6A = —3sothatA = >
Now, setting x = 3 will zero the factor x — 3, so that we will have:

3
6B =9sothatB = 5
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These conclusions should immediately give us pause, since we have not so far encountered a
situation where the values of A and B were found to be fractions. These values will give us
the following new version of our integrand:

2c+3 12 3/
(x+3)(x—3) x+3 x-3

This rather ugly right-hand side is more commonly written as follows:

1 3
2 +3) T 2(x=3)

and we might consider this a form which is not so easily integrated as the partial fraction
representations in the first two examples. However, all is not lost if we look back briefly at
the “ugly” right-hand side | presented a few lines ago, and see that this representation of our
integrand can be written as the sum of two rational expressions, each of which is multiplied
by a fractional coefficient, as follows:

1
x+3

1
x—3

1 +3
2’ 2

This expression then becomes easy to integrate, moving the coefficients outside the integral
sign for each term, as follows:

dx

= ) a3~ 2) x73%* 3

2x + 3 1 1 3] 1
x—3

The right-hand side here will integrate using the same rule of integration we have been
relying upon throughout this section, to give the following solution:

1—f2x+3d = a3+ S =3+ ¢
= xz_gx—znx an

The best we can do in simplifying this solution further would be to factorise out 1/2, but this
doesn’t offer us much more elegance, so I won’t go to the trouble.

It’s worth concluding this example, however, with quick reference to the two distinctive
aspects of the integrand we have been dealing with. First, the denominator was not presented
in the usual form for the Method of Partial Fractions, but we were able to transform it into
that form by using a standard rule of algebra; and second, the algebra we carried out gave rise
to fractional values for the placeholders A and B - however, we saw that each of these could
simply be treated as a coefficient of its corresponding rational expression in x, and
subsequently taken outside the integral sign, thus proving no real trouble at all.

Two Standard Integrals

Before we delve into some more advanced features of the algebraic approach we are dealing
with here, this is an opportune moment to mention two integrals with symbolic constant
terms which are often quoted and used without much justification. Both of these rules for
integration can be proved using the Method of Partial Fractions, and | have set out proofs for
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both of them in Appendix 5 Section 16 - the greater part of the purely symbolic reasoning in
this book has been relegated to Appendix 5.

These rules, which are also listed for reference in Appendix 4 Section 2, are as follows:

f 1 dx = 1 1 |x+b|
(x + a)(x + b) X=a-p"

1 1 X—a
f—dx=—1n| |+ ¢

Xx+a

x? — a? 2a lx+a
Although the full detail of the evaluation of the integrals in the above rules can be found in
Appendix 5, it will be instructive to check the solutions predicted by these rules with any of
the examples we have attempted earlier in this section to which we can apply the rules.

Let’s take Example 1 as a case in point — here we evaluated our chosen integral as follows:

X

=21 _4‘+C
X = n 1

X —

6 d
| e=pe

We can apply the first rule of integration set out a few lines ago to this integral if we are
prepared to restate it as follows:

6 dx = ! d
f(x—4)<x—1) "‘6J<x—4)<x—1) *

If we now set a = —1 and b = —4, noting as a consequence that on the right-hand side of
our rule of integration this means that:

a—b=-1-(-4)=-1+4=3
then the rule of integration will give us the following result:

x—4 X
1|+ C=2ln

C
=l

0 dx = 1l
j(x—4)(x—1) x—6.§nx_

which is exactly what we obtained using the Method of Partial Fractions.
Example 4

In this example, we will take our technique a little further, by considering the following

integral:
[ sz + x — 1d
) x(x2 - 1) x

The integrand here looks somewhat different from those we have so far dealt with in two
ways: first, the numerator is a quadratic expression, instead of the linear expressions we have
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been looking at so far; and second, the denominator does not at first seem to comprise a
product of linear expressions in x.

The second of these issues can be fairly easily neutralised: first, the factor x can, of course, be
viewed as the linear expression x + 0; and second, the remaining quadratic factor can be
rewritten using simple algebra in the following way:

x2—1=@x+Dx-1)

(This is the kind of rearrangement we made use of in order to express the denominator of the
integrand in Example 3 above as a product of linear factors.)

Our integral now looks a little less problematic, since it can be expressed as follows:

J‘ x2+ x—1 4

xx+Dx—- D

The numerator of the integrand is, of course, still a quadratic; however, perhaps this will not
cause us too much extra difficulty, since we might also note that the denominator will
multiply out to produce a cubic expression — this means that the order of the polynomial in

the denominator will still be greater that the order of the polynomial in the numerator, and
this was the case also in our previous three examples.

So let’s proceed with a similar approach to the one we have taken before, and see how far we
can get. We will try to restate our integrand in the following form — allowing one term for
each linear factor in the denominator:

A+ B+ c
x x+1 x-1

which will allow us to integrate easily term by term.

In order to establish values for A, B and C. We will as before restate the above sum of three
rational expressions as a single rational expression with the common denominator of
x(x + 1)(x — 1), as follows:

Ax+1D(x—1)+ Bx(x—1)+ Cx(x+ 1)
x(x+1D(x—1)

We can now equate the numerator of this expression with the numerator of our original
integrand to obtain the following equation:

Alx+1D(x—1)+ Bx(x—1D+ Cx(x+1) = x>+ x—1

and we now go on to choose values for x which will allow us to obtain simple equations for
each of the three values we are seeking.

First, choosing x = 0 will successfully remove B and C from the picture, giving us the
following:
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—A = —1sothatA=1

If we now choose x = —1, we will obtain the following equation for B:

1
2B = —1sothatB = —3

Finally, selecting x = 1 will gibe us the following equation for C:

1
2C = 1sothatC = >

We can now substitute these values into our version of the integrand containing three rational
expressions to end with the following equivalence:

1 1

x>+ x—1 1
— +_'
x+1 2x-—1

x(x+1)(x— 1)

1 1
x 2

The right-hand side can be integrated easily term by term, as follows:

fld 1 1d+1fld—1|| 1]+ Sl — 1]+ ¢
P T R P e 7 M

As a final tidy-up, we can reverse the order of the two latter logarithmic functions and
factorise out the common coefficient of 1/2, to arrive at the following solution:

1 1 |x-—1
I=In|lx|+ =(n|x —1]| = In|x+ 1)) + C = In|x| + —1n| |+ C
2 x+1

2

The final step here (and, indeed the reason why | wanted to reverse the order of the
logarithmic functions) follows from an application of the rule of logarithms which we have
used several times already in this section.

Some Remarks

We can see in this example that the technique we applied in the simpler cases where our
integrand was the product of two linear factors can also be applied successfully where three
linear factors are present. It is worth asking, however, whether the integrand in this example
was just a lucky choice, which allowed us to obtain our values for A, B and C quite easily.
Indeed, we might ask: would it always be possible to choose values for x which produced the
necessary simple equations, whatever the linear factors in the denominator.

We can go some way towards answering this question by looking at the general example of
an expression of the form:

Q(x)
(x+a)(x+Db)(x+0)

where Q(x) is some quadratic in x. If we want to express this in the expanded form:
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A B C
+ +
x+a x+b x+c

Then we will need to find a numerator in terms of A, B and C using the common denominator
(x + a)(x + b)(x + ¢). With this denominator, our expanded expression is equivalent to:

Ax+b)(x+c)+ Bx+a)(x+c)+ C(x+a)(x+ b)
(x+a)(x+b)(x+0)

We can see from examining the numerator here that each of the linear factors appears exactly
twice; indeed each of the linear factors appears as a factor of exactly two out of the three
placeholders A, B and C. This means that we can always choose values for x which will
produce simple equations for each of these placeholders as follows:

x = —a produces the equation A(b —a)(c —a) = Q(—a)
x = —b produces the equation B(a — b)(c — b) = Q(—b)
x = —c produces the equation C(a — c)(b —c¢) = Q(—c)
Each of these reduces to a simple equation of the form:
kX =Q(n)

where X stabnds for one of the placeholders A, B or C and n represents the value we have
chosen for x.

This should be enough to convince us that the Method of Partial Fractions as we have
deployed it where our denominators have comprised just two linear factors will also be
expected to work where there are three such factors.

2 Partial Fractions with Non-Linear Factors in the Denominator

There are two more types of rational expression where a variant of the Method of Partial
Fractions can be used. The first of these, which we will look at in the example below, will
contain a squared linear factor in its denominator. The second type will contain an
irreducible quadratic factor in its denominator, which will require a refinement of our
approach.

Example 1

We will now move one stage further in our exploration of the Method of Partial Fractions as
a tool in integration by examining the following integral:

/= x+5 d
= J(x—Z)(x+1)2 x

This has an integrand with a repeated linear factor in its denominator. In other words, the
integrand might be rewritten as follows:
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x+5
x—2)(x+1D(x+1)

There is, however, nothing to be gained by attempting to expand it out in the following form,
in imitation of the way we expanded the integrand in Section 1 Example 4:

A 4 B 4 C
x—2 x+1 x+1

since this would simply be equivalent to:

A B+C . A D
+ which is the same as + where D =B+ C
x—2 x+1 x—2 x+1

This expansion therefore does not constitute the three fractional expressions we would expect
in the kind of expansion we have been aiming at in previous examples, and the denominator
of the second fractional expression here is not the squared expression in the original
integrand. Instead, we ought to be seeking to express the integrand in the form:

A N B
x—2 (x+1)?

in line with our earlier examples.

So let’s see how far we can get in achieving this objective. As usual, our first step will be to
express the expanded version containing the placeholders A and B as one single fraction
using a common denominator. This gives us the following:

Alx+ 1%+ B(x—2)
(x —2)(x + 1)?

We might at this point try to find values of x which will make the variorum factors
multiplying A and B take zero values, so that we can find simple equation for each of the two
placeholders. However, it will be easier to demonstrate the point | want to make here by
instead choosing the method of equating coefficients between numerators so as to obtain
simultaneous equations in A and B.

We can, of course, start by multiplying out the quadratic factor in the numerator as follows:
(x+1)2=x2+2x+1
so that our single fraction can be turned into:

A(x?*+ 2x+ 1)+ B(x—2)
(x —2)(x + 1)?

The numerator here can be expanded as follows
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Ax?® + 2Ax + A+ Bx — 2B

We can now gather together like terms and equate this expression with our original
numerator, as follows:

Ax*+ 2A+B)x+A—-2B=x+5

Equating coefficients between the right-hand side above and the numerator of our original
integrand would be expected to give us a set of equations which we can then solve in order to
find A and B. However, we have three equations in this case, since the numerator we have
just obtained also contains a term in x2. Our three equations are therefore as follows:

A=0
2A+B=1
A—-2B =5

Even before we try to solve these equations, the very first one asserts that A = 0 - so that any
solution of the form we have been hoping for will not be possible, since it would have only
one term because the first one would be equal to zero! This means, of course, that our
original model for the solution cannot be valid, because it has led to a contradiction on closer
examination. We therefore need another approach.

An Alternative Approach

I will suggest that, instead of the proposed expansion of our integrand which | gave above,
that we try an expansion of the form:

A 4 Bx +C
x—2 (x+1)?

Here, we have a linear expression in x as our numerator in the second fraction. The only
justification for this choice of format which I will offer at this juncture is to suggest that since
the denominator of the second fraction can be multiplied out to produce a quadratic, a linear
expression (which is of one degree less that a quadratic) might be more suitable as the
Numerator of a term with a quadratic denominator. Let’s see how far this gets us.

As usual, let’s combine the two terms of our proposed expansion into one single fraction with
a common denominator. This will give us:

Alx+ 1%+ Bx+0)(x—2)
(x —2)(x+1)?

Expanding out the numerator gives:
Ax? + 2Ax + A+ Bx? — 2Bx + Cx — 2C

and having gathered together like terms, we can equate this with the original numerator to
produce the following equation:
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(A+B)x*+ 2QA—-2B+C)x+A—-2C=x+5

Equating coefficients then brings us the following three simultaneous equations:

A+B=0
2A-2B+(C=1
A-2C=5

We should pause a moment here to note a further piece of after-the-event justification for
trying an expansion with a linear factor over the quadratic part of the denominator: the
second part of the numerator we created in order to equate it with the numerator of the
original integrand took the form:

(Bx+C)(x —2)
When multiplied out, this immediately supplied an additional term in x?2, so that equating
coefficients was able to give us the equation A + B = 0, rather than the completely useless
A = 0 which stymied us when we tried out our first expansion. This is the real reason for the
particular alteration to the style of our expansion in the presence of the quadratic factor we
had in our original denominator.
Can we now solve the three equations we have obtained, which we were unable to do
sensibly with our first expansion? Well, to begin with, the second equation gives us the
following expression for C in terms of A and B:

C=1-2A+2B
Substituting this expression for C into our third equation gives us the following:

A—2+4+4A—-4B =5sothat5A—4B—2=50r54A—4B =7

Putting this result next to our first equation will then give us the following two equations in A
and B alone:

A+B=0
5A—-4B =7

The first of these rearranged tells us that:
B=-A

and when this is substituted into the second of the pair, we have:

7
5A+4A=7sothat9A:7andA=§

The expression we obtained for B now gives us as a consequence:
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and finally, the expression we obtained a little earlier for C gives us:

C=1-2 27 c=1 28 hich that C = 19
= 3 gort= g Which meansthat ¢ = — o

Substituting these values into our proposed expansion for the original integrand, which we
will recall was as follows:

A N Bx+C
x—2 (x+1)2

gives the following end result:

x+5 _ (%)
(x—-2)(x+1)2 x-2

(%x+1,#9) 1 7 1 7x+19

(x+1)2  9'x—2 9 (x+1)?

We can factorise out the common coefficient of 1/9 from this expression to obtain the rather
less ugly equivalent:

1( 7 7x+19)
9\x—2 (x+1)2

Now even after the factorisation step, this isn’t the most attractive expression in the world.
We might naturally expect something a little more individual since the single rational
expression we began with did not conform to the pattern established in the earlier examples
in this section.

However, it is a simple matter to confirm the correctness of our expansion. All we have to do
is to evaluate and then simplify the numerator we would obtain if we chose to re-express our
expansion as a single fraction using the common denominator (x — 2)(x + 1)2. (We will do
this for the bracketed portion of our solution only, and then apply the coefficient of 1/9 at the
end.)
The numerator we would obtain looks like this:

7(x+1)%?— (7x +19)(x — 2)

which, on multiplying everything out and taking care to apply the minus sign between our
initial two terms as it should be applied, results in:

7x? + 14x 4+ 7 — 7x*> + 14x — 19x + 38

Once we gather together the like terms in this long expression — noting that the terms in x?2
cancel each other out - we are left with the simple linear expression:

9x + 45
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and once we apply our constant coefficient of 1/9 to this, we get the numerator we started
out with, namely:

x+5

So this confirms that our expansion is a valid one. Before proceeding to carry out the
integration (which is, after all, the whole point of working out in such detail how to expand
the rational expression we began with) we might ask if we can do any better than this. In
particular, we should recall that in Section 1 Example 4, we expanded a rational expression
with three linear factors in its denominator into a form comprising three separate fractional
expressions — one corresponding to each of the three linear terms. In the current example, we
also have three linear terms in the denominator — only one of them, the x + 1 term, is
repeated: we could write out the denominator “in full” as (x — 2)(x + 1)(x + 1).

A Three-Term Expansion

Considerations such as these might lead us to think that we ought to be able to produce a
three-term expansion for the integrand in this example as well. We have already exhibited
some reasoning to the effect that there is no mileage in looking for an expansion containing
two fractions with the denominator x + 1, since these would in very short order reduce to just
one fraction with this denominator — this would be no more that simple fractional arithmetic,
rather like saying that:

2 4 6

515 15

In order to see if such a three-term expansion is possible, we will first need to decide on what
the best choices for the denominators of our expanded terms ought to be. Once we have
decided this, we ought then to go through the procedure of creating a single rational
expression from our new expansion and once again equating its numerator with the
numerator of our original integrand.

Since we have ruled out multiple fractions with the denominator x + 1, but we still seek to
create an expansion comprising three fractional terms, probably the only possibility which
remains open to us is an expansion in the following format:

A 4 B 4 C
x—2 x+1 (x+1)?

As predicted above, we ought now to restate this expansion as a single rational expression
with the common denominator (x — 2)(x + 1)? so that we can equate its numerator with the
numerator of our original integrand. It won’t do to reason that we have already obtained a
fraction with denominator x — 2 when we expanded the integrand into two fractional terms
earlier, since the numerator of the fraction with denominator x — 2 might well turn out to be
quite different in this three-term expansion. So let’s proceed to create a single rational
expression from our new expansion and carry on from there. Our expression will be:

Ax+ 12+ B(x—2)(x+ 1) + C(x —2)
(x —2)(x + 1)?
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(We immediately note that the numerator here has a rather more complicated pattern that
those we have seen before.)

Equating numerators as already discussed, we get:
Ax+1)?+ Blx—2)(x+1)+ C(x—2)= x+5
The left-hand side can be expanded by multiplying out, and gives:
Ax?+ 2x+ 1)+ B(x?2—x—-2)+ C(x—2)
which in turn expands to give:
Ax?+ 2Ax + A+ Bx?* — Bx— 2B+ Cx — 2C
We can now gather together like terms to obtain the following final equation of numerators:
(A+B)x*+ 2A—B+C)x+A—2B—-2C=x+5
Equating coefficients now produces these three simultaneous equations:
A+B=0
2A-B+(C=1
A—2B-2C=5

Proceeding towards a solution, we can first rearrange the second equation to give the
following equation for C:

C=1-2A+8B
Substituting this into the third equation gives:
A—2B—2+4A - 2B = 5 whichreducesto 54 —4B =7

We can now combine this with the first of our three equations to get the following two in A
and B alone:

A+B=0
5A—-4B =7

The first of these rearranges very simply to give this equation for B:
B= -A

and we can substitute this into the second of the two equations above to give:

7
94 = 7sothat4 = 5

The equation for B which we obtained above now gives:
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B_7
)

and the earlier equation forC now prodices:

o 7 B
=1-3-5= =

Let’s now put these values for A, B and C back into our proposed three-term expansion to
obtain:

x+5 71 7 1 4 1
(x—2)(x+1)2 9'x—2 9x+1 3 (x+1)2

If we rewrite the final coefficient of 4/3 as 12/9, we can factorise out the common factor of
1/9, allowing us to write down our expansion rather more neatly as:

1( 7 7 12 >
9\x—2 x+1 (x+1)2

Interestingly, we find that the numerator of the term with denominator x — 2 does in fact turn
out to be the same as we found it to be in the case of our earlier two-term expansion.

Just as before, it is probably best to check our working here, by creating the numerator we
would get if we re-expressed our three-term expansion as a single rational expression with the
common denominator (x —2)(x + 1)? and ensuring that it comes out the same as the
numerator in our original integrand. Once again, | propose to leave the common coefficient
of 1/9 out of consideration until the last stage of the comparison, to make the arithmetic
simpler.
The numerator our expansion would produce (without the coefficient of 1/9) is as follows:
7x+ 12— 7x—2)(x+ 1) — 12(x — 2)

Multiplying out the bracketed expressions in x turns this into:

7(x?2+ 2x+1)— 7(x> — x—2) — 12(x — 2)
and we can now multiply out the brackets to get:

7x% 4+ 14x+7 —7x* + 7x + 14 — 12x + 24
which, on adding everything up, gives the following result:

9x + 45

This, of course, when we reapply the factorised-out coefficient of 1/9, gives the same
numerator as our original integrand had, namely:

177



Algebraic and Trigonometric Methods

x+5
so we can be confident that our second expansion is also correct.
Carrying Out the Integration
We now turn to what should really qualify as the “main event” for this example, namely the
actual integration. All that precedes has merely served to get the integrand into a suitable

form for us to carry out this task. Using the three-term expansion we have just derived and
confirmed, we can now say that:

I'= ,f(x—;c)-;x5+ 1)2dx= %f(xzz_ xil_ (x121)2>dx

We will, of course, integrate the right-hand side term by term. In order to do this with as
much clarity as is possible, we will divide the right-hand side integral into three separate
integrals, and combine the solutions when we have dealt with them all. We will therefore use
the following notation:

I, = 7 dx,I, = 7 d dl; = —12 d
1_fx—z x'z_fx+1 xan 3_f(x+1)2 x

With this notation, our final solution will be made up as follows:

1
I = 5(11— I, — 13)

The first two of our three integrals can be written down quickly and easily, using the familiar
rule of integration which we have been bringing into play throughout this section. The
respective solutions are:

I;=7In|lx— 2|+ Cand I, =7In|x+ 1|+ C

The third of our component integrals is of a rather different form from anything we have seen
in this section so far, but it should not deter us, since we can bring another of the rules of
integration we derived using the method of substitution in Part 1 Section 7. The rule we need
is the following one:

n 1
f(f(x)) f'(x)dx = n—-l-l(f(x)n+1 +C

To use this rule, we can rewrite the integral /5 as follows:

1
I3= 12dex

and then apply our rule, with the following specific values for its placeholders:

f(x)=x+1,f'(x) = landn = -2
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Our chosen rule then predicts that:
1—121 +1) '+ C= + C

Applying these three solutions to the formula we stated a little earlier for the complete
integral I in terms of its three components I;, I, and I3, we can now give our solution to the
original integral as follows:

1—1(71| 21— 7Inlx + 1| + 12)+c
g\ nix X+ 1

(We should note that the minus sign which precedes the I term in our formula for I in terms
of its components has been changed to a plus sign by the minus sign in the solution to the
integral I5.)

We can simplify this by applying the rules of logarithms to the difference of two logarithms
inside the brackets, each of which share a common factor of 7. This gives us the following
neater final solution:

I= 1(71 |x_2 b — )+ ¢
ol M el T 1

Integrating the Two-Term Expansion

To conclude this example with the thoroughness which seems to be its due, we ought to look
at what happens when we try to integrate the two-term expansion of our integrand which we
derived as a first pass at a partial fractions expansion. Recalling what this two-term version
was, we note that it tells us the following about the integration of the original expression in

this example:
I_j x+5 dx = 1J( 7 7x+19)d
Tl ea-E+02 T 9l =27 G+ 12/Y

We would expect to integrate the right-hand side above term by term, so in line with our
earlier procedure, we will divide it up into two separate integrals as follows:

. 7 d dl = 7x+19d
1_jx—Z xandh = (x + 1)2 X

This will mean that our final solution will be made up of these two integrals using the
following formula:

1
I = 6(11_ 1)

The first of these can be dealt with very quickly: using the rule of integration we have
brought into play again and again in this section, we can write down its solution as follows\:

I, =7In|lx-2|+ C
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The second integral, I, is of the form:

ax+b

mdx or alternatively f(ax + b)(cx + d) Pdx

which is a type of integral which we were able to subdue using substitution, as demonstrated
in Part 1 Section 8.

Accordingly, we will deal with the integral I, by making the substitution:

du
u=x+1sothata=1anddx=du

We also note that simple rearrangement lets us say that:
x=u-1
This can be used to restate the numerator of our integrand as follows:
7x+19=7u—-1+ 19 =7u+ 12
Putting all this into place, we have the following integral in terms of u:

j’7u+12

7
—du = f—du+ leu‘Zdu
u u

The right-hand side here integrates very easily to give the following solution in terms of u:
12
7Inju|l — 12u' + Cor 7Inu| — 7+ C
We can now reverse the substitution to obtain the final solution for I,, which is:

I, = 7In|x + 1| 12+C
2= nix x+1

Applying our formula for the solution to the integral I in terms of its component parts, we can
see that we have arrived at the solution:

1—1(71| 21— 7Inlx + 1| + 12)+c
g\ ¥ nix X+ 1

which reduces exactly as it did the first time we obtained it to give:

xXx—2 N 12 )+C
x+1 x+1

1—1(71
_5 n

so that we find ourselves with the same solution as the one we obtained using the three-term
partial fractions expansion of our integrand.

180



Algebraic and Trigonometric Methods

Example 2
In the next example in this section, we will attempt to evaluate the following integral:

6x% + x+ 13

I'= (x—1D(x>+ 4)

dx

Can we deal with the integrand using the approach which has worked for us in the preceding
examples? This would require us to obtain values for A and B where:

6x%2 + x + 13 A N B
(x—Dx2+4) x—1 x2+4

Adding the fractions on the right-hand side using a common denominator and then equating
numerators will give us the following equation:

A(x*+ 4)+ B(x—1) = 6x*+ x + 13

Setting x = 1 will give us this equation for the value of A:

54 =20sothatA =4
We can’t choose a real value of x which makes the quadratic factor multiplying A take a zero
value, since this would require that x2 = —4! So our preferred technique for finding the
values of A \and B has been stopped in its tracks.
Perhaps we should try the simultaneous-equation approach in this case. To do this, we must
first multiply out the lest-hand side of the equation we obtained by equating numerators as
follows:

A(x*+ 4)+ B(x—1) =Ax?+Bx+4A—B
This gives us the following new version of the equation of the two numerators:
Ax*+Bx+4A—B = 6x*>+ x+ 13
Equating coefficients then gives us the following conclusions:
A=6,B=1and44A—-B =13

Pausing just long enough to notice that this gives us a different value for A from the value we
obtained by the method of selecting a useful value for x a few lines previously, we can also
see an inconsistency in these three pieces of information: if A =6 and B = 1, then 44 — B
will come to a value of 23, instead of 13 as our final equating of coefficients predicted.
We see that we have inconsistencies right across the board here. When we obtain

inconsistent results using reasoning which is usually expected to work, we are forced to the
conclusion that our original assumption must be incorrect. Taking particular note of what
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happened when we tried equating coefficients in the numerators, we might proceed to try to
express our integrand not in the simple form we had initially hoped for, but instead in the
following form:

6x*+x+13 A +Bx+C
(x—1Dx2+4) x—1 x2+ 4

Here, we will have a linear expression in x as the numerator of our second fraction, instead of
the simple constant which we were hoping for previously. Indeed, we might expect this to be
more appropriate since the denominator of the second fraction is itself a quadratic, rather than
a simple linear expression.

Let’s express our expanded version as a single fraction with a common denominator and
equate numerators, as we have grown used to doing. Our expansion becomes:

A(x*+ 4)+ (Bx+CO)(x—1)
x—1Dx2+ 4)

Since we are still unable to choose a real value for x which will make the factor multiplying
A take a zero value, we will immediately proceed to use the method of equating coefficients
in the numerators. To this end, multiplying out the numerator here will give us:

Ax*+ 4A+Bx?>*— Bx +Cx—C=(A+B)x*+ (C—B)x+44A—-C
and equating numerators produces the following equation:

(A+B)x>+ (C—B)x+4A—-C = 6x*+ x +13

Finally, equating coefficients will now yield the following three equations in three variables:

A+B=6
C—B=1
4A—-C =13

We can rearrange the second of these to express C in terms of B as follows:
C=B+1
Substituting this into the third equation gives:
4A—B —1=13sothat44A—-B = 14

Let’s now combine this with the first equation from our set of three to produce two equations
in two variables:

A+B =6
4A—-B =14

The first equation of this pair rearranges to give:
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B=6—-A
And we can substitute this into the second equation to give:
4A -6+ A =14sothat5A =20and A = 4

We are almost home and dry, since we have already derived simple expressions for both B
and C. Working through these, we arrive at the following results:

B=6—-—AsothatB = 2
C=B+1sothatC = 3

These conclusions allow us to restate our integrand as follows:

6x%2+ x+13 4 +2x+3
(x—Dx2+4) x—-1 x2+ 4

This time, by trying to find a solution where the numerator of our second term is a linear
expression rather than just a constant, we have succeeded in finding values for our
placeholders A, B and C. We have, however, had to do this by solving three simultaneous
equations, since we were unable to make use of the method of selecting appropriate values
for x to obtain separate equations for each of the placeholders. (But notice that this time —
because we had the numerator of our second fraction in the correct form — this usual method
did actually predict the final value for A.)

So far, so good — we are now left with the job of actually carrying out the integration.
Having divided the original integrand into two fractional expressions, we will naturally hope
to be able to integrate it term by term. To this end, let’s use some notation to keep track of
our progress. We have noticed that our integral can be split up into two terms, so that:

2x+3d
Xt 4

I =1+ I,,wherel; = f dx and I, = f

x—1

The first of these integrals can be written down almost immediately, based on the experience
we have gained in our previous examples; we have:

I, =4In|lx—-1|+ C

The second one, however, looks a little less of a pushover. We might approach it best by
again dividing it into two parts, since the integrand can be expressed in the following way:

2x+3_ 2x N 3
x2+ 4 x24+ 4 x24+ 4

We can therefore express our second integral in the form:

3
I, = I3+ I,,where I; = f dx and [, = f—dx

X
x%2+ 4 x2+ 4
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The integral I3 shouldn’t present us with too much difficulty; it actually comprises a perfect
function-derivative pair, and as such is an ideal candidate for the method of substitution. In
order to avoid a long blow-by-blow account, however, | will simply appeal to the rule of
integration we established in Part 1 Section 7 which states that:

G
f@)

dx = In|f(x)|+ C

where in our present case:
f(x) = x>+ 4and f'(x) = 2x
This lets us write down our solution straight away, so that:
L=1In(x*+ 4+ C

(Notice that we can dispense with our usual modulus brackets in this instance since x? + 4
will always be positive, because x? is always positive.)

The final integral, 1, is rather less familiar in the current context. It is, however, an example
of a standard integral we have encountered before in this book — the integral in question is
this one:

1 11
f—dx= —tan '—x+ C
x2 + a? a a

In the present case, a? = 4,so thata = 2, and we can once again write down our solution
immediately, as follows:

I—3t 1l + C
4—2an Zx

We have now finished the bulk of our task. It simply remains to tack together the various
component parts of our final solution. First, I, = I3 + I, which means that:

3 1
L= In(x*+ 4) + Etan‘1§x+ C

and finally, I = I, + I, so that:
3 1
I=4In|x -1+ In(x?> + 4) + Etan‘1§x+ C

This is, of course, slightly unusual as a solution to a job of integration using partial fractions;
however, the unusual element — an inverse tangent function at the end of the solution — is just
a natural consequence of the presence of x2 + 4 in the denominator of the second fractional
expression in our expansion of the integrand. | might also mention another example in this
book, where logarithms and inverse tangents appear in an alternating fashion in the various
solutions of the class of related integrals:
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xn
I =
n fx2+ 1dx

which are investigated in Appendix 5 Section 9.

Example 3

We conclude this section by attempting an example unlike anything we have seen so far here
(at least, that may be our first impression). We will look at the integral:

1
szx3_1dx

This differs from all of our previous examples in that the denominator of the integrand is a
cubic expression, and not presented in the form of a product of linear of linear and quadratic
terms. If we are to use the Method of Partial Fractions to get this into a form where we can
carry out the integration, then we will have to divide this denominator into at least two
factors.

From an inspection of the denominator as it stands, we might think that it could be expressed
as a product of the simple linear factor x — 1with some unknown quadratic. To see if this
speculation might bear fruit (and, incidentally, to find the unknown quadratic in question at
the same time) lets equate the product of x — 1 and the general quadratic ax? + bx + ¢ with
the denominator as we have it, and see if we can deduce any consequences of this equation.
We will therefore write:

(x—1D(ax?>+ bx+c)= x3—1
We might expect to get some useful information about the unknown coefficients a, b and ¢
by multiplying out the left-hand side and then equating coefficients of like powers of x. Let’s
start by working out what the left-hand side would give us. It multiplies out to produce:

ax®+ bx*+ cx— ax®*— bx—c

Gathering together like terms and equating the result with our original denominator produces
this equation:

ax3+ (b —-a)x*+ (c—b)x—c=x3-1
Equating coefficients gives us two immediate consequences:
a=1land—c= —1sothatc=1
So far, so good — we still have two other pieces of information, which constitute requirements
that must be satisfied for our proposed expansion to be possible. These are the equations of

the two remaining coefficients, which are:

b—a=0andc—b=0
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These arise because the denominator on the right-hand side of our equation contains no terms
in either x? or x, so that the coefficients corresponding to these terms must be zero on the
right-hand side.

Substituting into the above two equations our necessary values for a and c, the first of these
two equations of coefficients gives us:

b—1=0sothatb =1
Is this consistent with the second equation of coefficients? It gives us:
1 — b = 0 so that, once again, b = 1
Fortunately, then, we have a set of values for a, b and cwhich seem completely consistent.
(If equating coefficients above had given us inconsistent results, we would, of course, have

had to conclude that no factorisation of our desired type was possible.) The useful end result
of this reasoning, therefore, is that we can factorise the numerator of our integrand as follows:

- 1=Cx-Dx*+ x+1)
(I pause here to remark that this expansion may have been obvious already to many readers,

who will have learnt this result as a standard rule of algebra. It may even have seemed to
some no more than a special case of the more general rule:

a®> — b3 = (a—b)(a®+ ab + b?

As always in the course of this book, however, | have presented a derivation for the benefit of
those who do not know either of these results as standard algebraic rules.)

To return to the main plot, however: the factorisation we now have should mean that we can
express our integrand in the following form:

1 _ 1 _ A 4 Bx+C
x3—1 (x—-Dx2+x+1) x-1 x2+x+1

This proposed expansion would be in line with the partial fractions expansion we found
necessary in the previous example, where the original denominator was a product of one
linear and one quadratic factor.
As before, we will now re-express our proposed expansion, complete with its placeholders, as
one single fraction with the common denominator (x — 1)(x? + x + 1) and then equate the
numerator with our original numerator of 1. Our expansion in this restated form would have
the following numerator:

Ax?+ x+ 1)+ (Bx+C)(x—1)
This multiplies out to give the following:

Ax* + Ax + A+ Bx*— Bx+Cx—-C
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Gathering together like terms and equating with our original numerator, we arrive at:
(A+B)x*+ (A—-B+C)x+A-C=1

Equating coefficients in the way we have become accustomed to do produces the following
three equations in A, B and C:

A+B=0
A-B+(C=0
A-C=1

We can solve these quite easily. The third equation gives us the following expression for C
ion terms of A alone:

—C=1—AsothatC =A4-1
Substituting this into the second equation, we have:
A—B+A—-1= 0sothat2A—-B =1

By combining this with the first of our three equations, we now have the following two
equations in A and B:

A+B=0
2A—-B=1

The first of these can be rearranged to give:
B=-A

and this can be substituted into the second equation to give:

1
24+ A=1sothat34A =1and 4 = 3

The expression for B obtained above then produces:

B_1
T3

and finally the expression for C in terms of A which we obtained a little earlier then yields:

C—1 1= 2
3 -3

From these conclusions, we now have the following expansion for our integrand:

1 1( 1 x+ 2 )

x3 — 1=§ x—1 x24+ x+1
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made a little less inelegant by taking outside the brackets the common factor of 1/3 shared
by all the values we have found for our placeholders.

Can we now proceed to integrate this expansion? Well, we can first remark that our integral
I can now be expressed as follows:

I—l(fld f x+ 2 d)
“3Ux—1 2+ x4l

We have this divided our integral into two separate integrals, which, as we have done before,
we will name [; and I, where:

n= (X gx andz, = Xtz
= [ reandn = [ e

Our final solution will be obtained by combining the solutions to these two integrals using the
following formula:

1
I= 30— 1)

which reflects by means of the shorthand notation we have adopted the shape of the two-
integral formula for I which we were able to set out thanks to our use of the Method of Partial
Fractions to derive a two-term expansion for the integrand we began with.

The first of these two integrals is, by now, easy. We can write down its solution straight
away using the by now familiar rule of integration which we have applied again and again in
this section. Its solution is:

The second integral, I,, however, is not so simple. We have encountered an integral of this
type already in this book, however, in Part 1 Section 12. There, we found that we could
complete the square for the quadratic in the denominator, and then proceed by substitution,
and so that is what we will do here.

Completing the square for the denominator (using the formula for a monic quadratic which is
given in Appendix 3 Section 1 so as to sidestep a detailed explanation in the current context)
gives us the following:

2+ +1—( +1>2+3
X X =X 2 4

Not perhaps the most convenient result, but one we can use nonetheless. We will go on to
make the substitution:

1 1
u=x+Esothatx=u—§anddx=du

This gives us the following integral in terms of u:
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u+%
f 3dx
u2+z

We might at this point be tempted to multiply the numerator and denominator of the
integrand in u by a factor of 4, in order to get rid of the fractional terms. However, we will
resist this temptation, in order to follow through the procedure of Part 1 Section 12 Example
2, where we successfully integrated a function of the kind we have to deal with here. As in
that example, we will now divide the integral in terms of u into two separate integrals, which
we will name I;and 1, as follows:

u 3 1
I3 = du and I, = = du sothatl, = I3+ I,
2 3 2 2 3
u- + 7 u- + Z

I will go through the completion of this integration process fairly quickly, appealing to the
reasoning already given in Part 1 Section 12 Example 2 for any detailed justification which
may seem necessary.

Accordingly, we note that the integrand in I3 is of the classic form to make it suitable for
integration by substitution — it has the form:

kg'(f(w)f' W)

where:

1 3 1
gfW)=—= fW=u*+ o f@) = 2w k=5
u2+z

The solution can therefore be written down almost immediately — either using reasoning
exactly parallel to that used in the example from Part 1, or by quoting the formula we
established in Part 1 Section 5, to the effect that the solution will have the form:

kg(f(x))+ C

so that in this case:

1—11(2+3)+C
3—2nu 4

In the case of 1,, we will apply the standard integral set out in Appendix 4 Section 2:

1 1 1
Jﬁdxz—tan —-x+ C
xXc+ a a a

Taking into account the coefficient of 3/2 outside the integral sign, and noting that in
applying the standard integral to our present integral, we have:

189



Algebraic and Trigonometric Methods

3
a’? = — sothata = —
2
this gives us the following solution to I,
3 2 2 3 2 2
ILL==—tan'—u+ C= —tan"'—u+ C=+V3tan"'—u+ C
23T 3 V3 3 V3

We will now remind ourselves that I, = I3+ I,, and apply this formula to obtain the
solution to I, in terms of u:

1 3 2
I=—l(2 —)Vt‘l—
5 2nu+4+3an \/§u+C

We must now remind ourselves (since there has been quite a lot to think about since we first
established it) that the u-substitution which we made to arrive at this solution was:

u=x+ -
2

So that on reversing this substitution, we now have the following solution for I, in terms of x:

1—11 (+1)2+3+\/§t ‘12(+1>+C
2= Zin{{x+ 2 2 an \/§x >

A further reminder will be necessary here, to the effect that:
( + 1)2 + 5 _ 2 +x+1
X > 4 = X X

(Indeed, this was the equation we obtained when completing the square for the denominator
of our original integrand.)

This means that our solution for I, can be brought more in line with our original integrand by
restating it as follows:

1 2 1
I, = Eln(x2+ x+1)+\/§tan‘1ﬁ<x+ §)+ C

As the final step in this rather long journey, we will also remind ourselves that:
I = ! I I
- 3 ( 1 2)

so that our final solution looks like this:

1—1(l| 1 11(2+ +1) -3t ‘12<+1>)+C
—3nx an X an \/gx )
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Example 4

The last in this series of increasingly sophisticated integration problems which we will solve
using partial fractions — the piéce de résistance, as it were — will be require us to find a
solution to the following integral:

I= x 1 d
B f(x—Z)(xZ— 4x + 5)? x

The integrand here is another rational function, but this time one which contains a squared
irreducible quadratic factor in its denominator. It thus contains features from both Example
1 of this section (whose denominator contained a squared, or repeated, linear factor) and
Example 2 of this section (whose denominator contained an explicit quadratic as a factor).
We might expect, therefore, that we will see how best to decompose this integrand into
partial fractions by reminding ourselves of the expansions we obtained in those two
examples.

First, Example 1 gave us this expansion:

x+5 71 7 1 4 1
(x—2)(x+1)2 9'x—2 9x+1 3 (x+1)2

and in Example 2 we found the following expansion:

6x>+ x+13 4 +2x+3
(x—D@2+4) x—-1 x2+ 4

The salient points arising from these two expansions are these: where the denominator
contained a squared factor, it generated two partial fractions — one with the factor squared as
denominator, and one with the factor not raised to a power as denominator; and second,
where an irreducible quadratic factor was present in the original denominator, it generated a
partial fraction with a linear expression of the form we described as Bx + C in its numerator.

The first of the expansions reviewed above would seem to indicate that we should aim to
expand our current integrand in the following way:

x—1 _ AP 0
(x—2)(x2— 4x+5)2 x—2 x2—4x+5 (x2— 4x+5)2

where P and Q represent expressions of a type to be decided. We can, in fact, decide on their
nature fairly quickly, since the second expansion quoted above would seem to indicate that P,
at least, being the numerator of a fraction with a quadratic in the denominator, should be a
linear expression in x. We will also try assuming that the third numerator Q a linear
expression as well, and see if we can then find a suitable partial fractions expansion.

All this means, therefore, that we would expect to expand our integrand to a sum of three
fractional expressions in the following way:
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x—1 R 4 Bx +C + Dx+E
(x—2)(x2— 4x+5)2 x—2 x2—4x+5 (x2— 4x+5)2

As we have done in all our recent examples, we will now evaluate the numerator of a single-
fraction version of the above, using the common denominator (x — 2)(x? — 4x + 5)%. We
will then equate this with the numerator of our original integrand, and finally obtain values
for our placeholders (this time A to E - rather more than we have had to evaluate so far).

The numerator of a single-fraction representation of our desired expansion would therefore be
made up as follows:

A(x?> — 4x +5)2+ (Bx+ C)(x — 2)(x®> — 4x +5) + (Dx + E)(x — 2)
In order to put this into a form with all like terms gathered together, which will then let us
equate coefficients with our original numerator, we must first multiply out the two compound
expressions in x which this expression contains. These are:

(x2 = 4x+5)? = (x? — 4x)? + 10(x? — 4x) + 25

which multiplies out further to give:

x* — 8x3+ 16x% + 10x? — 40x + 25 = x* — 8x3 + 26x? — 40x + 25
and:

(x—2)(x?— 4x+5) = x3—4x? + 5x — 2x%? + 8x — 10
which simplifies to give:
x3— 6x%+ 13x— 10

Having done this intermediate working, we can then restate our numerator with placeholders
in the following way:

A(x* — 8x3 + 26x% —40x + 25) + (Bx + C)(x® — 6x% + 13x — 10) + (Dx + E)(x

We will multiply out this full expression in three stages, corresponding to the three terms it
contains. These multiply out to give the following three expressions — first:

Ax* — 8Ax3® + 26Ax* — 40Ax + 254
Second:
Bx* — 6Bx3 + 13Bx? — 10Bx + Cx3 — 6Cx? + 13Cx — 10C
which simplifies further to the following:

Bx*+ (C—6B)x3 + (13B — 6C)x% + (13C — 10B)x — 10C
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and finally:
Dx? — 2Dx + Ex — 2E = Dx* + (E —2D)x — 2E

We can now gather together like terms by adding these three expressions together term by
term. This gives us the following coefficients for each power of x in our numerator
expression:

(A+ B)x*
(C — 6B — 8A)x3
(26A + 13B — 6C + D)x?
(13C —10B —40A+ E — 2D)x
25A —10C - 2E

Equating the coefficients as summarised above with the numerator of our integrand, which
was x — 1 (and therefore has zero coefficients for all powers of x greater than 1), we have the
following five equations in our five variables A to E:

A+B=0
C—6B—-—84=0
26A+13B—-6C+D =0
13C —10B—40A+E-2D =1
25A—-10C - 2E = -1

We have not so far attempted to solve five equations in five variables, but | propose to
illustrate a solution here, using the same method which | have adopted on every previous
occasion: | will successively obtain an expression for each of the variables from E down to B
in terms of the variables preceding them in the alphabet, and this will finally lead to a simple
equation for the value of A. Successive expression for B to E in terms of earlier letters will
then allow us to read off the remaining values without difficulty.

We will start, therefore, by taking the fourth equation (which contains a term in Ewith a
coefficient of 1) and rearranging it to give the following expression for E in terms of the
other variables:

E=40A+10B—-13C+2D +1

The only other equation which contains a term in E is the fifth and final one. Substituting our
expression for E into this equation gives us:

25A —10C —80A—20B +26C —4D -2 = -1
and this simplifies to:
16C —55A—-20B—-4D =1

Restating the other three equations and adding this one gives us these four equations in four
variables:

A+B=0
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C—6B—-84=0
26A+13B—-6C+D =0
16C —55A—-20B—-4D =1
The third of these rearranges to give us a simple expression for D:
D =6C—26A—13B
and this can be substituted into the fourth equation in the last list to give us:
16C —55A —20B —24C + 104A+52B =1
which simplifies to:
32B+49A—-8C =1
We now have the following three equations in three variables:
A+B=0
C—6B—84=0
32B+49A—-8C =1
The second of these rearranges to give us the following expression for C:
C=8A+6B
Substituting this into the third equation in the most recent list gives:
32B+49A —-64A—-48B =1
which simplifies to give:
—15A—-16B =1
We can multiply both sides by —1 to remove the opening minus sign and obtain this:

154+ 16B = -1

We have now progressed to the extent that we have just two equations in two variables.
These are:

A+B=0
154+ 16B = -1

As our final step, we rearrange the first equation in this pair to giveB in terms of A as
follows:

B= -4
and then substitute this into the second equation of the pair. This produces:
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154 —16A = —-1sothat—A = —1lord=1

We have now actually found an explicit value for A. We can now make use of all the
expressions for specific placeholders which we have so far obtained and values for the other
placeholders from B to E should emerge happily. As well as our explicit value for 4, 1 list
each of these here:

A=1
B= -4
C=8A+6B

D =6C —26A—13B
E=40A+10B—-13C+2D +1

Evaluating each of these in turn, with the advantage of a progressively larger set of available
values at each stage, we obtain the following explicit values for the full set of placeholders:

A=1
B= -1
C=2
D= -1
E=3

These results mean that we can now write down the linear expressions which we expected to
find as the numerators of the second and third fractional expressions in our expansion. The
expressions are as follows:

Bx+C= —x+2= —(x—2)
Dx+E= —x+3= —(x—3)

I have moved the opening minus sign outside a bracketed expression in both cases, so that we
don’t have an opening minus sign in the numerators of the final expression, but can instead
change the plus sign separating each fractional expression to a minus. This gives us the
following partial fractions expansion for our integrand:

x—1 1 x—2 x—3
(x—2)(x2— 4x+5)2 x—2 x2—4x+5 (x2— 4x+5)2

(Some textbooks prefer to change the order of the terms in the two linear numerators, which
would give us the following expressions:

Bx+C= —x+2=2-x
Dx+E= —x+3=3—x

and produce the following equivalent partial fractions expansion:

x—1 1 N 2—x N 3—x
(x—2)(x2— 4x+5)2 x—2 x2—4x+5 (x2— 4x+5)2
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I have chosen to stick with an ordering which has the x terms first, partly on grounds of taste,
and partly for consistency with the kinds of expression we have grown used to seeing while
examining the current topic.)

Example 4: Carrying Out the Integration

Now we have split our integrand up into an expanded version comprising three separate
terms. We will now try to integrate each of these terms — the “main event” if you will, to
which the previous piece of extended algebra was but a prelude. Integrating term by term, we
can now define three separate integrals as follows:

1—f1d1—f 2, dl—f =3 4
1 ) x =27 | e g s AN T (x2—4x+5)2x

When we have evaluated each of these, we will be able to use their solutions to put together a
final solution to the main integral I using the formula:

1211_12_13

To get us off to an encouraging start, we can, of course, write down the solution to I; using
the by now familiar rule of integration which lets us say that:

=Inlx—-2|+ C

The second integral, I, is of the form we examined in Part 1 Section 12, where we evaluated
integrals like this one using a multi-stage process. The first stage to dealing with an
integrand which had an irreducible quadratic expression for its denominator was to complete
the square for that quadratic. In our present case, this process (refer to the formula derived
for monic quadratics in Appendix 3 Section 1 if necessary) gives the following result:

x?—4x+5=(x—2)*+ 1

This means that we now have to integrate the following:

J(x— 2)2 + 1

Following the approach of Part 1 Section 12, we will make the substitution u = x — 2, which
gives us the immediate bonus of providing the simple equivalence dx = du. Our integral in
terms of w is therefore:
|7
w1t

While we might note in passing that this contains a function-derivative pair with a hidden
constant coefficient, and so is a candidate for a further simple substitution, we might also
refer directly to the collection of standard integrals set out in Appendix 4 Section 2, where we
will learn that:
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x 1
fx2+ 1dx= Eln(x2+ D+C

along with a reference to Part 2 Section 7, where its solution by substitution is sketched out.

In our present circumstances, then, we can quote this standard integral to give the following
solution in terms of u:

f Y = Szt e
2y = g+ D

Reversing the substitution, we obtain the following solution in x:
1
Eln((x -2’2+ D+C
We further note that the expression inside the logarithm function is simply the completed-

square version of our original quadratic denominator, so that we might prefer to put this
solution into a form closer to that of the original integrand by rewriting it as follows:

1
I, = Eln(xz— 4x +5)+C

We can shortcut the reasoning set out above, however, by noticing that the original integrand
in I, is of a form we are familiar with from the work we did in Part 1 on integration by
substitution: that is, it has the form:

kg'(f(0)f'(x)

where:

X — , _1
x2—4x+5'g(x)_ x

g(f) =
f(x)= x?2— 4x+5; f'(x) = 2x — 4,so that %f’(x) = x — 2 and thus k = %

Since we can conclude from the above that g(x) = In|x|, the reasoning of Part 1 Section 5
allows us to write down the solution to I, directly as:

1
kg(f(x)+ C = E1n(x2 — 4x+5)+C

All that remains now is to integrate /5. Having noted the remarkable convenience of the
numerator x — 2 which was present in I,, we will immediately restate the integrand of I5 as
follows:

x—3 x—2-1 X —2 1

(x?— 4x+5)2 (x2— 4x+5)2 (x2— 4x+5)2 (x%— 4x+5)2
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Example 4: Integrating I5

We can then go on to integrate I; term by term, dividing it into two separate integrals as
follows:

dx and I5 = f(xz ar 5)2

f (x2 — 4x + 5)2
noting that we will be able to reconstruct a solution to the integral I; using the following
formula:

Iy = I, — I

Immediately, we see that 1, can be treated in the same way as I,. We will use the shorthand
method here, quoting the general rule for straightforward u-substitution and remarking that in
this case, once again we have the standard form for the application of the substitution
technique, where:

, x—2 , 1
g'(ft) = a5 I W= 2

1 1
f(x) = x*— 4x+5; f'(x) = 2x — 4,so that —f (x) = x —2and thusk = 5

Clearly, the only difference here is the function g'(x). We can rewrite this as:

' 1
g'(x) = x2sothatg(x) = —x~1 = —
The solution can now be written down quickly as:
L =kg(f()+ C = ! +C
s =kg(f(x = AT D)

We now move on to consider Is. Here, we will begin by completing the square (as we have
done before) for the quadratic in the denominator. We recall that:

x?—4x+5=(x—2)?>+ 1

So our integral becomes:

f (G=22+ 2%

As we might expect after completing the square, we will substitute u = x — 2 which gives us
the simple equivalence dx = du and the following integral in terms of u:

_t 4
f(u2+ Dz
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Since we now have an expression in the denominator of the form u? + a?, where in this case
a =1, we will try tangent-substitution as our next step. We will therefore substitute
tan v = u, so that:

du 5 du
— = sec“v and thus dv = >
dv sec?v

Putting in place these substitutions, the denominator becomes:
(tan?v + 1)? = (sec?v)? = sectv

Taking into account the expression for dv, this gives us the following integral in terms of v:

1
f > dv
sec2v

This may initially leave us scratching our heads and doubting whether we have taken the
right approach. However, it is important to bear in mind the definition of sec x, which is as
follows:

1

1
so that = cosx and, of course 5= = cos?x
0S X secx sec2x

secx =

Our integral in terms of v now becomes:
J cos?vdv
We can deal with this using the trigonometric identity which states that:
1
cos?x = 5 (1+ cos2x)
so that:
1 1 1
fcoszvdv = Ef(l + cos2v)dv = E(U + EsinZv) + C

We are now almost home and dry. We complete this process by reversing the substitutions —
first, returning to an expression in terms of u, we have, since v = tan™! u:

1 1
E(tan‘lu + Esttan‘1 u) + C

As we have done before in these pages, we can simplify the rather ugly expression
sin 2 tan~1 u using the following trigonometric identity derived in Appendix 4 Section 4:

2u
uz+1

sin2tan"lu =
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In order to use this identity to make our solution to the integral I5 in terms of u a little more
elegant, we first remark that the term of our solution which we wanted to improve now looks
like this:

u
uz+1

5 sin2tan"lu =

So that our solution in terms of u now takes the following form:

% (tan_1 u+

u2+1)+C

Finally, reversing the u-substitution with which we began - we may recall that this was
u = x — 2 - we have the following solution to I in terms of x:

1 1 )
—(tan (x — )+—(x—2)2+1

C
) )+

Before we declare ourselves satisfied with this solution, we ought to recall just one more time
that:

x2—4x+5= (x—2)*+ 1

which was the equation we obtained by completing the square for the quadratic in our
original denominator. This lets us write down the following final solution for I5:

I—1<t Ay 42 >+C
s = 70 (x=2) x2— 4x +5

The intermediate integral I; which we have been evaluating here was defined using the
following formula:

I3= 14__15

In order to apply this formula, we will recall the solutions we have obtained for the two
intermediate integrals I, and Is. These are as follows:

1

T2 4x+5) ¢

I4=

I—l(t Ay 2 >+C
57 2 an™(x ) x2— 4x+5

We can now put these together to obtain a solution for I3 using our formula. Showing the
coefficients of 1/2 which seem to be present in both intermediate integrals as they apply to
each individual term, our first draft of a solution to I; will be as follows:

1 1 Lo 1 x=2
¥ —dxgs 2z (=2 - 5 m T
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The two rational expressions in the above solution can be added together (since they have the
same denominator) to produce the following, once we factorise out the common factor of
—-1/2:

1 14+x-2 1 x—1

2 x2— 4x+5 2 x%— 4x+5
This lets us rewrite our solution for I5 as:

x—1 1
I, = — — —tan"'(x—-2)+ C
3= Ty —dxgs5) ZEn (@ DH

Example 4: Putting the Parts Together

All we now have to do is to put together the results of the various integrations we have just
carried out in order to find the overall result for the original integral 1. We will first recall the
formula we set out when we decomposed the original integral into three parts we have now
dealt with.

The overall solution to the original integral I can now be constructed using the following
formula:

1211_12_13

We must now recall our earlier solutions to the intermediate integrals I;, I, and I3. These are:

1
I, = Eln(xz— 4x +5)+ C
x—1

1
I = — ~ Ctanl(x -2
3= T —ax+5) 2Pn (DL

Our formula for the solution to the original integral I can now be applied to give us this
solution:

x—1 N
2(x? — 4x +5)

1 1
In|x — 2| — Eln(x2 — 4x +5)+ Etan‘l(x—Z) + C

(We note that the minus signs present in the intermediate solution to I3 have been turned into
plus signs by the minus sign preceding I3 in our formula.)

Reordering the terms of the above expression to bring the pure rational expression to the front

(since this was the form of the original integral) we can now write down our final solution as
follows:
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[ = x—1
~ 2(x2— 4x +5)

1 1
+ In|x — 2| — Eln(x2 — 4x+5)+ Etan‘l(x— 2)+ C

3 Summary of Partial Fractions Applied to Integration
It will be worthwhile \at this point to summarise what we have learnt by example in the two
preceding sections about how we can use the Method of Partial Fractions to help us integrate
some rational expressions.

I will divide this summary into three portions, each relating to the simplification of
expressions with a particular class of denominator.

Denominators with Linear Factors

The general form of the rational functions of this type which we dealt with in Section 1 above
took one of the following two types:

px+q px +4q
(x +a)(x +b) or x+a)(x+b)(x+c0)

Most of our examples only had two linear factors in the denominator, but we did deal with an
example containing a three-factor denominator in Section 1 Example 4.

In Section 1 Examplel, the coefficient p in the numerator had a value of zero, so that the
numerator comprised a constant term only. Examples 2 and 3, however, did exhibit
numerators of the more general linear form.

We found that rational expressions of this form could be expanded into the alternative forms:

A B A B C
+ or + +
x+a x+b x+a x+b x+c

depending on the number of linear factors in the denominator, and where A, B and C are
numeric constants.

The constants A, B and C were determined using one of two alternative approaches, both
requiring us to obtain an expression for the numerator which would appear if we were to
combine the expanded version into one single rational expression. This numerator, which
would be presented containing instances of the placeholders A, B and C, was then equated
with the numerator of the original rational expression.

In the case of the rational expression with two factors in its denominator, the two-term
expansion would take the following form if we were to rearrange it as one single expression
with a common denominator:

A(x+b)+ B(x +a)
(x+a)(x+Db)

Equating the numerator of this expression with the numerator we started out with would give
us the following equation:
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A(x+b)+ B(x+a)=px+gq

The first method (and by far the simpler of the two) we have used to determine values for the
placeholders A and B requires us to note that the above equation must be true for all possible
real values of x. We can expect, therefore, to be able to select an arbitrary value for x which
just happens to make one of the bracketed factors multiplying one of the placeholders take a
value of zero. In the above general case, we would select the value x = —a, which reduces
our equation of numerators to the following:

Alb—a)=q—ap

by making the factor x + a become zero. This equation can be easily solved to obtain a value
for A - note that in a practical situation, we would obtain an equation of the form:

rA=s

where r and s are numbers. For those interested, the general solution for A in our symbolic
case would of course be:

q—ap

A=
b—a

An exactly similar approach can be taken to find the value of B, in our symbolic case by
selectingx = —b

The second method which we used requires us to multiply out the left-hand side of our
equation of numerators so as to above at the following restated equation:

Ax+bA+Bx+aB =px+q
We can gather like terns together to obtain this version:
(A+B)x+bA+aB =px +q

By now simply equating coefficients (ie equating the coefficients of x and also equating the
constant terms) we will obtain two simultaneous equations in A and B - in our symbolic case,
these will look like this:

A+B=p
bA+aB =q

In practical cases, where everything in these equations except for A and B is a number,
solving these simultaneous equations will provide us with values for A and B.

Both methods will work equally well in the case of the three-term expansion of a rational
expression with three linear factors in the denominator — in particular, | tried to show in my
remarks following Section 1 Example 4 that the first method (choosing suitable values for x
in order to obtain simple equations for each of the placeholders) should always work in cases
where we start out with three factors in the denominator of our rational expression.
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In dealing with the more complicated types of rational expression which follow, however,
we came to find that the simultaneous equation approach was the most useful — since in some
cases, no suitable value of x could be chosen to allow the first method | have described
method to work.

A third method is sometimes taught in older textbooks, which is closely related to the first
method | have used in this book, but a little more sophisticated — and perhaps even a more
rapid way of getting results. For completeness, and for the benefit of those who might prefer
it, I have given an account of this so-called “cover-up method” in Appendix 3 Section 3.

The expanded forms of our rational expressions, once obtained using the methods just set out,
could then be integrated term by term using the following rules of integration:

1
f dx = In|lx+k|+ C
x+k

and, in the case of more general linear factors appearing in the original denominator:

1 1
f dx = —Inlax+ b|+ C
ax+b a

(We note that these rules of integration could be stated in a more useful and relevant form as
follows:

K 1
f—dx=Kf dx = Kln|x+k|+ C
x+k x+k

and:

K 1 K
f dszf dx = —Inlax + b|+ C
ax+b ax+b a

to emphasise than a constant numerator other than 1 is no barrier to their use. Indeed, we saw
in Section 1 Example 3 that fractional values of the constant in the numerator don’t prevent
us using the rule either.)

We also saw in the last example in Section 1 that expressions with a quadratic numerator and
three linear factors in the denominator — that is, expressions of the form:

px?+ qx+r
(x+a)(x+Db)(x+0)

could also be restated in the form:

A B C
+ +
x+a x+b x+c

and then integrated term by term like those with linear numerators.
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Denominators with Repeated Linear Factors
We began Section 2 above with the integration of an expression of the following form:

ps+q
(x + a)(x + b)?

The denominator here can be regarded as containing a repeated factor of x + b.

We obtained two different expansions for this kind of expression — one with two terms and
one with three. These expansions had the following forms:

A 4 Bx +C q A 4 B 4 C
x+a (x+b)2an x+a x+b (x+b)?

In each of these two cases, the final term could not be integrated using the simple rule of
integration which had worked for us up to this point, so that different techniques had to be
called into play.

The integral:

Bx + C
x+b)2 ™

was dealt with using the substitution u = x + b, and the integration of the final term in the
three-term expansion:

was carried out using another of the rules of integration we derived from the method of
substitution in Part 1, namely:

n 1
[ = =@+

(In the present case, we note that n = —2, a negative power.)

Denominators with Quadratic Factors

Examples 2 and 3 of Section 2 concerned integrands with an irreducible quadratic factor in
their denominators. These were of the general form:

px?+ qx+r
(x+a)(x?+ bx +c¢)

We were able to obtain expansions for these expressions on the following model:

205



Algebraic and Trigonometric Methods

A Bx+C
+
x+a x%+4+ bx+c

Two different techniques were used to integrate the second term of this expansion (although
the first of these could only be applied because in Section 2 Example 2, the coefficient b was
zero). In general, we would have to solve this integral by first completing the square for the
quadratic in the denominator and then using substitution as we did in Part 1 Section 12. The
resulting integral in terms of u could then be solved by splitting it into two separate terms and
using a further substitution or the rule of integration which states that:

1 1 11
fﬁdx= —tan " —x+ C
x*+ a a a

to complete the process.
Denominators with Repeated Quadratic Factors
Section 2 Example 4 took things one last step further by requiring us to integrate an

expression with a squared (or “repeated”) irreducible quadratic factor in the denominator.
The integrand we dealt with was of the following form:

px +q
(x +a)(x?+ bx +c)?

The expansion we managed to produce for the expression in this example was of the
following form:

A + Bx+C 4 Dx + E
x+2 x4+ bx+c (x2+ bx+c)?

Since this expansion contained no less than five placeholders spread across the various
numerators, we were confronted with five simultaneous equations in five variables to solve.
Once this was done, we were then left with the task of integrating the resulting expansion
term by term.

The first term was a prime candidate for the usual rule of integration which we have used
repeatedly in the simpler partial fractions examples. The second term was dealt with by
completing the square for the denominator and then using substitution. We ought to note
that, despite being of a similar form to the second term we obtained in Section 2 Example 3,
the different numerator and denominator gave rise to a completely different solution to the
integral.

The third term, containing as it did a squared quadratic as its denominator, required a little
more thought. We solved the problem by dividing the integral into two terms, and then
applying a combination of completing the square, multiple substitutions (including a
trigonometric substitution) and the simplification of an expression which combined a
trigonometric function and an inverse trigonometric function. This was by far the most
challenging integral so far in this book, calling for a combination of techniques and some
additional manipulation of trigonometric functions.
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4 Power Substitution and Partial Fractions

As a postscript to our fairly detailed look at integrals which required the use of partial
fractions expansions in their solution, this section will concern itself with some integrals
where power substitution is the first step in their solution, but where we end up having to
obtain a partial fractions expansion in order to complete the job. This topic is fully in the
spirit of this third part of the book, since we will plainly require more than one technique to
solve the problems which are presented here.

In general shape, the integrands in this section will be rational functions which contain roots
— it will be these roots which need the application of power substitution. However, the
integrands’ status as rational functions will require us to call on the Method of Partial
Fractions in order to prepare these expressions fully for integration.

Example 1

Our first example will be the following integral — innocent enough in appearance, but, as we
shall see, calling for some careful work when we come to evaluate it;

I=j v dx
x—1

The square root in the denominator might be expected to suggest the use of power
substitution (as long as we remark beforehand that nothing like a function-derivative pair is in
evidence here to point us towards a straightforward u-substitutionm). We will therefore take
the usual step of making an algebraic substitution calculated to remove the square root from
our consideration. This substitution will be:

x = u?sothatvx = yu2 =u
Differentiating x with respect to u will give us the following:

dx
— = 2u sothatdx = 2u du
du

We can now put these results back into the original integral to obtain the following revised

integral in terms of u:
u 2u?
fuz— 1.2udu= fuz— 1du

Now the integral which remains on the right-hand side above, if we temporarily remove the
constant coefficient of 2, is of the form:

x"+ a

which we explored in Appendix 3 Section 2 (having encountered this kind of expression
when discussing substitution in Part 1). In the present case, of course, we note that a = —1.
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So let’s see what we can do with the present expression, again removing the coefficient of 2
for the moment (we will be sure to bring it back later!). We can apply the technique from
Appendix 3 to “reduce” this rational expression by adding and subtracting 1 in the numerator,
as follows:

u? _u2—1+1_u2—1+ 1 14
uz—1  u2—-1  u2—-1 u2-1 uz—1

So far, so good. Let’s be sure to put back our coefficient of 2, which now multiplies the
whole of the “reduced” version of our expression, leaving us with the following integrand:

2
uz—1

2+

Having taken this step, we find that the rational term in our new expression is still not,
perhaps, entirely to our taste. However, as we have done before in our look at partial
fractions expansions, we can usefully recall at this point the algebraic identity:

a?— b>=(a—b)(a+b)

which will allow us to rewrite the denominator of the rational term as the product of two
linear factors, as follows:

2 2
uz—1 (w—-1Du+1)

The right-hand side here is ripe for the use of the Method of Partial Fractions, so let’s
immediately get down to obtaining an expansion of the following form — the most basic form
for a partial fractions expansion:

2 A N B
u-1Du+1) u-1 u+1

As usual, we want to re-express the right-hand side as a single fraction with the common
denominator (u —1)(u+ 1), and then equate its numerator with the numerator of the
expression we started with. | hope that by this time |1 might be excused for cutting straight to
the chase and just writing down the equation of numerators which will result; this equation is:

Au+1D+ Blu-1) =2
Luckily, the position now could hardly be simpler: we will choose values of u which will
make each of the two bracketed expressions take the value zero in turn. From these two
choices we will obtain simple equations for the values of A and B.
First, then, let’s set u = 1; this yields:

24 =2sothatA=1

Second, we must choose u = —1; this gives our second equation:
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—2B =2sothatB = -1
We can now write down our partial fractions expansion in the following way:

2 1 1
u-Du+1) u-1 u+1

Returning to our integral in terms of u after this series of necessary manipulations, we can
now rewrite the integral in the following way:

fuzz—lid”:f(“ (u—1)2(u+1)>d“

The partial fractions expansion we have obtained now lets us expand this further, into the

following form:
de +j ! d j ! d
u u—1 u u+1 u

These three integrals can be dealt with easily — the first using a standard rule of integration,
and the second and third by applying the rule of integration:

1
f dx = In|lx+k|+ C
x+k

which we have used repeatedly in the present context. We can therefore write down our
solution in terms of u as follows:

2u+ Inju—1| - Inju+ 1|+ C

We can tidy this up further by applying the by now familiar rule of logarithms:

Ina— Inb = ln(%)

from which we obtain this new version of our solution:

+1

2u+ In
u

| +C
All that remains is to reverse the substitution. We recall that this was:

x = u?sothatu = Vx

Hence, our final solution in terms of x is found to be the following:

Vx—1
Vx +1

[ = 2vVx+ In

|+ c
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Example 2

We will continue with the following more challenging integral, which immediately has a
rather threatening loo to it:

dx

f Vi —x
I = >

X
Since we have the square root of a linear expression in the denominator, we will immediately

try using power substitution to remove the root from consideration. Our substitution, in line
with the practice we established in Part 1 Section 9, ought to be as follows:

4—x=ulsothatVd—x= Juz=u
Rewriting our substitution formula to make x the subject gives us:
x =4 - u?
Differentiating this with respect to u produces the following information:

dx
— = —2usothatdx = —2udu
du

Let’s put all these facts back into our original integrand in order to obtain our integral in
terms of u. This will be:

u o)y = —2u? p
f(4— uz)zl(_ wdu = f(4— u?)? "

(Notice that, as we have already seen when using power substitution, the powers of u are
already ramping up.)

We will find it convenient and a bit more familiar to note that in the denominator of the
integrand:

4—u?=—(ut- 4

and since the square of a quantity a is always equal to the square of —a, we can go further
and say that:

(4 _ u2)2 — (u2 _ 4)2

So that the integral can be rewritten as:

—2u?
f(u2 - 4)2du
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At this stage, we should take a long look at the expression in brackets in the denominator of
the integrand, and notice that it is a difference of two squares. We can use this fact to rewrite
the integrand as follows:

—2u? —2u? —2u?

(u? — 4)2 B ((u - D(u+ 2))2 - (u—2)%(u+ 2)?

Now this is a rational expression of the kind we have met with already when working with
partial fractions, - in this case with two repeated linear factors in the denominator. Using the
appropriate case from the classification of rational functions we set out in Section 3 above,
this particular expression should be equivalent to an expansion of the following form:

A 4 B 4 C 4 D
u—2 W-2? u+2 (u+2)?

Now let’s proceed to form a single rational expression from the expansion, using the common
denominator of (u — 2)%(u + 2)2. This will be as follows:

Au—2)u+2)>+ Bu+2)?>+ Clu+2)(u—2)2+D(u—2)>?
(u—2)%(u+2)?

Equating the numerator of this expression with the numerator of our original integrand in u
gives us this equation:

Au—2)u+2?2+ Bu+2?+ Clu+2)(u—2)2+D(u—2)%= —2u?
Before going to the trouble of all the necessary multiplying out which we would need before
we could equate coefficients, it might be quicker to see how far we can get by choosing
useful values of u and then solving the resulting rather simpler equations
It’s difficult to see what value of u we could choose to leave us with a simple equation in A,
since the other three placeholders do not share a common factor. However, we do find that

A, C and Dall share a common factor of u — 2, so that setting u = 2 will make this common
factor take a zero value, leaving us with the following equation in B alone:

1
16B = —8sothatB = —3

A similar choice, u = —2, will make the factor u + 2 take the value zero, leaving us with an
equation in D alone. This equation is:

1
16D = —8sothatD = —3

These two results mean that we can now rewrite our equation of numerators as follows:

Alu—2)(u+2)% — %(u+2)2+ Clu+2)(u—2)>*- %(u—Z)2 = —2u?
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We have already remarked that no simple choice of value for u is available to leave us with
an easy equation in A alone. The same problem faces us with respect to C. We might expect
now to be faced with the necessity of multiplying out all the bracketed expressions in u on
the left-hand side of the equation and then equating coefficients of powers of u to determine
A and C.However, it would be natural to have an instinctive reluctance to pile straight into a
complicated piece of algebra unless it is absolutely necessary.

In this case, | am going to propose an alternative way of determining values for the two
remaining placeholders which we have not used before when constructing partial fractions
expansions. We have noted in several of the examples presented here that we would expect
the equation of numerators we have obtained to hold good for all possible values of the main
variable (u in the present example). In order to find the values of B and D, we chose values
which would leave us with simple equations in those placeholders alone: we did this by

ensuring that our chosen values made the factors multiplying the other placeholders take the
value zero.

Let’s see how useful it might be to choose other, arbitrary, values for u and examine the
resulting versions of our equation of numerators. To start with, let’s choose the value u = 0;

this is a useful starting point, since it makes the arithmetic we have to perform as a result of
our choice particularly easy. This value transforms our equation of numerators into:

1 1
A(=2).4= 5.4+ C.24 = 5.4=(-2).0

Completing the necessary arithmetic, we arrive at the following equation:
—84—-2+4+8C—-—2=00r8C—-—84=14
If we take the final step of dividing both sides by —4, we will be left with this equation:
20—-2A=1

which is clearly an equation in two variables., so that we will need one more equation in A
and C in order to determine these values.

Let’s now choose the “next simplest” value for u - the value u =1. Our equation of
numerators now becomes:

1 1
A.(—1).9 - 5.9 +C.3.1—- > 1=(-2).1
The various calculations in this equation evaluate to give us the following:

9 1
—9A—§+ 3C—§= —20r—94+3C =3

Dividing both sides by 3 and making a small rearrangement to avoid an opening minus sign,
this will give us the following equation in A and C:

C—-—34A=1
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We will now draw together the two simultaneous equations in A and C which we have now
obtained by substituting successive values of u into our equation of numerators. These two
equations are:

20-2A=1

C—-—34=1

This pair of simultaneous equations is not difficult to solve, in comparison with some of the
herculean efforts we have made previously with more complicated systems of equations.

First of all, the second equation of the two can easily be rearranged to give an expression for
C interms of A. This rearrangement is as follows:

C=34+1
We can then substitute this expression for C into the first equation, to arrive at:
6A+2—-2A=10r44= -1

The solution to this equation is, of course:
A= —

And by finally substituting this into the expression for C in terms of A which we obtained a
little earlier, we have the following as a value for C:

C = _Z+ 1 or, more simply C = 7

We now have values for all four of the placeholders in our partial fractions expansion. These

are, in summary

A= B= Lt c-taap= 1L
T TP T s T gandrE Ty

Putting these values for our placeholders into the framework we established for our partial
fractions expansion thus gives us the following expansion for our original integrand:

—2u2_1111+1111
u—-2)2wm+2)?2  4u—-2 2Ww-2)2 4u+2 2 @w+2)?

(I have positioned the placeholders as coefficients multiplying each rational term in the
expansion both to avoid the ugliness of fractions in numerators, and to prepare the way for
what is going to happen next when we set out our approach to the integration of our expanded
integrand.)

In order to see how we can now best proceed with the actual task of integration, I will now
show how we can divide up this task. | will rewrite the integrand in terms of u in the form in
which we first encountered it, and also place the third term in our expansion at the beginning
S0 as to remove the opening minus sign. The integration task now looks like this:
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f_zuzd—lfldlfldlfldlfld
w— a2 T a2 a2 2 =™ T 2 w22 ™

Under this rearrangement, the integrals in first two terms can be evaluated easily, using the
same rule of integration which we have applied again and again when working with partial
fractions expansions. Their integrals are:

Inlu+2|+ Cand In|Jlu—2|+ C
respectively.

The third and fourth integrals will not respond to this rule. They can, however, be integrated
using the rule which states that:

n 1
j-(f(x)) f'(x)dx = n—-l-l(f(x)n+1 +C

In the case of the third term, we can apply this rule in terms of u with the following
substitutions:

f(w)=u—-2,f'(u)= landn = -2

According to the rule we have chosen, the third integral in the expansion evaluates to:

1 1
—_— —2 -1 C ) tl y C
1 (u—2)"" + C or,more neatly y— +

The same rule can be applied to the fourth integral in our expansion, with one alteration, to
the effect that this time f(u) = u + 2. The fourth integral therefore evaluates to:

1 1
—I(u+2)_1+ COI‘Simply—m-F C

We can now gather all these results together, making sure to apply all the fractional constants
which precede each integral in our expansion, and obtain the following solution in terms of u:

1 1
2m=-2) 2+

1l| + 2| 1l| 2| C
7 nlu 7 Infu

The first two terms here have a common coefficient of 1/4, so we can rewrite them as one
single term, using the by now familiar rule of logarithms:

Ina— Inb = ln(%)

This turns our solution in terms of u into the following neater version:

u+2 1 1

w2 2m=2 2+ ¢

1l|
4n
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All that now remains (if we can recall that all this partial fractions work arose from the use of
a substitution) is to reverse our substitution.

We must first remind ourselves that our substitution was as follows:
4 —x = u?sothatu =vV4 —x

We can therefore now write down the final solution to our original integral in terms of x as
follows:

L \/4—x+2‘ 1 1 '
= —|]n — —
4 Wa—x-2| 2(Wa—-x-2) 2(/A—x+2)

Example 3

In this final example, we will, as ever, raise the stakes somewhat and consider an integral of a
fairly challenging aspect, namely:
xY* + 5
- [,

x—16
The integrand contains a fourth root, so we will start off with a power substitution —

expecting, in line with our experience in Part 1 using this technique, that we will quickly
accumulate some high powers of u when we carry out the substitution.

As we might expect if we are to remove the awkward fourth root in the numerator of our
rational integrand, our power substitution will be:

x = u*sothatx* = (WHV* =u
Differentiating the formula for x with respect to u, as we always do, we obtain:

dx 3 5
— = 4u° so thatdx = 4u>du
du

Let’s put these facts back into our original integrand in order to obtain an integral in terms of
u. We arrive at the following:

f u+5 Y _J4u4+ 20u3d
w— 16 FMT T 16

Since the prospect of integrating this doesn’t exactly fill us with confidence, let’s start by
dividing the integrand up into two separate fractions, as follows:

4u* + 20u3_ 4ut N 20u3 _ 4 ut 20 us3
ur— 16 u*—16 u*—16 u*— 16 ‘ut — 16
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Having dismantled the rational expression in u in this way, we immediately notice that the
first rational expression on the final right-hand side above (with its coefficient of 4 taken to
one side for a moment) is of the form:

xn

x"+ a

where a = —16. We recalled in Example 1 of this section that such expressions can be
“reduced” in a useful way using the technique discussed in Appendix 3 Section 2. In our
particular case, the manipulation called for is as follows:

ut u4—16+16_u4—16+ 16 14 16
ut— 16  u*—16  u*—16 u*-— 16 ut — 16

At this point, we must remember to reapply the coefficient of 4, which we put on one side
temporarily to make the above piece of algebra a little easier.. Taking this step, we can now
write out our integrand in terms of u in the following form:

4u* + 20ud 3 20u3 64 20u3

— " —4(1 ) =4
u*— 16 ( +u4—16 +u4—16 +u4—16+u4—16

This is a three-term expansion, which we can now proceed to deal with on a term-by-term
basis. The first term can be polished off very quickly, as follows:

f4du=4u+C

So much for the first term; let’s now introduce some notation to make the rest of the job a
little easier. We will identify the integrals of the two remaining terms in our expanded
version of the integrand in u as follows:

- 64 p Al = 20u3d
1_ju‘*—muarl Z_Ju4—16u

With this notation, and once we have actually evaluated these two integrals, we will be able
to write down our complete solution in terms of u (which | will name I, in order to
differentiate it from the solution in terms of x, which we have already identified as I) using
the formula:

IL,=4u+ L+ L+ C
which is, of course, based on the three-term expansion we set out a little earlier.

Example 3: Integrating I,

So let’s make our next step the evaluation of the integral; I;. You may have already noticed
that the denominator is a difference of two squares, so that we can rewrite it as:

ut— 16 = (W - HW?+ 4)
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As an added bonus, the first factor on the right-hand side above is also a difference of two
squares, so it can in turn be rewritten as:

u?— 4=w-2)(u+2)
As a consequence, our quartic denominator can be fully expanded in the following way:
ut—16= (u—2)(u+2)W?+ 4)
All this allows us to rewrite the integrand of I; as follows:

64 64
ut— 16 (u—2)(u+2)(u?+ 4)

The right-hand expression is the kind of rational expression we have been expanding using
partial fractions — it has two ordinary linear factors and one irreducible quadratic factor.
Reference to Section 3 above will confirm that we should therefore be able to expand it as
follows:

64 _ A + B +Cu+D
wu—2)u+2)w2+4) u-2 u+2 u+4

To determine the placeholders, we will as usual restate the right-hand side as one single
fractional expression with the common denominator (u — 2)(u + 2)(u? + 4) and then
equate the numerator with the left-hand side numerator of 64. The equation of numerators
will be as follows:

Au+2)Ww?+ 49+ Bu—-2)Ww?+ 49+ (Cu+D)(u—-2)u+2) = 64
Right at the outset, we will have to note that we can’t find a real value for u which will make
the quadratic factor u? + 4 take a value of zero. This means that we will have to do what we
can initially with the two linear factors. To begin with, then, we note to our relief that by
choosing the value u = 2, we can zero the factor u — 2, which wil leave us with an equation
for A alone. This equation is:
32A =64 sothatA =2

We will also notice that the second linear factor, u + 2, can be set to zero by choosing the
value u = —2. This leaves us with an equation in B alone, which is:

—32B =64 sothatB = —2

If we now insert these values into our equation of numerators, we will have the following
revised equation:

2Ww+2)W?+ ) - 2w -2)W?+ )+ (Cu+D)u—-2)(u+2) = 64
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In the previous example, we managed to get a little further when we had run out of options to
set bracketed factors to zero by choosing other “simple” values of u which might help us. In
this case, we notice that, once we have determined A and B, setting u = 0 will conveniently
take the placeholder C out of consideration, allowing us to obtain an equation in D alone.
This equation will be:

16 +16 — 4D = 64 or — 4D = 32sothat4D = —32and D = —8

Let’s insert this value for D into our equation of numerators, so that we arrive at the
following new equation:

2w+2)W+ ) -2w-2)W?+ H+ (Cu—-8)(u—-2)(u+2) = 64

We see that we are now left with only C \as the last placeholder as yet undetermined. If we
now choose u = 1, we should be able to complete the job, obtaining the following equation
in C alone:

30+ 10—-3(C—8) = 640r40—3C + 24 = 64
This simplifies to give:
64 —-3C=640r3C =0sothatC =0
This is a rather surprising result, since we have found in previous examples that there was
always a linear numerator to go with an irreducible quadratic denominator. Can it be correct?
It would be wise to verify the values we have obtained for our placeholders by starting with

the partial fractions expansion they specify and calculating the single rational expression
which results. We might usefully summarise the values we have obtained here, as follows:

A=2
B= -2
C=0
D= -8

On this basis, our partial fractions expansion would be the following:

2 2 8
u—2 u+2 u*+4

If we were to restate this expansion as a single rational expression with the common
denominator (u — 2)(u + 2)(u? + 4), our numerator would be as follows:

2w+2)Wwr+ 4 - 2w—-2)Ww?+ 4 -8wu—-2)(u+2)

(This is, of course, the numerator we obtained earlier with the four placeholders present; all
we have done in effect is so substitute our four values for the various placeholders.)

To see if this numerator reduces to the numerator of our original rational expression in terms
of u, we must first multiply out the products of bracketed expressions. This will lead to the
following — once the various powers of u have been arranged in descending order:
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2wl + 2u?+ 4u+8)— 2(ud — 2u®+ 4u—8)— 8(ur - 4)

Finally, we multiply the bracketed stretches of the above expression by their respective
coefficients and end up with this result:

2ud + 4u?+ 8u+16 —2u + 4u?— 8u+16 —8u?+ 32

Most conveniently and agreeably, all the terms in u or some power of u cancel out, so that
we are left with:

16 +16 + 32 = 64

which is, of course, the numerator of the rational expression in u with which we started out.
So we have confirmed that our earlier manipulations using various useful values of u have
indeed led us to the correct partial fractions expansion. As a final note to all this, it might be
worth remarking that it should perhaps not be so surprising that the placeholder C in our
original template turned out to be zero, since if it were not, we would have to have some
terms in u on the right-hand side of the equation of numerators — in our current case, this
right-hand side contained only a constant.

Back to the task in hand; let’s just set down the conclusion of the foregoing discussion:

64 64 2 2 8
ut— 16 (W—-2)u+2)w?+4) u-2 u+2 ul+4

We can therefore now expect to integrate I; by integrating the final right-hand side above
term by term. The first two terms, by this stage in our discussion of partial fractions, are
easily dealt with using our familiar integration rule. Their solutions will be:

2Inlu—2|+ Cand2Inju+ 2|+ C
respectively.

The final term looks a little unfamiliar in the context of partial fractions expansions, but it
presents little more resistance than the first two terms did. All that is necessary is to recall
the standard integral:

1 1 1
Jﬁdx= —tan""—x+ C
xXc+ a a a

In the third term of our expansion, we have a constant coefficient of 8 present (which can be
moved outside the integral sign until we are finished), and we also have a = 2. Our third
term therefore integrates quite easily to give us:

81t 1 + C = 4t 1 + C
.2a1’1 2x = an Zx

This straightforward reasoning allows us to write down the solution to the intermediate
integral 1, as follows:
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1
I, =2Inlu—2|- 2Inlu+2| - 4tan‘1zx + C
We might at this stage be tempted to call on our old friend the logarithmic identity:

Ina— Inb = ln(%)

to rewrite this solution in a briefer form. However, I won’t do so here, for more compelling
reasons which will become apparent in a short while.

Example 3: Integrating 1,

The second of our two intermediate integrals was as follows:

L= f 20u3 J
2= J w16
Fortunately, this is nowhere near as difficult as it looks. Indeed, it is nothing more than a

simple function-derivative pair with a constant coefficient. In the notation of Part 1, it has the
form

kg'(f())f'(x)
where:
1 1
k= S,g’(f(x)) = m,g’(x) =7 so that g(x) = In|x]|

f(x) = u*— 16,f'(x) = 4u3

We established in Part 1 Section 5 that the solution to integrals of this sort can be quickly
written down as:

kg(f(x)) + €

In our present case, then, using the values listed above, we can write down our solution to I,
as follows:

I, = 5Inju*— 16|+ C
Example 3: Assembling the Final Solution
Using the formula for the complete integral in terms of u which we stated before digressing
into the technicalities surrounding the two intermediate integrals, we can now set out a
(preliminary) solution to the full integral in terms of u (which we named I,,) as follows — and

I will gather together all the logarithmic terms for convenience in the simplification which
will follow:
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1
4u+ 2Inlu—2|— 2In|Ju+ 2|+ S5Inju* — 16| — 4tan‘1§u+ C

Now this might be considered a perfectly respectable solution to rake into the final stage of
reversing the substitution. However, there is one further step of simplification we can take,
and it involves the use of a rule of logarithms — just not the one we have become so used to
using in partial fractions examples and which beckoned temptingly to us at the close of our
discussion of the integral I;.

First of all, we must recall the full algebraic expansion of the expression u* — 16 which
allowed us to choose the appropriate partial fractions expansion for our rational expression in
u when we integrated I;; this expansion was:

ut—16= (u—2)u+2)W?+ 4)

An immediate consequence of this, highly relevant to the position in which we now stand, is
this:

Inju* — 16| = In|(u — 2)(u + 2)(u? + 4)|
We just have to couple this observation with the logarithmic identity:
In(ab) = Ina+ Inb
to be able to state that:
Inju* — 16| = InJu — 2| + Inju + 2| + In(u? + 4)
(Note here that since u? will never be negative for any real value of w, it certainly follows
that u? + 4 will never be negative either, so | have dispensed with the modulus brackets in

the final term above.)

Now, taking the logarithmic terms in our preliminary solution for I,, aside on their own for a
moment, we can write these out using the above discussion like this:

2Injlu—2|— 2Injlu+ 2|+ 5InJu — 2| + 5In|u+ 2| + 5In(u? + 4)

We can, of course, now gather together some like terms to reach the following version of the
above sub-expression:

7Inlu — 2| + 3Inju+ 2| + 5In(u? + 4)
(It was so that | could make this final rearrangement that 1 demurred when presented with the
opportunity to amalgamate the two logarithmic terms in the solution to I; into one single
term. We remark that now, of course, no such amalgamation is possible due to the differing
coefficients of the various logarithmic terms.)
Having gone through all this reasoning, we are now in a position to give our definitive
solution to the integral in terms of u:
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1
I, = 4u+ 7In|lu—2|+ 3Inlu+ 2| + 5In(u® + 4) — 4tan‘1§u+ C

As in previous cases, this only leaves us with the final step of reversing the substitution with
which it all began. We will recall that this substitution was:

x = u*sothatu = x/*

Therefore, retaining the fractional-power notation which was present in our original integral,
we can very simply now write down:

I =4x* + 7ln|x1/4—2| + 31n|x1/4+2| + 51n|x1/2 + 4| — éltan_léxl/4 + C

Before concluding both the example and the section (perhaps with some sense of relief) we
must record a couple of explanatory remarks about the fourth term (that is, the third
logarithmic term) in the above solution, where:

5In(u? + 4) is transformed into 51In|x/2 + 4|

First, and this is the simpler of the two remarks, we note that u? has been transformed into
x1/2. This is because using the laws of indices, we have the following equivalences:

u? = (x1/4)2 — x2(1/8) — ,1/2

Second, having replaced u?, which we would expect always to remain positive, with x/2, or,
as it is better known, /x, our guarantee of permanent positive status for the argument of the
logarithmic function has evaporated in a puff of smoke, leaving us with the necessity of
restoring the modulus brackets to ensure a useful meaning for the term as a whole.

5 Polynomial Division: A Tabular Approach

All of the functions we have integrated in the preceding sections with the aid of a partial
fractions decomposition of one sort or another have had polynomial denominators of higher
degree than their numerators. Furthermore, the denominators were all susceptible to
factorisation to some extent, which is what allowed us to decompose them in such a useful
way.

We do, however, encounter expressions which do not fit this pattern, such as the following
example:

3x3 — 5x%+ 10x — 3
3x+1

If asked to integrate this expression, we might find ourselves in some difficulty, as none of
our techniques seem suitable to approach the problem.

However, the process known as polynomial division would allow us to restate this expression
in the following form:
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x%— 2x+4 -

3x+1

We can confirm that this expression is equivalent to the rational expression we started out
with by setting out to rewrite it as a single fraction with the denominator 3x + 1. The
numerator of such an expression would be:

x?’Bx+1)— 2x(Bx+1)+ 4Bx+1)— 7
This multiplies out to give:
3x3 + x2— 6x%2 — 2x+12x+4—7
Combining like terms together produces the final numerator:
3x3 — 5x2+ 10x —3
which is identical to the numerator of the original expression.

Polynomial division is usually taught as a kind of long division, where we make some sort of
guess at each term in the quotient and then confirm its appropriateness and calculate a
remainder. | have personally never been fond of long division (my father attempted to teach
me how to do it long before | had a grasp of the necessary concepts, and my resulting distaste
for a technique which seemed so dependent on guesswork has stayed with me). Because of
this distaste, which may well be shared by some of my readers, | intend instead to present
here a tabular approach to polynomial division. You may be reminded of the tabular
approach to repeated integration by parts which we looked at in Part 2 Section 6 - as with that
method, | hope that the tabular approach | will demonstrate here will save time and make the
polynomial division process simpler and more mechanical.

The result of a polynomial division operation which | wrote out a little earlier can be
integrated fairly easily: the first three terms can be dealt with using the most basic rules of
integration, and the final rational term will respond to the rule of integration we have used
frequently in the content of our partial fractions examples.

Looking at the second four-term version of our rational expression, we find that the part of
this “solution” we are left with after excluding the final rational term is a polynomial of lower
degree than the numerator we started with: indeed, its degree is the difference between the
degree of the numerator and the degree of the denominator in our original rational expression.

The final term has a constant numerator, and its denominator is the denominator of the
expression with which we started out. We could make this statement more general, and say
that the degree of the numerator of the final term (which is zero, since it is a constant) is one
less than the degree of that term’s denominator (which is 1, since it is a linear expression).

I don’t intend to give a theoretical justification of these observations (although we will find
that they hold good in all cases of polynomial division) and, as already stated, I don’t intend
to use the “long-division” method to carry out polynomial division in the pages which follow.
Instead, | intend to set out a somewhat distinctive method for carrying our these
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simplifications, which I will justify for two classes of rational expression where the degree of
the numerator is higher than the degree of the denominator: expressions with a linear
denominator and expressions with a quadratic denominator. These two cases will suffice to
get us through the various examples | intend to present.

The First Class of Expression: Linear Denominators

The example of a rational function reduced to a more easily integrable version above
provided us with this equation:

3x3 — 5x% + 10x -3 x4
3x + 1 -r T 3x + 1

We might represent this in a more general form as follows:

P(x) r
ax+b_Q(x)+ ax+b

In this general form, P(x) stands for some polynomial in x whose degree is higher than 1 —
that is, higher than the degree of the linear denominator underneath it. On the right-hand
side, we have another polynomial in x which we can regard as the quotient of a polynomial
division operation — hence we give it the general name Q(x). The final term comprises a
constant remainder r over the original denominator ax + b.

Let’s now see what we can say in general about this equation. First, since both P(x) and
Q(x) are polynomials in x, we should be able to set out an expanded form for them.
Assuming that P(x) is of an arbitrary degree n, we can we express it in a general form as
follows:

P(x) = ppx™ + pp_x™ T+ L+ pux? 4+ pix + po

In the concrete example we have already quoted, we have the following values for the various
placeholder variables:

n = 3,so we only have p; = 3,p, = —5,p; = 10andpy, = -3

In a similar way, we can write out a general expression for the quotient Q (x), which we will
recall is of degree n — 1, in the following way:

Q) = qn1 X" "+ qnpx™? i+ g2x* + q1x + qo
The values taken by the placeholder variables in our concrete example are as follows:
n—1=2,sowehaveq, =1,q;, = —2andq, =4

Finally, as for the remainder:
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So much for expanded versions of P(x) and Q(x). If we now multiply each side of the above
general equation for polynomial division by the linear denominator ax + b, we will obtain
the following new equation:

P(x)=(ax+b)Q(x)+ r

noting that in the remainder term, the denominator ax + b cancels with the factor we are
applying to each term on the right-hand side.

If we restate the quotient Q (x) in the general expanded form we set out above, the first term
in the right-hand side can be written as follows:

(ax + b)(qn—1xn_1 + Qn—zxn_2 ot QZxZ + q1x + qo)

We can distribute the long polynomial expression across the two terms of the opening linear
factor to obtain the following two terms:

ax(qn-1x""1 + quax™ % 4 @x® + q1x + qo)

and:

n-—2

b(qn-1x""1 4 qu_zx vt QX+ qix + qo)

The first of these multiplies out to give the following polynomial expression:

n-1

aAqp_1x™ + aq,_,x" 1 ..+ aqyx® + aq x? + aqyx

(See how each of the x terms has its index increased by 1, since we are multiplying through
by ax).

In the second case, the polynomial multiples out as follows by the constant b, which makes
no contributuion to the powers of the x terms:

bq,_1x" 1+ bg,_,x""? ..+ bqyx?+ bq;x + bq,
Adding these two polynomials together and gathering like terms now gives us the following

coefficients for each power of x (I will set these out in tabular form, since this will make the
next stage of our reasoning a little easier):

Power of x Coefficient

n

X adn—1
xn—l aQn—Z + bqn—l
x? aq, + bq,
X aqo + bqq

1 bq,

For the most general coefficient corresponding to the power x!, where 0 < i < n - in other
words, in all except the first and last rows of the table, we will have a coefficient of the form:
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aq;—, + bg;

We can now write out the right-hand side of the equation we obtained by multiplying both
sides of our general equation of a polynomial division operation as follows:

aq,_1x" + (agn_» + bg,_)x" 1+ ..+ (aqy + bg)x + bgy + 1
(We have added in the constant remainder term r to make the right-hand side complete.)

Using the general coefficient we derived a little earlier, we might write out our right-hand
side using sigma-notation in the following form:

n-1

agn-1x" + Z(aqi_l + bg)x' + bqo+ 1
i=1

Having reached this stage, it will be (at the very least) informative to create another table
showing the corresponding coefficients on the left-hand and right-hand side of our equation:

P(x)=(ax+b)Q(x)+ r
Bearing in mind our general expansion of P(x), which was as follows:
P(x) = ppx™ + Do x™ 1+ o+ pux? 4+ pix + po

this table will be as follows:

Power of x LHS Coefficient RHS Coefficient

X" Pn afdn-1
xn—l Pn-1 aqn—» t bqn—l
x? 12Z) aq; + bq,
X P1 aqo + bqy
1 Do bgy+ 1

Notice that in this table I have added in the remainder r as part of the constant term of the
right-hand side polynomial.

The much-used technique of equating coefficients should now allow us to establish a set of
equations from this table, one for each row, as follows:

Power of x Equation of Coefficients

X aqdn-1 = Pn
a1 agqn— + bqn—l = Pn-1
x2 aq; + bg, = p,

X aqo + bq; = ps

1 bgy+ r = py
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The table can be made more concise if we replace all the rows except the first and last by one
single row, which will give a formula from which any of the rows replaced can be obtained:

Power of x Equation of Coefficients
: x" aqn-1 = DPn
x'where0<i<n aq,_, + bq; = p;
1 bgy+ r = pg

Let’s now look back at the rational expression with which we began this discussion:

3x3 — 5x? 4+ 10x — 3
3x+1

If we model the way we would like to transform this expression using the general equation
for polynomial division which I set out earlier, namely:

P(x) T
ax+b_Q(x)+ ax +b

We can remark that we know the coefficients of P(x), and we know the values of a and b for
the expression we are considering. We don’t yet know the coefficients of Q(x), or the value
of the remainder r. However, we do have a set of equations which will allow us to relate the
unknown items to ones we do know. Let’s see where this gets us. First, we record the values
of a and b for future reference:

a=3andb =1
The degree n of the polynomial in the numerator if 3, and its coefficients are as follows:
Pz =3,p2 = —5p; =10andpy = -3
On the basis of the table we prepared above, we can produce an equation for each of these
four values, which, when solved, will give us the coefficients of Q(x). Let’s look at each
equation in turn. Listed together, they are:
aq, = p3:3q, = 3sothatg, =1
aq; + bq, = py:3q;+ 1= =5sothat3gq; = —6andq; = -2
aqo + bq; = p1:3qo— 2 =10sothat3q, = 12and q, = 4
bqy+ r = py:4+1r = —3sothatr = -7

These values give us a right-hand side for our equation of polynomial division which reads as
follows:

x> — 2x+4—

3x+1

exactly the same result as the one | quoted without proof at the start of the discussion.
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It will make future calculations of this type more convenient and easy to follow if we set out
this working in the form of a table, as follows:

Power of x Coefficient Equation Template Actual Equation Solution

x3 p3 =3 aq; = p3 3q, =3 =1
x? p= -5 aq+bqg,=p, 3¢, +1=-5 ¢qg, = -2
x p1=10 aqo+ bgs=p; 39— 2=10 go=+4
1 po = —3 bgy + v = pg 4+r= -3 r=—7

The Second Class of Expression: Quadratic Denominators

It will widen the applicability of our tabular approach to polynomial division if we now
derive a similar general table of equations which can be used to deal with polynomial
division problems where our denominator is a quadratic. Having gone through the previous
case for linear denominators in some detail, I intend to deal with the quadratic case in an
exclusively symbolic manner.

To start with, then, let’s set down our general equation for the kind of polynomial division we
are considering here. It will be as follows:

P(x) R(x)
ax? + bx+c_Q(x)+ ax?+ bx+c

As before, we will allow the numerator on the left-hand side to represent a general
polynomial of degree n, as follows:

P(x) = ppx™ 4+ pp_1x™ 1+ 4 pox? +pix+ po

Since we are dividing by a quadratic, the degree of our quotient will be 2 less than the degree
of the numerator (not 1 less, as was the case with a linear denominator). The quotient Q (x)
will therefore look like this:

Q(X) = queax™ %+ qu3x™ 3 4+ 4 X% + q1x + qo

Finally, the remainder term has a numerator which could potentially be a linear expression in
x, rather than simply a constant, as previously — because the remainder on division by a
quadratic will in general have degree 1 less than the quadratic’s degree of 2. We can
therefore expand our remainder polynomial R(x) as follows:

R(x) =rx+
Using a similar method to the one we adopted for the linear denominator case, we will
multiply both sides of our general polynomial division equation by ax? + bx + ¢, and then
equate coefficients in order to obtain a set of equations which, when solved, will allow us to
read off the result of the polynomial division effortlessly. After performing this
multiplication, we obtain the following equation:

P(x) = (ax® + bx +c)Q(x) + R(x)
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Rewriting the first term on the right-hand side using the expanded form of Q (x) which we set
out earlier, we get the following:

(ax?® + bx + ) (qnoX™ % + qpn_3x™ 3 ..+ q2x% + q1x + qo)

Distributing the long polynomial expansion over the three terms of the opening quadratic
factor gives us the following three terms - first:

ax?(Gn-2X""% + qn_3x™ 7 .+ @ux* + q1X + qo)
then:
bx(qn-2X""? + qp_3x" "> .+ X% + q1x + qo)
and lastly:
C(qn2X""% + Gn_3x™ ™ .+ @x* + q1x + qo)
The first of these terms multiplies out to give the following result:
AQn_X™ + aqn_3x™ 1+ ..+ agx* + aq;x® + aqyx?
The second gives:
bGn_>x™"1 + bq,_3x™? ...+ bg,x3 + bq,x?* + bqyx
and from the third one we obtain:

3+ cqx? + cqix + cqq

CQn—an_z + CQn—3xn_
Adding these three polynomials together and gathering like terms gives us coefficients for
each power of x according to the table below. 1 have equated each coefficient with the
corresponding coefficient from P(x) on the left-hand side of the equation we obtained after
our multiplication step earlier. I have also taken account of the “remainder” expression:

R(x) = rix+ 1y

which will make a contribution to the final coefficients of the terms corresponding to the
lowest two powers of x - represented here as x and 1.

Power of x LHS Coefficient RHS Coefficient
x" Pn aqdn—2
xn—l Pn-1 aqn—3 + bCIn—z
xn—Z Pn—z aqn—4 + bqn—3 + an—z
x? P2 aqo + bq, + cq;
X pP1 bgy+ cq; + 1,
1 Po Cqo + 1o

229



Algebraic and Trigonometric Methods

As before, we can create from this a table showing an equation for each coefficient on the
left-hand side as follows:

Power of x LHS Coefficient Equation of Coefficients
x" Pn adn—2 = Pn
x"1 Pn-1 agqn—3 + bCIn—z = Pn-1
X2 Pn-2 Adn-4 + bqn_3+ Ccqn_2 = P
x? P2 aqo + bq; + cq; = p;
X b1 bqy+ cq1 + 1, = py
1 Po Cqo + Ty = Po

Just as before, we can now replace all rows except for the first two and the last two with one
single row, giving a formula which can be used to represent all rows except for the four
which are given explicitly — these are the first two and the last two:

Power of x Equation of Coefficients
x" aqn—2 = Pn
) xn1 aqn—3 + bdn_ = Pn_1
x'wherel <i <n-—-1 aqi_,+ bqi_1+ cq; = p;
x bgy+ cq1 + 1 = py
1 Cqo+ T = Po

It’s important to see how this table lets us perform polynomial division by a quadratic easily
by showing an example. We will try evaluating this rational expression:

x7 + 5x°+ 10x° + 14x* + 18x3 + 25x2 + 25x + 11
x2 4+ 2x+2

This expression comprises a numerator of degree 7 divided by a quadratic. This should give
us enough coefficients in the numerator to exercise our tabular method fully.

Just as we did when we were working with a linear denominator, we will represent the

algebraic rearrangement we wish to make with our general equation for division by a
quadratic:

P(x) _ N R(x)
ax? + bx+c_Q(x) ax?+ bx+c

In the present concrete example, we have the following values for the coefficients a, b and c:
a=1,b=2andc =2

Sticking with the notation we have been using for the coefficients of P(x), our current
example gives us the following values:

7, =1,p6 =5,p5s =10,p, = 14,p; = 18,p, = 25,p; = 25and p, = 11
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The number of coefficients provided here (in other words, the degree of the numerator)
defines the extent of the table which will give us our solution —ie n =7. We might note
before we start that the two “special case” equations at the top of our general table template
will apply where the powers of x in the left-hand column are 7 and 6; the two “special cases”
at the bottom of the table template will apply when the powers of x anr 1 and 0. For the
other powers of x - those from 5 down to 2 inclusive, we will use the “general” equation with
the i subscripts. The table can now be written down easily using the above values, and is as
follows:

Power of x Coefficient Equation Template Actual Equation Solution

x7 p;=1 aqs = py qs =1 qs =1
x° Pe =5 aqs + bqs = ps s+ 2=5  q4=3
x® ps=10 aqz+ bqs+ cqgs=ps qs+8=10 q3=2
x* pa=14 aq,+ bqgs+ cqs=ps q+ 10=14 g, =4
x3 p3s=18 aq;+ bgy+ cqgz3=p; q + 12=18 g, =6
x? p, =25 aqo+ bqg+ cq,=p, qo+ 20=25 qo=5
X Py = 25 bgy+ cq1 + 11 = py 224+ 1, =25 rn=3
1 po = 11 Cqo+ 79 = Do 10+ r, =11 o=1

If we now write out the right-hand side of our general equation for polynomial division by a
quadratic, adhering to our conventions regarding the names of the various coefficients, we
will arrive at the following solution to our polynomial division problem:

3x+1

x>+ 3x*+ 2x3 4 4x%° 4+ 6x+54+ —M—
x2 4 2x+2

A Note on the Process of Division by a Quadratic

I remarked in passing during the preceding discussion that, in carrying out polynomial
division using the tabular method, the number of rows in the table we use to create and read
off the result is determined by the degree of the polynomial in the numerator. This is
represented as P (x) in my discussion above.

For a numerator of degree n, we would expect the number of rows to be n+ 1, . This is
because there will be one row corresponding the coefficient each of the powers of x in
thenumerator, and for a numerator of degree n, this will amount to one row for each explicit
power of x from n down to 1, as well as one further row for the constant term in the
polynomial (which, of course, corresponds to the “zeroth” power of x, ie x°, which equals 1).
Thus we obtain a total of n + 1 rows in our table.

We ought to note in addition, however, that we might expect the table for this kind of
division to have at the very least four lines, in order to accommodate each of the four “special
case” rows we see in the general table template. It therefore makes sense for us to take a
moment to consider what happens in the case of a numerator of the smallest appropriate
degree. Such a numerator would be a cubic polynomial, since this exemplifies the lowest
degree of polynomial we would expect to be required to divide by a quadratic.

Our reasoning a couple of paragraphs ago would predict that such a case would produce a
table with 4 rows (this is n + 1 where n = 3, the degree of a cubic). This would happily
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accommodate all our four “special case” table lines, leaving the “general” case unused in this
instance. It will be instructive to take a quick look at an example of this type.

We will accordingly perform polynomial division on the following rational expression:

3x3 — 2x% 4+ 4x -3
x2+ 3x+3

We can see that, in our usual notation, the coefficients of the divisor are as follows:
a=1b=3andc =3
There is probably no need if you have stayed with me up to this point to list the coefficients

of the numerator polynomial separately, since these will be clearly set out in our table. This
table will be as follows:

Power of x Coefficient Equation Template  Actual Equation  Solution

x3 pz =3 aq, = p3 g1 =3 g1 =3
x? p; = —2 aqo + bgq, = p, qo+ 9=-2 qo= —11
X p1=4 bqy+ cq1 + 11 = pq rn—24=4 T = 28
1 Do = —3 Cqo+ 19 = Po 19— 33 =-3 1o = 30

I must point out for the sake of clarity that | have rearranged the equations of coefficients in
the bottom two lines of the table to accommodate my distaste for opening minus signs. By
way of example, | have restated the final line’s equation as follows:

—33+ 1y = —3isrestatedasry — 33 = -3
We can immediately read off our result as follows:

28x + 30

3x—11 + —
x x2+ 3x+3

We can see that this table actually produces four constants: g4, qo, 11 and r,. It is reasonable
to expect that this would need four equations, especially since in the tabular technique I have
proposed here, each equation of coefficients except the one in the top row uses information
from preceding rows to obtain a new constant. The four constants we obtain represent the
two coefficients of the quotient Q(x), which is a linear expression (being, as it is, the quotient
of a degree-3 polynomial and a degree-2 polynomial: and therefore itself of degree 1), as well
as the two coefficients of the remainder expression R(x), which is once again a linear
expression.

We will now proceed to a number of examples of the use of polynomial division as a tool to
aid the process of integration of rational functions, which is, after all, the whole point of
discussing the technique at such length!

Example 1

We will begin by integrating the rational expression we used to illustrate the tabular approach
to division by a linear denominator. | do this because the actual work of polynomial division
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was done earlier in this section, so that we can concentrate here on the actual process of
integration which follows on from the algebraic rearrangement of the integrand.

Our integral here will therefore be:

f3x3— 5x%2 4+ 10x — 3
I = X

3x+1

The polynomial division we performed earlier gives us the following equivalent integral:

f(z 2x + 4 7 )d
X — 4LX — X
3x+1

We have all the technical tools necessary to integrate this easily term by term: we will use the
standard rule for the integration of simple powers of x, as well as the rule which we applied
repeatedly in the sections above dealing with partial fractions. The result which emerges is
very quickly written down as follows:

1 7
= §x3— x? + 4x—§ln|3x+1|+ C

Example 2

Continuing with our determination to complete unfinished business, we will now proceed to
integrate the rational expression we used to illustrate tabular division by a quadratic. Our
integral here is the rather fearsome one below:

p jX7 + 5x° 4+ 10x°% + 14x* + 18x3 + 25x% + 25x + 11
= X

x%+ 2x+2
Polynomial division reduces this to the much less appalling form:

3x+1 )
X

j(x5+ 3x* 4+ 2x3 4 4x°+ 6x+54 —M—
x2 4+ 2x+2

Once again, let’s start integrating this term by term. We get as far as this before we have to
give some thought to our next step:

—x8+ —x%+ x*+ a3+ 3x% + Sx+ | 5————dx
x?+ 2x + 2

1 3 1 4 J 3x+1
6 5 2 3

Let’s identify the remaining integral at the end of this expression as follows for ease of
reference:

I_j‘ 3x+1 d
= x2+2x+2x

A quick look at the end of Part 1 of this book will confirm that this is an integral of the form:
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Ax + B d
Cx%2+ Dx+E X

We integrated an example of this type in Part 1 Section 11 Example 2, and we will use the
same technique — a little abbreviated, since we will be applying the technique rather than
giving a full explanation. (This was the purpose of Part 1 Section 11!)

We will begin by completing the square for the quadratic denominator of the integrand in I;.
This goes as follows:

x4+ 2x+2=(x+1*+ 1
and it means that we can rewrite I; thus:

3x+1 d
G+12+ 1

Our next step is to make the substitution:
u=x+1

This has as consequence the following:

_u: 1sothatdx = du
dx

Furthermore, by rearranging the substitution formula, we get:
x=u—1sothat3x+1=3u—-2

Putting all these observations into the integrand of I;, we now have the following integral in

terms of u:
3u—2
I, = T 1du

We can split this into two separate integrals, which we will give specific names, as follows:

3u 2
b= | appdeandl = [ o pdusothatl, = I

We now notice that I, contains a function-derivative pair, and is of the classic pattern for
straightforward substitution. We have already evaluated this integral (although without the
coefficient of 3 which is present here) in Part 1 Section 8, and it is listed as a useful standard
integral in Appendix 4 Section 2. Its solution is as follows — making sure to restore the
coefficient 3:

3
I, = Eln(u2 + 1D+C
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With similar ease, we note that /5 has the form of a version of the standard integral which
evaluates to an inverse tangent function, as mentioned as well in Appendix 4 Section 2. The
solution here, with the added coefficient of 2, is:

I;=2tan'u+ C
Recalling the formula we gave earlier for I, in terms of its two components, we can now
write down its solution in terms of u as follows:
3
I, =1, — Iysothatl, = Eln(u2 + 1) — 2tan"tu+ C

Reversing the original u-substitution, we now have the following solution in terms of x:

3 2 -1

Eln((x+ D+ 1)— 2tan " (x+ 1)+ C

To get this into a better final form, we just have to notice that the argument of the logarithmic
function is the completed-square version of the denominator of our integrand, and we can
therefore rewrite the solution as follows:

3
L = Eln(x2+ 2x+2)— 2tan" Y (x+ 1)+ C

The final solution to our original integral I can therefore be written down as follows:

1 3 1 4 3
I = gxﬁ + §x5 + Ex‘* + §x3 + 3x2+ 5x + Eln(x2 + 2x+2)— 2tan"'(x+ 1)+ C
In the next two examples, we will go through the entire process of evaluation, carrying out
the required polynomial division and then completing the integration operation.

Example 3

Our integral in this example will be as follows:

I f -1,
) o x+2 x
The integrand is quite a compact rational expression, compared to some of the monstrosities
we have been looking at so far, but it does nonetheless constitute a cubic polynomial divided
by a linear denominator. As such, it is clearly a candidate for the use of polynomial division
in order to transform it into an expression which can be integrated using the rules we have at

our disposal. We should just pause to remark that a number of the coefficients of powers of x
in the model we have adopted for the numerator polynomial will here turn out to be zero.

Without further preamble, we can get the polynomial division step out of the way very
quickly by using the table template for division by a linear denominator. We must, of course,
record the important fact that if we model out denominator by our standard general
expression ax + b, we have the following values for our constants:
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a=1andb =2

The table for the current division problem is therefore as follows:

Power of x Coefficient Equation Template Actual Equation Solution

x3 ps =1 aq; = ps3 gz =1 q, =1
x? p, =0 aq; + bq, = p; 1+ 2=0 G = —2
x p1 =0 aqo + bq, = py Go— 4=0 qo =4
1 po= —1 bgy + v = pg 8+r=-1 r= —9

From the table, reading off the results in the right-hand column, we can rewrite our integrand
as follows:

-1 S 9
x+2 * x+ 2

Our integral has now become the following much easier problem:

9
f(xz— 2x + 4 — —)dx
x+2

and we can evaluate this using the rule for the integration of powers of x and the rule for
simple rational expressions with constant numerator and linear denominator which we have
so often used in the preceding sections. The solution is:

1
I = §x3— x>+ 4x—9In|x+ 2|+ C

Example 4

For this example, we will progress to a quadratic denominator, and an integrand which
contains more of the components we have become used to. Our integral will be the
following:

x3 — 5x% + 3x —15
I=j dx

x2+ 3

Let’s proceed straight to the polynomial division step, beating in mind that using our standard
model of ax? + bx + ¢ for the quadratic denominator, the constants will be as follows:

a=1,b=0andc =3

The table which will allow us to read off the results of the division process will then be as
follows:

Power of x Coefficient Equation Template  Actual Equation Solution

x3 ps =1 aq; = ps3 g =1 g =1
x2 py = —5 aqo + bq; = p, Qo = —5 Qo= -5
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X p1 =3 bqy + cq1 + 1 = py 3+ 1 =3 =0
1 po = —15 Cqo+ 19 = Po = 15=-15 1,=0

This is a rather unusual result, as compared to everything which has gone before — both the
coefficients of the linear remainder term are zero! What this means is that the restatement of
our rational integrand looks like this:

x3—5x2+3x—15_ -
x2+ 3 - x2+ 3

In a more concise form, this can be written:

x3 — 5x%2 4+ 3x—15

x%+ 3 =X

So we see that the cubic numerator divides exactly by the quadratic denominator to give a
linear factor without remainder. In other words, the entire rational expression can be
simplified to a very simple linear expression. We have actually managed to factorise the
numerator into a quadratic and a linear factor — multiplying both sides of the above equation
by x2 + 3 gives us the following equivalence:

x3— 5x2+ 3x—15=(x*+ 3)(x—5)

However, to return to the task in hand: our integral is now reduced to a very simple one:

f(x —5)dx

This integrates almost without effort to give the following result:
1
I = Exz - 5x+C

Despite the impression that what we have here is a somewhat trivial result compared with our
other examples, | have included it in order to be able to make a few useful observations.

First, it is clearly not impossible that you may encounter rational expressions calling for
polynomial division which produce results having no remainder (just as dividing some
numbers by others can produce no remainder). It is important to be aware of this, and to be
equally aware that our tabular method of polynomial division still works in these cases, and
demonstrates them to us by producing zero coefficients for the remainder term.

It also hints at the possibility of using the tabular polynomial division technique for
factorising polynomials, especially where (as in the current example) the first and last
coefficients of the denominator exactly divide those of the numerator.

Example 5

For our final example in this section, we will look at another case of polynomial division by a
quadratic. Our integral will be as follows:
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x*+ 4
I = fo—de

Like Example 3 earlier, this is quite a concise expression, and some of our constants and
coefficients will turn out to be zero. This will serve to make the process of completing the
table which will give the result of the division operation a little easier, but the tabular
approach will be needed nonetheless.

Let’s first set down the values of the coefficients in the quadratic denominator, using our
standard model:

a=1b=0andc= -5

We can now write out our table for the division operation as follows:

Power of x Coefficient Equation Template Actual Equation Solution

x* pa=1 aqz = ps 7 =1 q =1
x3 ps =0 aq, + bq, = p; g1 =0 g1 =0
x? p2=0 aqo+ bq, + cq; = p; Go— 5=0 Qo= 5
X p,=0 bgy+ cq, + 1 = pq =20 =20
1 Dy = 4 Cqo+ 19 = Po ro— 25 =4 1o = 29

As usual, we can now read off our solution from the right-hand column; it turns out to be as
follows:

x>+ 5+

x2—75

A couple of observations may be of interest: first, the remainder expression, which is the
numerator of the concluding rational expression, is only a numeric constant in this case,
rather than the full-blown linear expression we have sometimes obtained (since the
coefficient r;which multiplies x in the remainder expression was found to be zero); and
second, the quotient expression x? + 5 only differs from the denominator of the original
rational expression by a change of sign.

Let’s carry straight on to the actual job of integration. Having performed the division
operation, we can now restate our original integral as follows:

f<x2+ 5+ 29 )dx
x2—5

The first two terms integrate easily; our integral now becomes:

29

- de

13+5 +f
3x X

We will name the remaining integral for convenience as follows:
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I = 29 d 29 ! d
1_fx2—5 X,0r fo—S x

While this integral may look a little baffling at first (the minus sign in the denominator rules
it out as the integral of an inverse tangent expression, and we can’t complete the square for
the denominator, since it is already in the form which would result from such a procedure).
We can, however, call to our aid one of the standard integrals we obtained using partial
fractions and quoted in Section 1 above. The standard integral in question is the following
one:

f 1 d _11|x—a|+c
x2 — a? x_Zanx+a

In the case of our current integral I;, we note that a> = 5,so that a = /5. We can then use
the standard integral just quoted to obtain the following solution for I;:

29l x—\/g_l_
n
2V5  |x++/5

And we can plug this straight back into our last draft for the solution to our original integral I
to obtain this solution:

11= C

1 29
I==x3+ 5x+ In

3 24/5

| have used a standard integral derived using the Method of Partial Fractions to complete this
integration problem. Those who would like to see the integration of I, carried out by hand
may consult Appendix 5 Section 18, where this process is presented for reference.

x—\/g‘
+ C
x+\/§

Having made use of a standard integral to deal with the remainder term after division by a
quadratic in this example, it will no doubt have occurred to you that it might have been useful
to do the same with the remainder term in Example 2 above, where we had to evaluate an
integral of the form:

j Ax + B d
Cx2+ Dx+E

We did this by substitution followed by splitting the resulting integral in terms of u into two
components. These components turned out to be instances of standard integrals we have
already observed in this book. | have derived a symbolic solution for integrals of the above
kind where C = 1 (in other words, where the denominator is a monic quadratic, as it was in
Example 2 above) in Appendix 5 Section 19, and the resulting standard integral is listed in
Appendix 4 Section 2 for easy reference.

It should be clearly understood however, that the formula derived in Appendix 5 only applies
to cases where the denominator is an irreducible quadratic — that is, one with no real roots,
and which cannot be factorised into two linear factors. If our denominator can be factorised
in this way — as we found in the current example — then the integration of our rational
expression becomes a partial fractions problem, and should be dealt with accordingly. In the

239



Algebraic and Trigonometric Methods

current example, the remainder term was evaluated using a standard integral which was
derived from consideration of the partial fractions technique.

6 Power Substitution and Polynomial Division

In Section 4 above, we examined some integration problems where the use of power
substitution led to an integral in terms of the substitution variable u which required partial
fractions for its solution. In a similar way, we will now consider some examples of rational
functions involving roots which, after power substitution, turn into rational functions in terms
of u which call for polynomial division in order to complete their integration.

Broadly speaking, it is the relationship between the numerator and denominator of a rational
function which directs us to rearrange it using either partial fractions (if this is indeed
possible) or polynomial division in order to obtain a result which can be integrated using the
tools at our disposal. In particular, a rational expression where the denominator is of lower
degree as a polynomial than the numerator will be amenable to polynomial division.

Example 1

We will begin by considering the following integral:

dx

= [2

In accordance with our well-establishes practice when dealing with integrands which contain
roots, we will make a power substitution in order to take the roots (which are both square
roots in this case) out of consideration. We will substitute:

u? =xsothatvx = Vu? =u

Differentiating x in terms of u then gives us:

dx
— = 2u so that dx = 2udu
du

We can use these facts to obtain the following integral in terms of wu:

24+u 2u® + 4u
J .2udu=J—du
3—u 3—u

| have changed the order of terms in the numerator when multiplying by 2u in order to put it
into a more traditional shape for the working which follows. We will need to do the same
with the denominator, which | have left as it was here to accommodate my distaste for
opening minus signs. We might note that it could easily be rewritten as follows:

3—u=—-u+3

With this possible reordering in mind, we can see that we now have as our integrand a
rational function in terms of u which has a quadratic numerator and a linear denominator — a
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clear candidate for polynomial division by a linear factor. Modelling this rational expression
and the result we will obtain after polynomial division in our standard way as follows:

P2u2+P1u+P0= Ut ot r
au+b N ©OF utb

we can start by writing down the values for a and b as follows:
a= —landb =3

The actual work of polynomial division is now carried out with the following table:

Power of u Coefficient) Equation Template Actual Equation Solution

u? p; = 2 aq, = P2 —q, =2 g = —2
u pr =4 aqo + bq; = py —qo— 6=4 qo=-10
1 po= 0 bgy+ r = pg r—30=0 r =30

Putting the values in the right-hand column into the right-hand side of the model we set up a
little earlier, we have the following equation:

2u? + 4u 30
= 2u-10+
3—u 3—u

Our integral in terms of u is now in the following more easily handled form:

30
f(—Zu—10+ >du
3—u

which can be integrated term by term. In order to make it easier to use our standard
integration rule on the final term, | will rearrange its denominator using the following
standard algebraic equivalence:

a—b= —(b—a)

This will require us to change the plus sign in front of the final term to a minus sign, so that
our integral is now in the following form, which we can easily deal with term by term:

30
J(—Zu—lO— >du
u—3

Its solution in terms of wu is as follows:

—u?— 10u—30Inju—3|+ C
and we can obtain our final solution by reversing the substitution as follows:

I= —x—10Vx— 30In|vx— 3|+ C
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(Alas, nothing really clever can be done about the minus signs which seem to suffuse this
expression.)

Example 2

Let’s proceed to an integral involving a cube root; we will consider this one:

3
I = f—4+ x1/3dx

As before, the first step will be to address the cube root by means of a power substitution, as
follows:

u® = xsothatx/? = (W3)V3=u
Differentiating x in terms of u will give us:

dx
— = 3u? so thatdx = 3u?du
du

These facts allow us to transform our integral in x into the following integral in terms of u:

fg 32d—f9u2d
4+u'u w= u+4u

Once again, we have a quadratic numerator divided by a linear denominator — admittedly, a
much attenuated quadratic with all but one coefficient equal to zero. However, this need not
deter us. Using the same model for the polynomial division process which we used in
Example 1, we can set down the following facts:

a=1landb =4

The polynomial division table is as follows:

Power of u Coefficient Equation Template Actual Equation  Solution

u? p, =9 aq, = P2 d1 =9 1 =9
u p1 =0 aqo + bq, = py Qo+ 36 =0 qo=—36
1 po= 0 bgy+ = pg r— 144 =0 r =144

We can now read off the results from the right-hand column in order to obtain the following
equation for our integrand in terms of u:

9u? 9y — 36 + 144
u+4 “ u+4

We now only need to evaluate the following integral in terms of u:

144
J(9u—36+ —)du
u-+4
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This works out easily term by term to give this solution:

9
Euz — 36u+144Injlu+ 4|+ C

The final step of reversing the substitution gives us the following solution in terms of x:

9
I= §x2/3 — 36x3 + 1441n|x¥/3 + 4|+ C

Example 3

Our last example in this section will be an integral where we are required to deal with
multiple roots of differing kinds. It will be as follows:

Vx+ 1
= | = ydx
Ve(Vx+ 1)
Here we find two square roots and a cube root. We must therefore choose a power

substitution which will mop up all of these. Following the approach we took in Part 1
Section 9, we will choose the following substitution:

I

u® = x sothatvx = (u®)¥? = w3and Vx = (u®)/3 = u?

(The reason for our choice is based on the principle we established in Part 1 Section 9
Example 4, where we noted that the choice of power of u in our substitution expression to
deal with the particular roots we find in the integrand should be the lowest common multiple
of 2and 3.)

Differentiating x in terms of u will give us:

dx 5 5
— = 6u”> so thatdx = 6u>du
du

Let’s now put all this back into our integral, in order to obtain the following integral in terms
of u:

w4+ 1 . w4+ 1 5 6u® + 6u?
j—.6u du = f .6uldu = J—du
uz+ 1 uz+ 1

This is the first occasion in this section when we have seen the mounting up of powers of u
which is typical of many integrations using power substitution. In order to make our next
step a little easier, we will factorise out the common coefficient 6 in the numerator, so that

our integral in u becomes:
6J‘u5 + u? p
——au
uz+ 1
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We can therefore express I,,, our integral in terms of u, using the following abbreviation:

u® + u?

Iu = 6[1 where 11 = fuz—_l_ldu

and our task is now reduced to the evaluation of I;. We will begin by performing polynomial
division on the integrand, to get it into a form which we can more easily integrate. Here, of
course, we have a quadratic denominator and a quintic, or degree-5, polynomial in the
numerator.

We can therefore model out polynomial division operation as follows:

Psus + p4u4 + p3u3 + quz + piu+ Po
au?+bu+c

ru+ ry

_ 3 2
= qaud+ U+ qu+ go+ —————
qs q: q1 do Qu? +tbhutec

noting, of course, that a good many of the numerator coefficients p; will be zero.
We can record the coefficients of our denominator as follows:
a=1,b=0andc=1

and our polynomial division table will look like this:

Power of u Coefficient Equation Template Actual Equation  Solution

us ps =1 aqs = ps q; =1 q; =1
u* ps =0 aq, + bqs = ps g, =0 g2 =0
u? p3=0 aq;+ bg; + cq3 = p3 g1+ 1= g1 = —1
u? p2=1 aqo+ bq, + cq, = p; qo =1 qo =1
u p1=0 bgy+ cq1 + 1 = py n—1=0 =

1 o= 0 Cqo + 19 = Py 1+ 1,=0 o = —1

We can now read off the result of our polynomial division from the fourth column, to obtain
the following:

uz+ 1

w—-u+1+
which means that we can now rewrite our intermediate integral I; as follows:

3 u—1 _ 3 Uu 1
(u —u+1+u2+ 1)du— (u —u+1+u2+ 1" 2T 1)du

In the second version above, | have split the rational expression in the final term into two
components, which we can integrate without much more ado. The first of these two parts is
an instance of the standard integral:

J ad d—ll 2+ D+cC
¥ = g+ D
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evaluated in Part 1 Section 7 and listed in Appendix 4 Section 2. The second part is an
instance of the standard integral:

1 1 1
f—dxz —tan"l=x+ C
x2 + a? a a

with a = 1. This standard integral is, of course, commonly encountered in the following
form, which suits our case:

1 1
,fx2+ 1dx=tan_ x+ C

These observations let us write down the solution to I; as follows:

1 1 1
I, = Zu4_ EuZ + u+ E]n(uz—i- 1) — tan"lu+ C

Recalling our earlier formula which allows us to derive I, from the intermediate integral I; -
this formula was:

I, =6l

we can now write down our complete solution in terms of u:

3
I, = Eu“— 3u?+ 6u+ 3In(u?+ 1)— 6tan"tu+ C

And the last step of reversing the substitution yields our final solution. In order to complete
it, we must note that our substitution:

u® = x implies thatu = x'/¢

This conclusion, combined with several applications of the laws of indices, brings us to the
following end result:

3
I= Ex2/3 — 3x'3 + 6x¥/¢ + 3In[x¥3 + 1| — 6tan™'xV + C

We note here that the solution to our integration problem is found to contain two instances of
the sixth root of x, although our original integrand only contained square and cube roots.

7 Irrational Functions

In this section, we will look at some specific examples of the integration of irrational
functions of a kind we have not so far encountered. It will be seen that power substitution is
an important tool in integrating these functions, although other techniques and tools,
including the use of algebra, will also come into play. It is because of the interplay of
techniques which we will apply that | have devoted a separate section to these examples.

245



Algebraic and Trigonometric Methods

Example 1

We will start off gently, by performing the following integration:

1 |1—x
sz— dx

Pausing briefly to remark that we might be tempted to try integration by parts to deal with
what is certainly a product of two functions in x, | will instead start by allowing the presence
of a complicated square root expression to sway me towards power substitution.

Following the pattern of previous power substitutions, where we choose our substitution so as
to remove the square root from consideration, we will try substituting:

Before carrying on any further, let’s pause to see what the implications of our substitution
choice will be for dealing with the factor of 1/x which comes immediately before the square
root in our integrand. We can split the right-hand side of our substitution formula into two
separate fractional expressions to get this:

) 1—x 1 x 1 1 )
us = =———=——1sothat—-=u“+1
X X x X X

This might be regarded as a bit of a lucky break, as it arises directly out of the choice | made
for the expression under the square root sign. However, to proceed — the last equation above
has this as its consequence:

1
uz+ 1
which makes it somewhat easier to find an expression for dx, since differentiating x with
respect to u is a bit easier than it would be to differentiate u in terms of x using the

expression for u which we derived above. We will differentiate using the Quotient Rule, and
this gives us:

de 0.+ 1)— 12u _ 2u that dx — 2u p
du (u? + 1)? T (w2 + 1)2 SO that &x = (u? + 1)2 u

We can now plug all this into our original integral to get the following integral in terms of u:

f(u2+ 1).u.<—(uzi—u1)2)du = —quzu—_ildu

We know how to integrate:

246



Algebraic and Trigonometric Methods

[

2+ 1

since it has been integrated in two different ways elsewhere in the text, as explained in some
notes accompanying its listing as a standard integral in Appendix 4 Section 2. The solution

of the integral in terms of u above (without the coefficient of —2 outside the integral sign) is
therefore as follows:

u—tantu+ C

Restoring the coefficient of —2 - and noting that its negative sign can be used to reverse the
order of the terms in the above expression, we have the following solution in terms of u:

2tan"'u— 2u+C

We can now round things off by reversing the substitution using the expression for u in terms
of x which we derived earlier — this expression was:

1—x
u =
X
and it gives us the following final solution in x:
1—x 1—x
2tan~! -2 +C

As a closing remark, we might recall that | confessed to being tempted to use integration by
parts for this example. The solution we have obtained here looks very like the result of an
application of this technique; this should not be altogether surprising, since the standard
integral we used towards the end of our working can indeed be derived using integration by
parts, as noted in Appendix 4 Section 2.

Example 2

This time, we will move into what may at first seem like unknown territory; it will turn out
not to be so unknown after all, however, if we stick to tried and tested principles. Our
integral will be:

= f\/ex+ 1dx

Once again, the square root sign, which encloses the whole of the integrand this time, points
us towards power substitution. Here, we will substitute:

u? = e*+ 1sothatve*+ 1= Ju?2=u
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Rearranging our substitution formula to allow for some suitable differentiation operation
which might lead to an expression for dx, we start off as follows:

e*=u?-1
We can get a step or two further by noting that:
In(e®) = x

due to the inverse relationship between the logarithmic and exponential functions. If we
therefore take natural logarithms of both sides of the above expression for e*, we will obtain
the following expression for x:

x = In|u? - 1|
which we can differentiate using the Chain Rule as follows:

dx 2u 2u
= so thatdx =

— = d
du u?-1 uz—lu

Substituting these conclusion back into our original integral gives us this integral in terms of
u:

2u 2u?
fu.uz_ 1du= fuz— 1du

We can make our job a little simpler by expressing our integral in terms of u as follows,
using an intermediate integral I;:

2

u
I, = 21, where [} = fmdu

We can make the integrand in I; a little easier to handle using the method of converting
rational expressions which is explained in Appendix 3 Section 2, and has been used several
times throughout this book. The working is as follows:

u? _u2—1+1_u2—1+ 1 14
uz—1  u2—-1  u2—-1 wu2-1 uz —1

This lets us rewrite I, in this way:

f(1+u21_1)du

and we can deal with this term by term. The second term might be expanded using partial
fractions before we finally come to do the integration, but we can in this instance call to our
aid the following standard integral which was derived using partial fractions:
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f 1 d _1l|x—a|+C
x2 — a2 x_Zanx-i-a

Using this standard integral (in in our present case the constant a = 1), we can write down
the following solution to our intermediate integral:

Iy =u+ =In ‘ + C
! 2 +1
Recalling the formula:
Iu = 211
we can see that our solution in terms of u is therefore:
I, =2u+ In|— ‘+ C
u u+1

and our final step will be to reverse the substitution, using the following version of our
substitution formula:

u=ve*+1
We then obtain the following final solution in terms of x:
veX + 1-— 1‘
I=2VeX+ 1+ Inf———|+ C
veX+ 1+1

Example 3

We will next look at another integral which bears some similarities to the integral of Example
1 above, but which yields an interesting and quite different result. The integral is as follows:

Vvx+9
sz . dx

As always when we have in our integrand the square root of a linear expression (or something
which looks a little like a linear expression- see the previous example), we begin with a
power substitution. In this case, it will be:

u?> =x+9sothatvx+9= Ju2=u

A simple rearrangement gives us:

5 dx
X = u- — 9sothatE=2uandsodx=2udu

We can now put all this into the original integral, to obtain the following integral in terms of
u:
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u 2u? u?
fuz_g.Zudu= fuz_gdu=2fu2_9du

The integrand on the final right-hand side can be rewritten using the method of conversion of
rational functions discussed in Appendix 3 Section 2 in the following way:

u? _u2—9+9_u2—9+ 9 14
u2—9  u2—9  u2—9 y2—9 u:—9

This allows us to re-express our integral in terms of u in the following way:

9 1
2f<1+u2_9)du—2f1du+18fu2_9du

The two integrals on the right-hand side can be dealt with one by one. In the case of the first
one, we have:

jldu=u+C

The second integral could be evaluated by partial fractions if we wished to do all the
working, by first restating it with a factorised denominator, as follows:

1
f(u—S)(u+3)du

However, we can save some effort by applying the following standard integral derived with
the use of partial fractions and listed in Appendix 4 Section 2:

f 1 d _1l|x—a|+C
22— a2 T 2 M ta

In the present case, a = 3, which leads us to the following solution for the second of our two
component integrals:

j 1 d _1l u—3
-9 T g uT3

Making sure we apply both the coefficients which were moved outside the integral signs in
the last version of our integral in terms of u, we can now write down its solution:

|+ ¢

u
2u+31n|
u+

+ C
;

All that remains is to reverse the substitution, which was effectively as follows:

u=+vx+9

and we can write down this final solution in terms of x:
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\/x+9—3‘
I=2Vx+9+3In|——|+ C
Vx+9+3

One interesting aspect of this solution is that it so closely resembles the solution we obtained
for Example 2 above. Indeed, the solutions in terms of u are really very similar. The
difference between the two integrals, however, reflects the different behaviours of the
expression e* + 1 in Example 2 and the linear expression x + 9 in this example,- these
differences show themselves both in terms of the algebra we perform on the substitution
formula and in the way the rearranged expressions respond to the differentiation step needed
to obtain expressions for dx.

Note

The above three examples all required us to carry out a little algebra - sometimes on the
substitution formula, sometimes on the integral in terms of u — in order to perform the steps
which would lead us to a solution. | will now present a few examples of a different kind:
these examples will illustrate some situations where it would be a mistake to plunge straight
into power-substitution, since a simpler route to a solution is available.

Example 4

In this example, we will evaluate the following integral:

We will immediately notice that if we were to try making the substitution which
straightforward power-substitution would indicate, namely the following substitution:

sin"1x

=1—x2

we find ourselves faced with some real difficulties, both to rearrange the substitution formula
to make x the subject, and to find an expression for dx.

Let us not be downhearted, however, since an easier approach is close at hand. Let’s start by
restating the integral as follows:

Vsin—1x f
dx oreven | +/sin"1x
Vi a2 v*
Once we recall the standard derivative:
d B 1
I sin"!x = ——
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we can readily see that the integrand contains a simple function-derivative pair. Indeed, it
has the familiar form kg'(f(x))f’ (x), where:

1
k=1f()= sin x,f(x)_ﬁ
g'(f(x)) = Vsin"1x sothat g’(x) = Vx = x/2

We can easily find g(x) by integrating g’ (x), so that:

2 2
g(x) = §X3/2 = 5\/F

The rule of integration based on the method of substitution described in Appendix 4 Section 2
tells us that the solution to our integral is kg(f(x)) + C. In the present case, this template
gives us the following solution:

2
I = 3 (sin"lx)3 + C
Example 5

Let’s look at another similar example. This time, our integral will be:

eﬁ
I = | —dx
j\/E

On this occasion, there might be no obvious risk in making the expected power-substitution:

We can then make the true nature of our integrand clearer by rewriting the integral as
follows:

Jexp(\/}).\/—lzdx = JZexp(\/}).%dx

This gives us, once again, a function-derivative pair, of the form kg'(f (x))f’(x), where:

k=2,f0) = VEF'() = %

g’(f(x)) = V¥ 50 that g'x)=¢e*
The function g(x) is easily found from g’(x) in this case, and is simply:
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glx) = e*
As before, our solution takes the form kg(f(x)) + C, which gives us:
I=2e" 4 C
Example 6

A last example of this type will be given by the following integral:

V1+ Inx
- [,

X

It would be just about possible to work with the expected power-substitution:
u?= 1+ Inx
although some challenging algebra would undoubtedly be expected.

Instead, let’s notice that:
d 1
— @+ Inx) = -
dx x
and then rewrite out integral as follows:

1
f3\/1 + lnx.;dx

This is now of the form kg’(f (x))f’ (x), where:

k=1,f(x)=1+ Inx,f'(x) = %

g (fx) = V1+ Inx sothatg’(x) = Vx = x/3
We obtain g(x) from g’(x) by a simple integration step, which gives us:

3 3
= — 4/3: —3 4
gx) 27X 2 V*

and the final solution takes the form kg(f(x)) + C, which in this case is:

3;
1= Y0+t + ¢

Note
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What we should learn from the last three examples is that when integrating irrational
functions, we should not fail to look first of all for function-derivative pairs, which will allow
us to use the integration rule based on integration by substitution, or, if we wish, to carry out
a fairly problem-free integration by hand using substitution.

For the final example in this section, I will consider a really rather unpleasant integral, whose
solution actually turns out not to be so hard after all, once we have made the right choice of
substitution.

Example 7

We will take a careful look at the following rather unappetising integral:

\/ln|x+ Vx2 + 1|
I = j dx

x2+ 1

At first sight (and perhaps for some time thereafter) this looks rather a daunting business. If
we try to make our “standard” power-substitution, we will be faced with the substitution
formula:

_ In|x + VxZ + 1]

2
u
x2+ 1

This presents some serious difficulties: if we want to establish the corresponding expression
for dx, we must either try differentiating u in terms if x (which would require us to
differentiate the integrand as it stands), or we need to make x the subject of the substitution
formula before differentiating with respect to u. Neither of these would be a simple task
(indeed, the second of the two options might not even be possible at all using simple algebra),
so we need to think of another approach.

Falling back on the possibilities offered by substitution, then, and realising that we do not see
an easily recognisable function-derivative pair which might let us use the integration rule
based on the method of substitution, we have a number of other substitution options open to
us. Before listing these, it will be helpful to realise that the integrand can be rewritten with
two separate square-root signs, as follows:

Jln|x+ Vx? + 1|
Nrea

Our substitution options are therefore:

u= \/ln|x+ VxZ + 1|
u= ln|x+ JVx? + 1|

u=x++x2+1

u=+x2+1
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u=x*+1

There seems no useful trigonometric substitution indicated by the shape of the integrand:

even if we were to choose something which would simplify the expressionvx? + 1, we
would still be little better off for the following reasons: the presence of an x term in the
numerator would generate a sum of two trigonometric functions as the argument of a
logarithmic function, and the expression for dx which would result would leave us with an
unwieldy product of functions, one of which would be the multi-layered logarithmic function.

The last three substitutions in the list all present algebraic disadvantages of one sort or
another; in any case, they all leave the square root of the logarithmic function fundamentally
unsimplified, and would seem to require further substitutions in order to get close to a
solution.

Of the top two possibilities, 1 will elect to try the second, since it presents a less complicated

differentiation in order to get our expression for dx. We will therefore start with the
following substitution:

u= ln|x+ Vx? + 1|

Finding du/dx will require a judicious application of the Chain Rule: the expression for u
has the form:

h(g(x)) where g(x) = g1(x) + g2(f(x))

The various functions appearing in this description are as follows:

h(x) = In|x]|
g(x) = g1(x) + g,(f(x)) where g;(x) = x,g,(x) = Vxand g,(f(x)) = Vx? + 1
fx)=x*+ 1

By the Chain Rule, the derivative of h(g(x)) is h’(g(x)).g'(x). The function g(x) can be
differentiated term by term, so that:

g' ) = g10) + gz(f(0), f'(x)

where the second term is obtained using the Chain Rule. This second term on the right-hand
side evaluates to:

1 X
—_— 2= ——
2VxZ+ 1 VxZ+ 1

so we can therefore say that:

X _\/x2+1+x_x+\/x2+1
VxZ+ 1 VxZ+ 1 vxZ+ 1

gx)=1+
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| have here first restated the derivative as a rational function using a single denominator, and
then reversed the order of terms in the numerator to match the order in the argument of the
logarithmic function contained in the original integrand.

We can now finally use the Chain Rule expression involving the functions h and g given a
little earlier to write down the derivative of u in terms of x as follows:

du R (g(0).g' ) 1 x+ Vx?2+ 1 1
— = x)).g'(x) = : =
x g9 x+ Vx2+ 1 Vx2+ 1 x2+ 1

d

We really ought to pause for a moment and contemplate the result we have just obtained; it is
as follows:

1
the derivative of In [x + Vx? + 1| is ———
| | Vxz+ 1
Who’d have thought it? Perhaps only someone who had an extraordinary talent for instant
differentiation. | will return to the full implications of this in a few paragraphs. For now,

however, let’s write down our integral in terms of u, using the substitution we have chosen.
First of all, however, we note now that:

du 1
— = ———sothatdx = +/x2 + 1ldu
dx  xZ+ 1

Our integral in terms of u is therefore:

Vu
f—. x2 4+ 1ldu = | Vudu = ful/zdu
Vxz+ 1 f

This is integrated with remarkable ease, considering what we started with. Its solution is:

2 2
§u3/2+ C = §\/U3+ C

And the final step of reversing the substitution gives this solution in terms of x:

I = g\/ln3|x+ Vx? + 1|+ Cor%\/(ln|x+ Vx? + 1|)3+ C

(I have given two alternative versions of the notation in an attempt to satisfy all tastes!)

Some Thoughts on Example 7

| laid emphasis above, during the working for the preceding example, on the observation that:

d 1
aln|x+ NELE 1| = —x2+ -
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which seems on the face of it to be quite a surprising result A consequence of it, using the
Fundamental Theorem of Calculus, is that:

dex— ln|x+ VxZ 4+ |+ C

and we might regard this as a new standard integral — but see my remarks below for more on
this issue.

Having noted this relationship between the functions which appear in the numerator and
denominator of our integrand, we might expect that if we express that integrand with two
separate square root signs and with some separation between numerator and denominator, as
follows:

Jln|x+ VxZ + 1|V%H

then we ought to be able to spot that what we have here is, in fact, a classic function-

derivative pair which allows us to use our integration rule for such cases. The integrand
indeed has the form:

kg'(f ) f (x)

where the various placeholders have the following values:

k=1,9'(f(x)) = \/ln|x+ Va2 + 1| ,g'(x) = Vx = x1/?

1
feo= e+ S+l rw= ——

The solution predicted by our rule is of the form:
kg(f(x)) + C

We can obtain g(x) by integrating g’ (x). Itis as follows:

2 2
g(x) = §X3/2 = §\/F

This allows us to write down the following solution easily:

2 J(n]x+ v 1)+ ¢

3

and this is, of course, the solution we obtained by working through the substitution process
above.

All this, of course, is entirely dependent on our ability to spot the relationship on which the
above reasoning depends. | have not assumed this knowledge in my working since this
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relationship is often unknown to students learning about integration techniques — to begin
with, at least.

The relationship we have uncovered between the numerator and denominator of the integral
in this example is in fact a special case of the following standard integral:

fmdx_ ln|x+ Jx2 + a2|+ C
X a

and | set out a derivation of this symbolic integral for reference in Appendix 5 Section 20.

8 Using Multiple Techniques

In this section, we will work through a number of integration problems which call for the use
of more than one of the techniques | have set out so far. We will start off with some
relatively easy examples, but the level of complexity will increase quite sharply as we
progress.

The first few examples are relatively straightforward, and broadly similar in nature — they
will serve to present some situations where the use of substitution (other than power
substitution) produces an integral in terms of u which needs a partial fractions expansion in
order to allow us to integrate it. These examples differ from any we have so far looked at in
that the integrands are all rational expressions containing exponential or trigonometric
functions.

Example 1

Our first example will require us to integrate the following:
ex

(e* — 1)(e* + 3) dx

We would certainly benefit from the use of a substitution which will at least remove the
exponential functions from our immediate consideration, and will therefore try substituting as
follows:

du 1
u= e*sothat — = e*anddx = —du = —du
dx ex u

The first form of the expression for dx should cheer us up, since it contains the promise of
being able to cancel out the exponential in the numerator of our integrand. Accordingly, we
apply the above information to obtain the following integral in terms of u:

f(u—l)(u+ 3)u f(u—l)(u+ 3)

The final version of the integral in terms of u is a very ordinary example of an integral which
can be evaluated using partial fractions. Indeed, it is such a simple example that we can
probably feel quite justified in using the formula for integrals of the this particular form. The
standard integral (listed in Appendix 4 Section 2) is as follows:
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_ 1 |x+b

1
f(x+0t)(x+b)dx_a—blr1 |+C

Xx+a

Noting simply that our variable of integration is at present u, and that in our present case the
constants are as follows:

a= —landb =3
the standard integral formula gives us this result in terms of wu:

u+3

C
u—1 +

——In

The opening minus sign arises because the coefficient in the integral’s solution has the
following form:

1 1 1 1

a—b —-1-3 —4

We could have avoided this bothersome negativity by choosing our constants in reverse
order, but this has only become obvious by doing the working. The current result also gives
me the opportunity to point out a useful rearrangement, based on the following rule of
logarithms:

)= -2

Our solution in terms of u can therefore be restated without a negative sign by simply
exchanging the numerator and denominator of the argument of the logarithmic function, to
obtain the following (much more attractive) version:

Reversing the substitution is particularly easy, and gives us the following final solution in x:

e*—1
e+ 3

I = —In + C

Since there was nothing especially challenging in this example, it might be worth pausing for
a moment to reflect that it was made as easy as it was by the presence of an e* term in the
numerator, which allowed for cancellation with the one which made its appearance in the
expression for dx. Without this term, we would have ended up with a denominator in terms
of u of the following form:

u(u—1)(u+3)
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The integration using partial fractions would still have been practicable (subject to the good
behaviour of whatever numerator we were given instead of e*) but the simple use of a
standard integral would no longer have been open to us.

Example 2

We will now look at an example similar in appearance to the preceding one, but where no
numerator term allowing for cancellation is present. Our integral will be:

iy
B ex+1x

As in the last example, the most useful thing we can probably do to start with is so substitute
away that exponential function. As before, this gives us:

du
u= e*sothat — = e*anddx = —du = —du
dx ex u

Our integral in terms of u is therefore:

j 1 1d _j 1 d
utr 1T u(u+1) “

Since the denominator of our original integrand was simpler than that of Example 1, we can
still apply the same standard integral we used there to the resulting integral in terms of u. In
this instance, our constants will be:

a=0andb =1

giving us this first result in terms of u:

u

Once again, the opening minus sign arises from the following evaluation of the coefficient in
the standard integral formula:

1 1
a—-b 0-1 -1

The rule of logarithms which came to our rescue in Example 1 once again lets us rearrange
our result in terms of u into the following form:

u

and the simple reversal of the substitution gives us the following initial result in terms of x:

ex
f=m(a) e ¢
nex+1+
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Before leaving it at that, however, let’s note two more rules of logarithms — first:
a
ln(z) = Ilna—Inb
and second, the relationship between natural logarithms and the exponential function:
In(e*) = x

Combining these two, our solution in terms of x can be restated as follows:

P

e
= = Xy — x = — x
I—ln(ex+1)+ C=Ine*)— In(e*+ D+ C=x—In(e*+ 1)+ C

Example 3

In this example, we will bid farewell to the exponential function and look at an integral which
contains some trigonometric functions. This will be:

sec’x
I = 3 5 dx
tan3x — tan2x

We first observe that the integrand’s denominator contains two terms in tanx, and the
numerator comprises only sec?x, which is the derivative of tan x. We will therefore start by
substituting as follows:

du

du 5
u = tanu sothat — = sec“x and dx = >
dx sec?x

Inserting these facts into the integral, we will obtain the following version in terms of u:

] sec?x 1 4 _J 1 4 _f 1 p
W — ut'sectx v ) wr— w2 T u?(u—1) u

The final integrand in terms of u is amenable to an approach based on partial fractions.
While it is not in the simplest form imaginable for this purpose, it s denominator comprises a
quadratic factor in the shape of u? and a linear factor u — 1. As the considerations
summarised in Section 3 above — and a quick reference to the table of partial fractions
expansions in Appendix 1 Section 3 — will show, we would expect to be able to expand the
integrand in u in the following way:

1 _A+B+ C
wu-1) u u? u-1

In order to find the values of the placeholders A, B and C, we will create an equation of
numerators. This will be as follows:

Au(u—1)+ Blu—-1)+ Cu?=1
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Multiplying out, this turns into:
Au?— Au+Bu—B + Cu?=1
and we can collect together like terms in u to obtain this version:
A+C0)u*+ B—-Au—-B=1
Equating coefficients produces the following three equations, which are easily solved:
A+C=0
B—A=0
-B=1
The third of these immediately gives us:
B= -1
Substituting this result into the second equation produces:
—1—A=0sothatA= —1
and we can now substitute this into the first equation, giving:
—1+C=0sothatC =1
Our three placeholders are thus found to be:
A= —-1,B= —land(C =1
Putting these into the template form of our expansion which we set out above, and
rearranging to remove opening minus signs, we have the following restatement of our
integrand in terms of u:

1 1 1 1

uz(u—1)= u—1 u u?

The integrand in terms of u can now be rewritten as follows:

J( 1 1 _2)d
u—1 u U v

using index notation for the last term so as to make it easier to see how we will deal with its
integration.

The solution in terms of u can now be written down easily, integrating term by term — it is:

1
Inlu — 1| — In|u| + Z—i_ C
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The final term in u immediately before the constant of integration is obtained as follows:

1 1
fu‘zdu= —ul+C=—-—=+2¢C
1 u

noting that the minus sign in front of the result will serve to transform the pre-existing minus
sign in the integrand into a plus sign.

We can simplify this using the familiar rule of logarithms:

Ina— Inb = ln(%)

to reach the following neater form:

u—1

1
ln| |+—+C
u

Let’s now reverse the substitution and see where that will lead. To start with, we have:

tanx — 1 1
Tk

tan x tan x

It will be convenient here to state the definition of the cotangent function, which is as
follows:

1
tanx

cotx =

so that we can use it in the final version of our solution in terms of x. Bearing this definition
in mind, we can now multiply out the numerator of the expression inside the modulus
brackets to obtain the following restatement of that whole expression:

tanx — 1 tanx 1
= — = 1- cotx
tan x tanx tanx

Our solution in terms of x can now be set out as follows:
I = In|1—cotx|+ cotx+ C
Some Remarks on the Above Examples

The alert reader will have perhaps noticed that the integrands in Examples 1 and 3 above both
contain function-derivative pairs — that is to say, they are of the form:

kg'(f ())f' (x)

which is the standard form for basic u-substitution, and which allows us to write down the
solution using the rule of integration derived from the basic method of substitution listed in
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Appendix 4 Section 2. We can set out the definitions of the various functions and the
constant in the template | have quoted above for each of these two examples as follows:

Example 1:

1
(x— D(x+ 3)

9™ = ey 90 =

f(x)=¢€% f'(x) = e*andk =1

Example 3

o, _ 1 _ 1
’g(x)_x3—x2_x2(x— 1)

g (fx) =

tan3x — tan®x
f(x) = tanx; f'(x) = sec’xandk =1

Using the rule of integration set out in Appendix 4 Section 2, we would expect the solution of
each of these integration problems to have the form:

kg(f(x)+ C

In order to create an expression for the solution, we do of course have to obtain g(x) given as
our starting point an expression for g’(x). In many of our previous applications of this rule,
this has been a fairly easy task. It requires us, in fact, to obtain the “antiderivative” of g'(x),
which is normally done by integration.

Applying the rule of integration to Examples 1 and 3 would therefore require us to integrate
the following expressions:

1 L1
x— Dx+ 3) 2k - 1

Both of these rational expressions require the use of partial fractions for their integration. We
therefore see that, despite the apparent easy applicability of the rule of integration derived
from standard u-substitution, we would still have to apply a second technique — the Method
of Partial Fractions — to complete the integration.

This, of course, should make clear to us that the usefulness of the rule of integration we have
been discussing here in arriving at a quick solution is dependent on the ease with which the
function g'(x) in the standard model of the integrand can itself be integrated. If this can be
done “at sight”, then the rule can be really effective. If further work is required to complete
the integration, then the rule only takes us part of the way to our final result.

Because the rule of integration alone was insufficient for the job, | chose in the above

examples to carry out the substitutions “by hand”., to show how these examples qualify as
requiring more than one technique.
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We will now proceed to examine some more complicated examples of the use of multiple
integration techniques.

Example 4
In this example, we will deal with an integral which looks relatively inoffensive at first, but

which soon proves a little more interesting than we might have thought. The integral is as
follows:

I = fsin\/x—ldx

There is a square root present here, so that we might first think that power substitution is the
right approach. Indeed, it will help us, and is probably an essential starting point. For the
first time in this book, I will use a substitution variable of t rather than the more customary u.
My reasons for doing so will, I hope, become obvious very shortly.

The usual power substitution to take the square root out of consideration would be:
t?=x—1sothatx = t>+ 1

We also remark, in our usual justification of a power substitution, that this choice means that:

Vi—1=+tz=t

Furthermore, differentiation of the above expression for x in terms of t gives the following:

dx
— = 2t so that dx = 2tdt
dt

All of these items of information can now be applied to our original integral to obtain the
following integral in terms of t:

Jsint.tht=2ftsintdt

Leaving out of consideration for a short while the coefficient of 2 which we have moved
outside the integral sign, we are left with an integral in terms oft which is of exactly the kind
we looked at extensively in the early sections of Part 2 — where we used integration by parts
to integrate expressions comprising a product of simpler expressions of two different kinds.
Accordingly, we will move on to evaluate the integral in terms of ¢ by choosing parts with
the aid of our old friend the LIATE rule, as follows:

dv _
u =tand — = sint
dt

(You will now, I hope, see why I chose a substitution variable of t in the earlier working — in
order to be able to use the “usual” names u and v for integration by parts without confusing
the first of these with the earlier substitution variable.) These choices of parts have the
following consequences:
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du
— =1andv = —cost
dt

The integration by parts formula now gives us the following result:
ftsintdt = —tcost + fcostdt = sint — tcost+ C

To arrive at the final right-hand side, we integrate cost and then reverse the order of the
terms to avoid an opening minus sign. Making sure we restore the coefficient of 2 which lay
outside the integral sign a little earlier, our overall solution in terms of the substitution
variable t is as follows:

2sint — 2tcost+ C
and reversing the substitution using the equation:

t=+vVvx—1

which we obtained above from our original substitution formula gives us the following final
solution in terms of x:

[ = 2sinvx—1— 2Vx—1cosvx—1+ C

Power substitution was clearly the correct choice as our opening move. It produced an
integral in terms of ¢ which happened to require integration by parts for its solution. It was,
of course, a relatively simple example of an integral requiring this technique, and so caused
us little difficulty. This is, however, the first integral we have presented in this book which
was evaluated using a combination of substitution and integration by parts.

Example 5
We will now proceed to an example which has some similarities to the previous one, at least

in terms of the approach which will be needed to evaluate it. Our integral will be the
following:

xZ
I = J—m dx
The first thing to notice here is the presence in the integrand of a denominator of the form:

where in our case the constant a = 2. We saw in Part 1 Section 11 that a useful approach
where this kind of sub-expression is present is secant-substitution. Here, therefore, we will
start by trying the substitution:
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dx
x = 2secu so that E = 2secutanu and dx = 2secutanudu

We note furthermore how this substitution transforms the expression under the square root
sign in our denominator (with the additional help of a trigonometric identity):

x? — 4 = 4sec’u — 4 = 4(sec’u — 1) = 4tan’u

Consequently, the denominator as a whole becomes:

vJ4tan?u = 2tanu

We can now put all this back into the original integral to obtain the following integral in
terms of u:

4sec’u 4seclutanu s s
.2secutanudu = | ————  du = | 4sec’udu = 4 | sec’udu
2tanu tanu

We now see that we are left with the problem of integrating sec3u. We have already
presented the integration of this function in Part 2 Section 12 of this book: we divided the
integrand into the product of two functions and applied integration by parts. Together with
the use of a trigonometric identity, this provided us with an equation for the solution, which
we solved to give the following solution (changing the variable of integration from x to the
present variable u):

1 1
jsec3udu = Esecutanu+ Elnlsecu+ tanu| + C

If we now reapply the coefficient of 4 which we moved outside the integral sign, then with
the benefit of this result from Part 2, the solution to our current integral in terms of u
becomes:

2secutanu + 2In|secu + tanu|+ C

Preparing to reverse the substitution, we recall that our original substitution formula was
expressed in the “reverse” form — we chose:

1

x = 2secu sothatu = sec‘lix

The reversal of the substitution then gives us the following rather unwieldy expression for our
solution in terms of x:

1

1 1 1
2secsec '=xtansec !=x + 2In|secsec™l=x + tansec_lzx + C

2 2 2

We can take a first step towards simplifying this by noting that:

secsec lx =x
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So that the solution can be written as:

1
xtansec '=x + 21In

! + t -1 |+C
> X an sec Zx

2

To complete the job, we need to recall the result we quoted in Part 1 Section 11 Example 3
(illustrating secant-substitution) to the effect that:

tansec ™ lx = x2 — 1

(This is one of a number of rather curious results allowing us to simplify compounds of
trigonometric and inverse trigonometric functions into a form which excludes any
trigonometric function, which | have quoted in the main text and derived fully in Appendix 4
Section 4.) With the aid of this result, we can now restate our solution in the following form:

PR S NS S P
* 12 N 4

This is all very well as it stands, but we might well be inclined to ask whether we can
simplify the expression which appears under each of the square roots in the solution.
Fortunately, this is not too difficult — we can rewrite this expression as one single rational
expression with a denominator of 4, as follows:

1_x2 4
T4 4

(This can be seen as the reverse process corresponding to the operation | have called
“converting rational expressions” and set out as an algebraic technique in Appendix 3 Section
2.) Restoring the square root, we will observe a further useful simplification as follows:

x? x2—4 Vx?2—-4 1
1= = =—\/x2 - 4

4 4 VA 2

The solution in terms of x has now become a little less unattractive, and now takes the
following form:

1 1 1
I = Ex\/xz— 4 + 21n|§x+ E\/xz— 4|+ C

There is one more step we can take, however. If we rewrite the second, logarithmic, term in
the above solution by factorising out 1/2 from the expression inside the modulus brackets,
we will obtain the following:

1 1 1
21n|Ex+ E\/xz— 4| = 21n|§(x+ x2 — 4)|
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We can now apply this familiar rule of logarithms:
In(ab) = Ina+ Inb

to go one step further and restate the logarithmic term in two components, as follows:

21n(%)+ 21n|x+\/x2— 4|

Now the first term in the expression above is a constant. We can therefore take the step of
“restating the constant” which we have done on one or two occasions already in this book.
We restate the constant of integration as follows:

1
C'=C+ 21 (—)
"2
This allows us to write down our final solution in terms of x as follows

I = 1x\/xz— 4 + 21n|x+\/x2— 4|+ o

2

Before leaving this example, let’s briefly review the various techniques we have applied in
obtaining this solution. First, we used secant-substitution, inspired by the square root
expression in the denominator of the integrand. We then simplified the integrand in terms of
u using the trigonometric identity which connects sec x and tan x, and obtained an integrand
in terms of u which required integration by parts and the solution of the resulting equation for
the result. Reversing the substitution needed one of the identities which allows the
simplification of compounds of a trigonometric function and an inverse trigonometric
function, further algebraic simplification of the expression under the square root signs, and
finally a restatement of the constant of integration. This is quite a roster of techniques —
possibly the lengthiest so far; furthermore, this constitutes another integral which can be
solved using substitution followed by integration by parts — like the preceding example, but
perhaps a little more involved.

Example 6

For our last example requiring multiple techniques, we will face a truly fearsome adversary —
we will integrate the following cube root expression:

3lx +1
sz dx
x—1

so | would advise you to fasten your safety belts.

We will begin without further ado by proposing power-substitution as the easiest way of at
least getting the cube root out of our way. Our usual approach to choosing a power
substitution would give us the following:
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x+1 3(x+1 3

3

us = so that = Jud=u
x—1 x—1

It is not clear, however, how we might go about obtaining an expression for dx without a
complicated differentiation requiring both the Quotient Rule and the Chain Rule. |1
recommend instead the following algebraic rearrangement of the right-hand side of the
substitution formula, based on the conversion of rational expressions as set out in Appendix 3
Section 2. We can write:

x+1_x—1+2_x—1+ 2 1+
x—1 x—-1 x-1 x—-1 x—1

We can now perform the following rearrangements on the substitution formula:

x—1 1 2 2
x_lsothat 5 = - 1amdx—1=u3_ 1andx= e

u3—1: + 1

We are now able to obtain our expression for dx using a rather simpler application of the
Quotient Rule than would have been the case earlier:

dx 0-—2.3u? 6u? 6u?
E = (u3 — 1)2 = —(u3 — 1)2 so that dx = —mdu

Our integral in terms of u is therefore now as follows:

6u? us
Iu =fu.<—m>du= —6fmdu

This gives us an integrand which is perhaps only mildly less disturbing than the one we began
with. We will address this question in a moment. First of all, however, we will define the
integral in u above as an intermediate integral I; in the following way:

u3

This means that if we name the integral in terms of u as I,,, we can then record the following
formula for our eventual solution:

Iu == _611

This simple convention will make the remainder of our task that little bit easier (and we may
need all the help we can get).

We note that we can now rearrange the integrand of I; as follows:

ud u—-—1+1 ud -1 1 1 1

W-12 @-1? @-1 @D w-1 @- 1y
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This is a similar process to the other conversions of rational expressions we have displayed
elsewhere in this book.

Neither of the terms above look all that easy to integrate in themselves, however, so we have
to go further. Fortunately, we have at our disposal the tremendously useful rule of algebra for
the difference of two cubes:

a® — b® = (a—b)(a®+ ab + b?)
This lets us rewrite the integrand of I, in the following slightly more convenient form:

1 1
—D@+utD) @120+ ut 1)

Here we have two terms, both of which have denominators which place then within the range
of our partial fractions methods: the first denominator has one linear term and one quadratic
term, while the second has a repeated linear term and a repeated quadratic term. A quick
look at Appendix 1 Section 3 will confirm that we have the necessary techniques at our
disposal to produce partial fractions expansions for both terms which will help us to integrate
them.

It’s worth a quick remark to the effect that we cannot factorise the denominators in either of
our two terms any further: the quadratic factors in each are one and the same, and they have
the usual form of a quadratic expression, that is:

ax?>+ bx+cwherea=1,b=1andc=1
As a result, the discriminant of the quadratic is:
b?— 4ac= 1*— 411=1-4= -3

The value is less than zero, so that the quadratic is shown to have no real roots, and we
cannot factorise it any further using real numbers. It is therefore an irreducible quadratic.

We have been able to split the integrand of I; into two terms, so that it can now be expressed
as follows:

I = ! d ! d
e f(u—l)(u2+ u+1) u+f(u—1)2(u2+ u+1)? v

If we make things a little more convenient by naming these two integrals as follows:

1

I 1
2 j(u—l)(u2+ u+1)

J =22+ ut 12

du and I; =

then we can express our earlier intermediate integrals in terms of these two, giving us:

Il == 12 + 13 SO that[u = _6(12 + 13)
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We will now proceed to obtain partial fractions expansions for each of these two integrands;
this will allow us to proceed further towards their integration.

Example 6: Expansion of the Integrand of I,

The integrand of our intermediate integral I, is as follows:

1
u—-1D@W?>+ u+1)

If we look at the table given in the reference section on partial fractions in Appendix 1
Section 3, we see that this has the form:

px*+ qx+7r
(x+a)(x?>+ bx +c¢)

The numerator in our present case, however, is about as simple as it could get — the constants
in the template given above have the following values:

p=0,g=0andr=1
The table also shows that we would expect our partial fractions expansion to be of the form:

A N Bu+C
u—1 u?2+u+1

Expressing the above expansion as a single rational expression with a common denominator
and then equating numerators gives us the following equation:

AW+ u+1D+ Bu+Ow-1=1
Multiplying out all the bracketed items gives us this:
Au’+ Au+A+Bu?’— Bu+Cu—-C=1
If we gather together like terms, then we obtain:
(A+Bu?+ A—-B+CQu+A-C=1

and we can then equate coefficients to derive the following three equations in our three
placeholder variables:

A+B=0
A-B+C=0
A-C=1

The third of these equations can be rearranged to give us this expression for C in terms of A:

C=4-1
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We can substitute this into the second equation to obtain:
A—-B+(A—-1)=0o0r24-B=1

We now have two equations in just A and B, which are as follows:

A+B=0

2A—-B=1
The first of these rearranges to give us:

B= —A

And we can substitute this into our second equation in the above pair to obtain:

1
24+ A=10or34A=1sothatd = 3

We now recall the earlier equations we obtained with B and C as their subject. These were:
B= —-AandC=4-1

Substituting in the value we have obtained for A we then have:

B= —Landc= _2
- Tzandt =3

We now have the following partial fractions expansion for the integrand of I,:

1 u24+u+1

1
3
u_

This can be rendered much less of a mess by factorising out the common factor of 1/3 to
give us the following version:

1( 1 u+?2 )
3\u—1 uw?+u+1

Example 6: Expansion of the Integrand of I;

The intermediate integral I5 has the following integrand:

1
(u—1)?2W?+ u+1)>?

This is similar to the integrand of I,, which we have just considered — in the current case,
each term of the denominator of the integrand of I, is present in our denominator, but each of
these terms is squared, in other words, each one is present but repeated. | remarked a little
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earlier that the table of partial fractions expansions presented in Appendix 1 Section 3 would
enable us to expand this integrand — this statement requires a little modification, however,
now that we have come to the actual task, since the table does not explicitly deal with the
situation of a denominator which contains both a repeated linear factor and a repeated
irreducible quadratic factor.

We can, however, infer a suitable expansion from the actual information in the table as it
stands. The expansion shown in the fourth row of the table indicates that the repeated linear
factor would be expected to give us the following terms in our expansion (I have chosen the
second of the two alternative expansions given, since it will make the eventual integration
easier):

A 4 B
u—1 (u—-1)2

The contribution made by the repeated quadratic factor can similarly be inferred from the
expansion given in the last row of the table in Appendix 1 Section 3. We can expect that
contribution to be as follows:

Cu+D 4 Eu+F
ul+u+1 (u?+ u+1)?

We can put these together to obtain the following template for a partial fractions expansion
for the integrand of I5:

1 R 4 B 4 Cu+D 4 Eu+F
u—1D2W?+ u+1? u-1 -2 uw2+u+l @2+ u+1)?

In order to obtain actual values for the placeholders A to F on the right-hand side, we must
restate the right-hand side as a single rational expression with a common denominator and
then establish an equation between the numerators on the left- and right-hand sides. We have
done this sufficiently often in this part of the book that it should be a straightforward process.
With the appropriate common denominator, the right-hand side can be restated as follows:

Au—1D@W?+ u+ 1)+ Bw?+ u+ 1)+ (Cu+D)(u—1?*w?+ u+ 1)+ (Eu+ F)(u—1)>?
(u—1)?W?+ u+1)>?

We must now set about carefully multiplying out the various terms in the above numerator.
Let’s take them one at a time, dealing first with the squared components of each.

We first note that:
W+ u+1)?= W+u+1DW?+u+1)
The right-hand side can be rewritten as:
W+ u+D+u@+u+1)+ W+ u+1)

which multiplies out as follows:
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ut+ ud+ ur+ud+ urtut Ut u+1
and we can gather together like terms to arrive at the following:
W+ u+1)?%=u*+ 2u3+ 3u?+ 2u+1
The other squared factor in the above expansion multiplies out very easily as follows:
(u—-12%=u* - 2u+1
We can now multiply out the coefficient of the placeholder A in the numerator above’ it is:
u-—1D@?+ u+1)?2=@w@-D@*+ 2u+ 3u?+ 2u+1)
The right-hand side can be rewritten as:
u(u*+ 2ud + 3ul+ 2u+1)— (u+ 2ud+ 3u+ 2u+1)
and this expands out to the following:
ub+ 2ut+ 3ul+ 2ul+u— ut— 2ud— 3ul- 2u-—1
Gathering together like terms gives us the following:
W+ ut+udi—-ut-u-1

The coefficient of B is the expansion of the squared quadratic obtained a few lines ago,
namely:

ut 4+ 2ud 4+ 33U+ 2u+1

The coefficient of Cu + D is a harder nut to crack, being equivalent to the following product
of two terms:

w? - 2u+1DW?+ u+1)

We can rewrite this, using the same approach as we have already taken, in the following
form:

W+ u+1D) - 2u@?+u+1)+ W+ u+1)
This multiplies out to give the following:
ut+ w4 ut - 2ud - 2ut - 2u+ ur+ u+1
and we can gather together like terms to arrive at the following result:

ut—uwt - u+1
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The coefficient of Eu + F, the square of a linear expression, can be written out very easily, as
we have already seen, as follows:

u?—2u+1

We are now in a position to summarise the multiplied out versions of the coefficients of each
of our four placeholder expressions. These are as follows:

Ais multipliedby u® + u* + u® — u? — u—1
B is multiplied by u* + 2u® + 3u? + 2u+1
Cu + D is multiplied by u* — u® — u + 1
Eu + F is multplied by u? — 2u + 1

We now proceed to multiply out each of the four terms whose contents have been
summarised above. The first two are easy — they give us, respectively:

Au® + Au* + Aud — Au? - Au—A
and:
Bu* + 2Bu®+ 3Bu?+ 2Bu+B
The third and fourth terms have to be multiplied out in stages; the third term is as follows:
(Cu+D)(u*— u>—u+1)
This can be rewritten as:
Cuu* — W —u+1)+ Dw*—uwd—u+1
which multiplies out as follows:
Cu®— Cu*- Cu®+ Cu+Du*— Du®— Du+D
Gathering together like terms gives the following result:
Cu>+ (D—-Cu*— Du® - Cu?>+ (C—D)u+D
Taking the same approach to the fourth term, we begin with:
(Eu+F)(u? - 2u+1)
We rewrite this expression as:
Eu(u?— 2u+1)+ F(u?> - 2u+1)
Multiplying out gives us:

Eu® — 2Eu®+ Eu + Fu? — 2Fu+F

276



Algebraic and Trigonometric Methods

Gathering together like terms, we arrive at the following:
Eul+ (F-2E)u?+ (E—-2F)u+F

Our four terms have now been multiplied out and fully simplified to give the following
results:

Au® + Au* + AuB — Au?— Au—-A
Bu* + 2Bu® + 3Bu®+ 2Bu+B
CuS+ (D—-Cu*— Du®— Cu?+ (C—-D)u+D
Eul+ (F-2E)u®>+ (E—-2F)u+F

In the numerator we are constructing, all of these four terms are to be added together. We
can therefore cut the process short by simply gathering together like terms from all four of the
above expressions and writing the results down for each power of u in the numerator we are
constructing. The results are as follows:

u>:A+C
ut*A+B—-C+D
u:A+2B—-D+E
u®>:3B—A—-C —2E+F
u:2B—A+C—-—D+E—2F
1:B—A+D+F

The numerator constructed according to the pattern | have just set out must be equated to the
numerator of the original rational expression, which is 1. As a consequence, we find that the
coefficient of every power of u must be equated to zero, while the constant part of the
numerator we have constricted (in other words, the expression which is the coefficient of 1 in
the above list) is equated to 1.

This reasoning gives us the following set of linear equations — six equations in six variables:

A+C=0
A+B—-C+D=0
A+2B—-D+E=0
3B—A—-C —-2E+F=0
2B-A+C—-D+E-2F=0
B—-—A+D+F=1

Solving these seems like quite a tall order. However, we have the necessary methods at our
disposal — we have solved systems of linear equations elsewhere in this book — in particular,
the system of five equations we had to deal with in Section 2 Example 4 above — so we will
endeavour to keep our heads and work through the process of solution in a systematic way.

To start with, then, the first equation above gives us a simple way of expressing A in terms of
one of the other placeholders; it can be rearranged to give:

A= —C
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Substituting this expression for A into the other five equations gives us this revised system of
equations in only five variables:

B-2C+D=0
2B—-C—-D+E=0
3B-2E+F=0
2B+2C—-D+E-2F=0
B+C+D+F=1

The first of these equations can be rearranged to give the following expression for B:
B=2C—-D

And we can once again substitute this expression into the remaining four equations to obtain
this smaller system of equations:

3C—-3D+E=0
6C—3D—-2E+F=0
6C—-3D+E—-2F=0
3C+F=1

We could now go right ahead following the ascending order of our placeholder letters and
obtain an expression for C in terms of the other placeholders. However, all the instances of
the placeholder C in the above system of four equations has a coefficient other than 1, so that
any such equation at this point would be likely to introduce fractional coefficients and make
our arithmetic trickier. In view of this, | will now move to the other end of the list of our six
placeholders, and rearrange the last equation in the above list to obtain the following
expression for F:

F=1-3C

We can substitute this into the first three equations to get the following system of three
equations:

3C-3D+E=0
3C—-3D—-2E=-1
12C-3D+E =2
The first equation in this system can be rearranged to give:
E=3D—-3C

and we can substitute this into the remaining two to obtain:

9C-9D = -1
9C =2

This is now looking a great deal simpler. The second equation above gives us an immediate
value for C, namely:
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c—2
9

And the first equation can be rearranged to give an expression for D in terms of C, as follows:

1
9D=9C+1sothatD=C+§

so we see that we are going to have to do some fractional arithmetic after all — at least we
have left it all to the end.

Before evaluating all our placeholders, let’s summarise the expressions for each which we
derived at the various stages of our solution process above; they are as follows — in reverse
order:

D=¢C !
= _|_9
E=3D-3C
F=1-3C
B=2C-D
A= —C

We can now apply each of these in turn, beginning with the substitution into the first equation
of the value we have just obtained for C.. In order, these give us:

E_31 32 3 6 _9-6_ 3
3 9 3 9 9 9
o 32 9-6 3
— 5= 5 =5=

22 1 4-3 1
B=—"—-__=-__"-"
9 3 9 9
4 2
9

We can now put these values back into the template for our partial fractions expansion which
we obtained a little earlier. We will arrive at the following expansion for the integrand of I5:

1 2 2 1 1.1
9 __9 . _9"*3 3413
u-1D? u—-1 w+u+1l @W?+ u+1)?

Expressing all the fractions in the numerator with the common denominator of 9, this
becomes:
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1 2 2 3 3 .3
9 __9 . _9"*% ity
u-1D% u—-1 w+u+1l @W?+ u+1)?

We can now factorise out a common factor of 1/9, and display our result in the neater form:

1( 1 2 4 2u+3 4 3u+3 )
O\Nuw—-12 u-1 u?4+u+1 @W?+ u+1)?

Example 6: A Pause for Breath

Having created two rather complicated partial fractions expansions, we ought to pause briefly
to summarise our progress so far.

We have expanded the integrands of the intermediate integrals I, and I5 as follows:

1 _1( 1 u+2 )
u-D@?+u+1) 3\u—-1 u2+u+l

and:

1 _1( 1 2 N 2u+3 4 3u+3 )
u—-1D2@w?2+u+1)?2 9\(u-12 u—-1 u2+u+1 (u2+ u+1)2

As a result of this preparatory work, we can now divide up the intermediate integrals I, and
I in the following manner:

1_1<J‘ 1 d f u—+2 d)
27 3 u—1u u2+u+1u

and:

_1(f 1 d f 2 d +f 2u+3 f 3u+3 )

9\J (u—1)>? u u—1 u?+ u +1 w2+ u+1)2

We can therefore define some more intermediate integrals as follows — first, the two
components of the expanded /,:

1—] L dl—f “tz
4 u_luan 5 uz+ u+1

and now the four components of the expanded version of I5:

I_j 1dl—f2dl—fzu+3d1— 3u+3d
67 ) (u—1)2 WEE =™ T ey a1 T (u2+u+1)2u

These additional intermediate integrals are then related to our original two, I, and I3, by the
following two formulae:

u
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1 1
12 = 5(14_ 15) and13 = 6(16_ I7+ 18+ 19)

It will be useful to combine these two formulae into one formula for the integral in terms of u
which we obtained from our power-substitution; we will do this by recalling the earlier
formula for I,,, which was:

L, = —6(I;+ I3)

Substituting into this formula the expressions we have just set out for I, and I3, we obtain:

1 1
L, = —6<§(14 — Is) + 6(16 —I;+ Ig+ 19))
The right-hand side can be multiplied out so that we can write:
2
L= =2(l4— I5) - 5(16 — L+ Ig+ )

and we can abolish the unpleasant opening minus sign by reordering the bracketed material in
the first term to give:

2
I, = 2(15_ 14)— 5(16_ I; + Ig + 19)

We can now proceed to integrate each of the intermediate integrals in the above composite
formula, putting their solutions together at the end to obtain our solution in terms of u. We
will make it easier to avoid getting lost in complexity if we go further, and identify each of
the two terms in the above formula using the following abbreviations:

2
Ji= 2(Us— I)and ], = 5(16 —I;+ Ig+ Iy)

Using these abbreviations, we can then present the following shorthand formula for the
integral in terms of u:

Ly=71—-)2
Example 6: Integrating I, and I to Evaluate J;

We now need to integrate the two intermediate integrals I, and Is. The first of these is fairly
easy. We recall that:

= | :

T Ju-1

so that the rule of integration we have used again and again in this part of the book gives us
this solution:

du
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The second of these two intermediate integrals is:

I f u+2 4

= | 5——du

> u?+ u+1

In Appendix 4 Section 2, I quote a “standard integral” which can be used to deal with rational
expressions of the above kind which contain an irreducible quadratic denominator. We have
seen expressions of this kind several times before, particularly when we were dealing with

polynomial division as a useful tool in integration. The standard integral is derived in detail
in Appendix 5 Section 19, and it can be stated as follows:

fﬂdx = Blnlxz + bx + c|— Mtan‘1#<x+ 2>+ C
x2+ bx+c 2 Vic — b2 Vic — b2 2

In order to confirm its applicability here, we note that we have already established that the
denominator is an irreducible quadratic — this is, of course, a requirement for the standard
integral we want to use to be available to us. In order to apply the formula, we note that the
values of the various constant coefficients on the right-hand side are in this case as follows:

pr=1lg=2b=1andc=1

The two rather complicated coefficients on the right-hand side can therefore be evaluated as
follows:

bp — 2 1.1-2.2 3
Vac— b2 41— 12 V3

2 2 2

Vic— b2 Va1-—12 3

Our solution can now be read off from the standard integral formula as follows:

1 2 1
Elnlu2 + u+1|+ ﬁtan‘lﬁ(u+ E)-I_ C

Having reached this result, we might like to neaten up the argument of the inverse tangent by
multiplying it out — this is done as follows:

73 "B B BB

and it gives us the following version of the solution:

*3

2 ( 1) 2u 2 2u 1 2u+1
u _ _

2u+1>+C
V3

From these two results, the first term in the expanded formula for I,, which we derived a little
earlier and is formed as follows:

1
Is = Elnlu2 +u+1|+ \/§tan‘1<
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Ji= 2Us— L)
evaluates to the following expression:

2u+1

V3

Perhaps | may be forgiven for leaving the constant of integration out of consideration for
now, since this forms only one component of our substantive solution.

Ji=Injlu!+ u+1|+ 2\/§tan_1< )—21n|u—1|

Example 6: Integrating I, to I - Evaluating J;, Part 1

We can now move on to deal successively with each of the intermediate integrals which
appear in the second term of our formula for I,,, beginning with this one:

1
lg= | ——=d
6 f (u—1)2 u
This integral can be rewritten using a negative power, as follows:
j(u —1)2du

Once this is done, we see that one of the rules of integration we derived from the technique of
substitution can be applied — here is the rule in question:

f(x + k)"dx = (x+ k)™ + C

n+1

In our present case, the constants are set in the following way:
k= —-landn= -2
So that our result can be written down as follows:
1
= u-1D1t+C

Putting what was intended to be a form which shows clearly how the rule of integration has
been applied into a rather neater form, we have as our first result:

Our next integral is:
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This is, of course, equivalent to:

[
u—lu

and we can apply our favourite rule of integration for dealing with partial fractions
expansions to write down the following solution:

I, = 2Inlu—1|+ C

The third integral in this group is the following:

I_f 2u+3
8 Juz+u+1 u

This is another integral of the same form as I from the first group, and we can apply exactly

the same standard integral which proved useful in that particular case. Here, however, the
constants in the standard integral take the following values:

p=2q=3b=1landc=1

The coefficients in the standard integral’s solution which are rational formulae now take the
following values:

bp—2q  12-23 4

Vic— b2 VJai-12 3

2 2 2

Vic— b2 Va1-—12 3

(We note that the second of these is exactly the same as it was in the case of the solution to
Is.) We are now ready to write down our solution as follows:

Inju? + u+ 1|+ itan‘li(u+ 1>+ C
V3 V3 2

As we did with the solution of I earlier, we can multiply out the argument of the inverse
tangent to show our solution as follows:

Ig= InJu?+ u+1| + itan‘1 <2u+ 1) + C
V3 V3

Example 6: Integrating Iy - Evaluating /,, Part 2
We now come to the final intermediate integral, as well as the final component of the term of

our solution in terms of u which we have named J,. This integral deserves its own separate
subsection. The integral in question is this one:
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I_j‘ 3u+3 d
T @+ ur 2™

This is a more challenging integral that any of the others we have had to face in this example
— indeed, we have not encountered an integral quite like this one, containing as it does a
squared irreducible quadratic in the denominator. However, we need not be defeated. We
will start by taking the common coefficient of 3 outside the integral sign, as follows:

u+1 4
(u?+ u+1)2 u

The remaining integral would be easy to deal with if only the numerator were 2u + 1 - this is
the derivative of the quadratic which appears in the denominator, and its presence in the
numerator would give us a function-derivative pair, allowing us to generate a soklution very
quickly using the formulaic rule of integration derived from basic u-sibstitution.

Well, we could use a little crafty algebra to split up the integrand so that at least part of it
satisfies this requirement — the remaining part would need further work, however. The
algebra we would need to do is to add and subtract u from the numerator. This, of course,
would leave the overall value of the numerator unchanged, but would let us split the
integrand up into two separate rational expressions. Here is what would happen to the
numerator:

u+l+u—u=2u+l-u
We could then split the integrand into two parts as follows:

u+1 _ 2u+1—u _ 2u+1 u
(uz+u+1)2_(uz+u+1)2_(u2+u+1)2 (u? + u+1)>2

This would certainly allow us to integrate the first part with ease, but the second part looks no
easier than the integrand we started with, so this may not be the best approach after all.

Instead, let’s try the approach we took in Part 1 Section 12 when we were dealing with
integrands containing an irreducible quadratic in the denominator, sometimes under a square
root sign. The current integrand may not prove so different, since the quadratic in our
denominator here is squared — in other words, just raised to a different power.

Our first step in Part 1 was to complete the square for the quadratic in the denominator — we
can do this using the formula derived in Appendix 3 Section 1 or simply “by inspection” to
obtain the following equivalence:

1 2

ur4+ u+l= (u+—) +

3
2 4

This now allows us to use the substitution:

1
v=u+ Esothatduzdv
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We must note further that the numerator of our rational expression in u can be re-expressed
using our substitution formula as follows:

Fl=v-t41=v4o
u =V > =V >

Applying the substitution to our integral in u, we now have the following integral in terms of
v, which we will give for reference the name I,,:

v+
A pas

d
(i)

which we can immediately split into two separate integrals as follows:

1
L= j;dv and I;; = dev = 1f;dv
(v2+3) (v2+3) 2

so that our complete solution for I,, will be found using the following formula:

Bl N =

I, =L+ I1;

The first integral, I;,, contains a function-derivative pair with a coefficient — we note that the
derivative of the bracketed expression in the denominator is 2v — which is the expression in
the numerator multiplied by 2. It has the form:

kg'(fW))f' (v)
where:
(F@) = ———; g0) = — = v2sothat g(v) = —v' = —=
glfw))= 32,g17—v2—v sothatg(v) = —v™" = =

(v +32)

3 1
f) = v*+ 7 f)= 2vandk=z
Our solution is therefore obtained from the formula:

kg(f(v)) + C
which in this case represents:

1 1 1
——. 3 + C or, multiplying out, —— 3 + C
vi+ gz 2v2 + 5
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Multiplying above and below the line by 2, we can remove the fractional term, in order to
arrive at this neater solution:

2

-—" _+c
4v2 + 3+

Our second integral in terms of v, I;;, with the coefficient of 1/2 removed, is as follows:

1
110 = f—32dv

(v +3)

As we did in Part 1 Section 12, we will handle this using tangent-substitution, making the
following substitution:

dv 3
v = —tanw so that — = —sec?w and dv = —sec?w dw
2 dw 2 2

Plugging in these substitutions, we now have the following integral in terms of w:

1 V3
f 5. —sec?w dw
(étanzw + §) 2
4 4

Using the trigonometric formula:
tan®x + 1 = sec?x

the bracketed expression in the denominator reduces to:

3 3
Z(tanzw +1) = Zseczw

So that the whole integral becomes:

V3

—-sec’w V3 16 1 8 1 8 ,
9—dW:7? SeCZWdW :ﬁfseczwdwz 3—\/§fCOS WdW
Esec“w

We can probably feel comfortable by this stage of the book about treating the final right-hand
side integral as a standard integral, which we can quote from Appendix 4 Section 2 as
follows:

1 1
fcoszxdxz E(x+ Esian)+ C

This lets us write out our solution to the above integral as:
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4 ( Lin2 >+C
—sm w
3v3

We must now recall our trigonometric substitution, which was:

-1

3
v = 7tanw so thatw = tan v

2
V3
Reversing this substitution, our solution in terms of v becomes:

4 1 2 1 1 2
(tan —v+ —=sin2tan —v>+C

3v3 V3 2 V3

Recalling that we have met compositions of trigonometric and inverse trigonometric
functions several times before in this book, and that we have found that they are reducible to
expressions which do not themselves involve any trigonometric functions, we must now
digress briefly to perform the necessary reduction on the expression:

sin2tan"1x

which is the form taken by the second term inside the brackets in the above first-draft
solution.

We can simplify this using another of the series of results which deal with this type of
situation, of which we have encountered several already. The one we need here (for which |
have given a full derivation in Appendix 4 Section 4) is as follows:

2x
x2+ 1

sin2tan"lx =

The term in our integral solution in terms of v which we wanted to simplify is therefore as
follows:

4 v 2 %

\/§%1ﬂ+1 ‘E%vz+1

. =
—sin2tan"!—v = = \/_ =
2 V3T 2254

wl..p
N| =

Multiplying the final right-hand side above and below the line by 3 turns this into:

2 3v _ 2/3v
V3 4vZ+ 3 4vZ+ 3

Our draft solution in terms of v is now as follows:

4 (i 2y 2\3v L
vzl BT et 3
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And when we reapply the coefficient of 1/2 which we took outside the integral sign before
starting off down this convoluted route, we have the following solution in terms of v for the
integral I, :

4 L2 2v3v 2 L2 2v/3v
—|tant=v+ —/—— |+ = —|tan'=v+ ——— |+ C
3 V3 4v? + 3 33 v

Before we put the two parts of our solution to I, together, it might be convenient to multiply
out the brackets in the right-hand side above, to obtain this:

2 2 2 24/3v 2 2 4
1 + C=—tan"'—=v+

—t R — = e
B Wi Bt e ot ©

t——
33 V3 3v3 4v?+ 3

We must now put the two solutions in terms of v which we have just laboured so hard to
obtain using the formula we set out above for the overall integral in terms of v, which was:

I, =L+ I1;

Remembering that the solution to I;, was found to have an opening negative sign, we will
reverse the order of the two solutions to combine them as follows:

2 1 2 4v 2
—tan " —v +

—~ +C
343 V3 12v2+ 9 4v2+4 3

The last two terms can be expressed with the common denominator 12v2 + 9, (which is, of
course, 4v? + 3 miltiplied by 3) giving the following result in terms of v:

2 4 2 4v—6
[, =——=tan™" —v

+t———+C
33 V3 1202+ 9

We have taken all this trouble to solve the intermediate integral Iy; in order to display the
final solution to this integral in terms of u, we must reverse our first substitution, which we
recall was:

v=Uu >

The above solution in v this transforms into the following solution in wu:

2 2 1 4(u+%)—6
ﬁtan 1ﬁ(u+ E>+12(u+%)2+ 9+ C

The argument of the inverse tangent function can be multiplied out and simplified a little as
follows:

BRI
289

2( +1) 2u 1 2u+1
_u — —_— —
V3 2
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The second, rational, term expands to give the following result:

u +2-6 _ u—4 _ 4u—4
- 2 - 2
12(u2+u+%)+9 12u + 12u+3+9  12u?+ 12u+12

We can cancel out the common factor of 4 top and bottom, to get to the following:

u—1 _ u—1
3u2+ 3u+3 32+ u+1)

Our preliminary solution in u is now tidied up a little to look as follows:

2 ) _1(2u+1)+ u—1 4
——=1an

33 \3 3(u?+ u+1)
Lastly, we must recall that we moved a coefficient of 3 outside the integral sign when we first
began looking at the intermediate integral Iy. This coefficient must now be restored, at which
point it will cancel with the coefficients present in the denominators in the solution shown
above, to give the following final solution in terms of wu:

C

C

2 2u+1 u—1
(%) + o +
u‘+u+1
Example 6: Putting the Intermediate Integrals Together to Construct J,
We have now evaluated all four of the intermediate integrals I to I, which form the
components of the part of our final solution which we have abbreviated under the name J,. It

will be useful to list all these solutions together here so that the mechanics of combining them
together will be clearer. These solutions are as follows:

+ C

I = —
6 u—1

o 4 2ut1
Ig= Inlu*+ u+1| + tan + C

3 V3
L2, _1(2u+1)+ -1 .
9—\/§an V3 uz+ u+1

The formula which will combine these to provide us with J, is:
2
2= 5(16_ I; + Ig+ Io)
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Since the solution to I¢ has a negative sign, we will move both it and I,, which is provided
with its own negative sign by the formula, to the end; also, we will first add together Ig and
Iy, both of which have inverse tangents in them which can conveniently be combined. The
sum of Ig and I,,temporarily omitting the constant of integration, is as follows:

) 4 1 f(2u+1 2 i f(2u+1 u—1
Inju“+ u+ 1| + —=tan ( >+ —tan ( >+
V3 V3 u?+ u+1

V3 V3

Adding together the inverse tangent terms gives us the following result for this preliminary
stage:

Infu? + u+1] + —t ‘1<2u+1) Mt
T \/gan V3 uz+ u+1
Since:
6 2.3
—=—_——=2V3
V3 V3
we can rewrite this more neatly in this way:
2u+1 u—1
Infu? 1]+ 2V3t -1( ) -
nju?+ u+ 1|+ 2v3tan e ST

Adding I and subtracting I; and applying the overall coefficient of 2/3 brings us to the
following content for J,:

2u+1)+ u—1 1
V3 u?4+u+1 u-1

(Since this is only an intermediate stage, | have once again omitted the constant of
integration. It will be brought back at the end of the process.)

2
—(lnlu2 + u+1|+ 2\/§tan‘1<

3 —21n|u—1|>

The difference of two rational expressions in the above solution can be combined into one
single expression with the common denominator:

u—1D@Ww?*+ u+1
With this denominator, the numerator of the combined expression will be:
u-12- W+u+1)=u?-2u+1—u?—-—u—-1= -3u

and having made this change and gathering the logarithmic terms together, the content of J;
can now be stated as:

2u + 1) 3u )

E(lnluz+ u+1|—2Injlu—-1|+ 2\/§tan‘1< -
3 V3 u-1D@W?+u+1
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It will help us further to recall at this stage that:
wu-DWw+u+D)=u3-1
indeed, this is how we initially expanded out u3 — 1 in order to allow us to use the Method

of Partial Fractions! We can therefore tidy up our expression for J, even further in the
following way:

2 2u+1 3u
I = 3(lnlu + u+ 1| —-2Infu — 1] + 2v3tan ( 3 ) . 1)

Example 6: Combining g the Components to Obtain I,

It will make the task of subtracting the above result for J, from the earlier result we obtained
for J; by multiplying out the brackets to obtain this version:

2 4 43
I, = §1n|u2 + u+1| —glnlu -1+ Ttan‘1<

2u+1> 2u
V3 ud—1

We should now recall that we have already obtained the following expression for the
component of our solution, /;, and it was as follows:

2u+1

V3

The solution in terms of u will be obtained by applying the following formula:

Ji=Inlu*+ u+1|+ 2\/§tan‘1< )—21n|u—1|

Ly=71—-J;

Carrying out the subtraction term by term, we will obtain the following solution for I,,:

2u+1>+ 2u
V3 ud—1

As a final step, we might like to simplify the coefficient of the inverse tangent term in the
following way:

1 2 2V3
§ln|u2+ u+1|—§ln|u—1|+ Ttan‘1< + C

23 23 _ 2
3 V343 V3

This brings us to the final expression of our overall solution in terms of u:

1 2 2 (2u+1 2u
Iu=§ln|u +u+1|—§ln|u—1|+ﬁtan <\/§ >+u3—1+C
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Example 6: Reversing the Substitution

We have now arrived at the final stage! All that is left is to reverse the power-substitution we
made right at the outset in order to take the cube root in our integrand out of consideration. A
brief reminder is probably in order; the substitution was:

3 x+1 3lx+1
u° = so thatu =
x—1 x—1

It is probably apparent that when we reverse this substitution, because of the number of
instances of the substitution variable u in our solution above, as well as the several different
powers to which it is raised, we will find the cube root of our rational expression in x
appearing frequently. In order to avoid burdening the page with a spattering of cube root
signs - or even bracketed rational expressions raised to fractional powers, | will propose that
we abbreviate the entire rational expression under the cube root, as follows:

x+1
x—1

This means that we can represent the various instances of the substitution variable u write
neatly, replacing it and its various powers as follows:

u= X3 u%2=x2Bandud =X

Using this abbreviated notation, we can easily state our final solution in terms of x (or in the
current version in terms of X) as follows:

1 2 2 2X13 41 2Xx1/3
I==In|X?%+ X3 + 1| —=In|X'/% — 1| + —=tan™?! + +C
3 3 V3 V3 X—1

x+1
where X =
x—1

It is worth noting that we can make one further simplification of the final term in this
solution, as long as we are prepared to mix instances of the abbreviation X with instances of
the actual variable of integration x

We start by noting that, in its expanded form, the denominator of this final term is:

x+1 x+1 x—-1 x+1-(x—-1) 2
x—1 x—1 x-1 x—1 x—1

The final term as a whole can therefore be written as:
x—1
2)(1/3.T =X3(x-1)

This allows us to state an alternative final solution, which would be as follows:

293



Algebraic and Trigonometric Methods

1 2 2 2X13 41
[ ==In|X%3 + X3 + 1| —=In|X¥3 - 1| + —tan™? <—>+X1/3 x—1+ C
3n| | —3n| I+ 5 NG (x=1)
x+1
where X =
x—1

Example 6: A Concluding Summary

The evaluation of this integral has been such a complicated process that it would make sense
to give a brief summary at the end of the process, showing how we got to it and the various
different techniques we employed — the use of multiple techniques, after all, being the main
subject of this section. Our procedure in evaluating the integral I was as follows:

1. We began by making a power-substitution to remove the cube root from our
subsequent working. The substitution we chose required some algebraic manipulation
in order to make it simpler for us to find our expression for dx.

2. We used some more algebraic manipulation to put the integrand which resulted from
power-substitution into a two-term form which was amenable to partial fractions
expansion so as to make it integrable.

3. We obtained partial fractions expansions for each of the two terms obtained at the
previous stage.

4. We then integrated each of the resulting terms in the partial fractions expansions; all
except the very last term in the second expansion could be integrated using rules we
have already established. The awkward final term, which had a squared irreducible
quadratic in its denominator, had to be integrated using the multi-stage process we
developed in Part 1 Section 12. This entailed completing the square for the quadratic
in the denominator, and then making a simple substitution on the squared part of the
resulting expression. The resulting integral was split into two terms, one of which
was integrated using a standard rule, and the other using a trigonometric substitution.

5. The various components of the solution, obtained using a term-by-term approach,
were then combined together and the result simplified to obtain our solution in terms
of u.

6. Finally, we reversed the original power-substitution and expressed the final solution
in terms of x using an abbreviation for the rational expression inside the integrand’s
cube root sign to simplify the presentation of our result.

This example must hold the record in this book for the number of different techniques
deployed in its solution. It also serves to illustrate the importance of naming intermediate
integrals appropriately to avoid becoming lost in complexity. A final remark might be added
on the variety of different terms in the solution, which includes logarithmic terms, an inverse
tangent and an algebraic expression.

9 Trigonometric Integrals
In this section, leaving behind our detailed look at a range of integrals containing rational

algebraic expressions, we will turn to the question of integrating various combinations of
trigonometric functions. The trigonometric functions are connected by a rich set of identities,
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which allow us to start with one kind of expression containing these functions and transform
it into another kind of expression, which may in some sense or other be more useful to us.
When we are concerned with integrating trigonometric expressions, of course, the identities
which will prove most useful to us are those where we start with an expression which we
cannot easily integrate and transform it into one which we can integrate.

In this regard, the identities which are likely to be most helpful to us include the power-
reduction formulae, which allow us to resolve squares of trigonometric functions into
expressions without any powers in them. Two such useful formulae are as follows:

sin’x = 5 (1 — cos2x)

1
cos’x = > (1+ cos2x)

While it doesn’t actually help us get from something we can’t integrate to something we can,
the Pythagorean identity linking sine and cosine may be of use to us in allowing powers of
either sine or cosine to be transformed into powers of the other of the two functions. The
identity is, of course:

sinx + cos?x =1
and its various rearrangements may prove of use to us.

We do not have a power-reduction formula of precisely the same nature as the ones we listed
for the squares of the sine and cosine for the square of the tangent function, but we do have
an identity which transforms squared tangent functions into something different, which we
can certainly integrate — this is a form of the identity connecting the tangent and secant
functions, which is as follows:

sec?x — tan’x =1
and the particular rearrangement which is likely to be most useful to us is this one:
tan?x = sec®x — 1

On the right-hand side, we have an instance of sec?x, which, being just the derivative of
tan x, is easily integrated.

Another set of identities which will prove very useful to us are the product-to-sum formulae,
which take products of trigonometric formulae and transform them into the sum, of two
different trigonometric functions. These formula we are derived from the addition formulae —
a set of identities which are among the first to be learnt when familiarising ourselves with
trigonometry. Appendix 4 Section 3 has a brief discussion of their derivation, and I list here
the product-to-sum formulae which will be useful to us:

sinasinf = %(cos(a — B) — cos(a + pB))
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cosacosff = %(cos(a — B) + cos(a + B))

sina cos B = %(sin(a + B) + sin(a — B))

| have listed three formulae here, rather than the four shown in Appendix 4, since the last of
those in the appendix is really only a restatement of the third using different placeholders a
and .

It may not be immediately clear how these product-to-sum formulae help us in our task of
integration — if, however, we imagine the placeholders a« and £ to be multiples of x, for
example as follows:

a=7xand f =5xsothata — f =2xanda + [ =12x

then we can see that the first of the above formulae allows us to state the following:

sin 7x sin 5x = 5 (cos2x — cos 12x)

This would be very helpful in integration, since the right-hand side, apart from the coefficient
of 1/2, which is no real obstacle to us, its contents are easy to integrate using standard rules.

We will now proceed to look at some examples, starting with my recommended approach to
an integral which we attempted to deal with by parts in Part 2 Section 12, but which failed to
respond to that method.

Example 1: Integrating sin 3x cos 5x: the Recommended Method

In Part 2 Section 12 Example 4, we tried to evaluate the following integral:

I = fsinchosSxdx

using integration by parts. The technique did not work, giving us a useless tautological
formula in terms of I. 1 pointed out in the notes following that example that such behaviour
can be taken as pretty reliable evidence that we have made the wrong choice of integration
technique, and that this particular integral can be evaluated quite simply with the aid of a
trigonometric identity.

The identity we need is one of the product-to-sum formulae we discussed at the start of this
section — the one we need in this instance is as follows:

sina cosff = %(sin(a + B) + sin(a — B))

Applying this identity to the expression which constitutes our integrand by setting @ = 3x
and # = 5x, we obtain the following:
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1
sin 3x cos 5x = > (sin8x + sin(—2x))

Simple consideration of the properties of the sine function (or even a quick visualisation of its
graph) will confirm that sin(—a) = —sina. We can therefore rewrite the right-hand side
above as follows:

1
3 (sin8x — sin 2x)

In order to integrate this expression, we can take the coefficient of 1/2 outside the integral
sign and integrate the bracketed part of the expression term by term, as shown here:

1
I = E(fsin8xdx— jsiandx)

The right-hand side expression can be evaluated quite simply to give us a fairly speedy final
solution of:

I—1<1 8+1 2>+C—1 2 L 8x+ C
= 8cos X + 505 2x = jc0s2x 16cos x

The final right-hand side is obtained by swapping the two terms in brackets in order to
eliminate an ugly leading minus sign, and multiplying out the brackets to give a simple two-
term expression.

Example 2

Here, we will complete a process which | started immediately before Example 1 when
explaining how the product-to-sum formulae could prove helpful tools in evaluating integrals

of products of trigonometric functions. We will integrate the example expression | used
there, and evaluate:

I = fsin7xsin5xdx

In the explanation above, we established that the appropriate product-to-sum formula would
allow us to restate the integrand as:

1
2 (cos 2x — cos 12x)

so that our integral can be expressed in the following term-by term version:

1
I = E(fcostdx— fcolexdx)

This restated integral can be evaluated easily to give the following solution:
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1—1(1'2 1'12>-+-C—1'2 1'12 + C
—2251nx 12sm X —4smx 24sm x

Note

The process of applying the product-to-sum formulae as an aid to integration is so
straightforward that no further examples may seem necessary. However, a couple of remarks
are in order.

First, we can see that the very first integral we examined in Part 1 of this book, which was:

I = fsinxcosxdx

will actually respond quite easily to the use of the formulae we have been discussing. We can
apply the last of the three formulae I listed at the start of this section, with the following
values for the placeholders:

a=xandpf =x
The integrand becomes:
1 1
> (sin2x + sin0) = > sin 2x
since the properties of the sine function tell us that sin 0 = 0. Our integral now becomes:

1 . 1
I = Efstxdx— —ZCOSZDC-I- C

Well, this looks nothing like the solution we obtained in Part 1 using u-suibstitution — that
result was:

~sinx + C
ZSIHX

However, there is a way to reconcile these apparently different results obtained by the
different methods. In order to see how this works, we first recall the power-reduction
formula for the sine function, which states that:

sin?x = 5 (1 — cos2x)

This means that the solution from Part 1 can be rewritten as:

1 1 1 1 1
Z(l_ cos2x)+ C = 1 Zc052x+ C=— Zcost+ C' where C' = C + 7

We can now see that the two solutions are actually the same solution subject to a difference
in how we express the constant of integration. We have encountered this phenomenon, where
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two different methods of integration provide solutions which differ in this way — the
difference here is that the relationship between the two alternative solutions is not at first
apparent, until we notice the relationship between:

sin’x and — 7 €08 2x

which actually only differ by a constant quantity.

My second remark is simply to point out that it is easy to derive three useful standard
integrals from the use of the product-to-sum formulae. 1 set out the derivation of all three in
Appendix 5 Section 21, and they are listed for reference in Appendix 4 Section 2.

Example 3

We will now move on from products of sines and cosines of multiples of x ro look at
integrands which contain products of powers of these two functions. We will start with:

I = fsinzxcos3xdx

We will begin by making a restatement of the integrand which will help us to see how to
proceed. We will extract cosx from the integrand and write it as a separate factor, as
follows:

sin?xcos?x cos x
We will then take advantage of the fact that we can now see a factor of cos?x to rewrite the
integrand using a rearrangement of the Pythagorean identity, turning the integrand into the
following expression:

sin?x(1 — sin®x) cos x

At this point, we will be able to integrate by using the substitution:

du
u = sinx sothat — = cosx and dx =

du or if we prefer du = cos x dx
dx CoOS X

This gives us the following integral in terms of u:
Juz(l — u?)du = J(u2 — uHdu

which can be integrated easily term-by-term to give this solution in terms of u:

1 1
.3 _ _.5
3u 5u+C
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Reversing the substitution - which is a very simple matter since, we must recall, this was a
straightforward u-substitution, and notr a trigonometric substitution where the substitution
formula was expressed with x as the subject - we have the following solution in terms of x:

I = lsin3x— —sin®x + C
3 5

Example 3: A Quicker Solution

| have carried out the integration of Example 3 above by setting out the process of u-
substitution explicitly. It will be recalled, however, that we can short-circuit this procedure
when the substitution is a straightforward one expressed with u as the subject.

In order to demonstrate this, we should observe that, once we have rearranged the integrand
using some algebraic and trigonometric manipulation into the following form:

sinx(1 — sin®x) cos x

we find a function-derivative pair to be present. In other words, the integrand has the classic
form:

kg'(f(0))f' ()
where:
k=1,9"f(x)) = sin?x(1 — sin?x), f(x) = sinx and f'(x) = cosx

1
g'(x) = x2(1 — xZ) = x2 _x%g0 that g(x) = §x3 _ gxS

Our rule of integration derived from u-substitution predicts a solution of the form:

1 1
kg(f(x))+ C = 3sin®x — gsin5x+ c

which is the same solution obtained from the explicit integration by substitution above.
Example 4

We will now integrate a similar expression to the one we have just dealt with. Our integral
this time will be:

I = Jsin3xc058xdx

In this case, we will extract a factor of sin x from the integrand to rewrite it as follows:

sin®xcos®x sin x
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We can then use a rearrangement of the Pythagorean identity to rewrite the integrand once
more as follows:

(1 — cos?x)cos®x sin x

We are now in a position to substitute in a broadly similar way to the approach we took with
the previous example; we will make this substitution:

du
u = cosx sothat — = —sinx and dx = ———du or if we prefer du = —sinx dx
dx sinx

This provides us with the following integral in terms of u:
f—(l — uH)ubdu = f(u2 — Duldu = j(ulo — u®)du

We move from the initial left-hand side above to the next stage in the chain of equalities by
using the simple algebraic rule:

—(a—b)=Db—a
to do away with the opening minus sign.

As before, this integrates very simply term by term to give this solution in terms of u:

1 1
.11 .9
11u 9u + C

and when we finally reverse the substitution, we will have this solution in terms of x:

1 1
I = Hcosllx — §c059x +C

This solution has proceeded in an almost identical manner to the solution to Example 3
above, apart from the introduction of a minus sign as a result of the differentiation which
followed from choosing to substitute u = cos x instead of u = sinx.

Example 4: Another Quicker Solution

As was the case with Example 3, we can observe that once we have rearranged the integrand
in the current example into the following form:

(1 — cos?x)cos®sinx

we will again be able to spot a function-derivative pair, but this time with a “hidden” constant
coefficient. As we usually do in these cases, we represent the integrand in the form:

kg'(f ())f'(x)
In the current case, we have the following equivalences:
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g f(x)) = (1 — cos?x)cos®, f(x) = cosx and f'(x) = —sinx,requiringk = —1

1
g'(x)=(1- x)x8= x® —xsothat g(x) = 6x9 T

11

We should note that we have to introduce a constant coefficient of —1 into our
representation, since the derivative of cosx is —sinx, and its negative sign must be
neutralised since the original integrand has no negative sign.

Our rule of integration based on the method of substitution predicts a solution as follows:

1 1 1 1
— (2 ey — 11 — 11, _ =~
kg(f(x)+ C = (gcos X = 7708 x>+ C T C0s X — gcos x+ C

and we can see that the final right-hand side is, of course, the same solution as the one we
obtained by explicit integration by substitution.

Example 5

Both of the previous examples have been in a sense “convenient” examples, in that, once we
had extracted a factor of either cosx or sinx, we were left with an instance of the same
trigonometric function squared, so that we could use the Pythagorean identity to transform
this into an expression using the other function in that identity, paving the way for an easy
substitution. This happened in each case because each integrand contained a factor of either
cos x or sin x cubed to begin with

We must therefore investigate whether the technique we have been using in the last two

examples can also be applied when cos x or sin x are raised to powers higher than 3. In this
spirit, we will attempt a similar approach to the following integral:

I = fsinszOSSxdx

We will start, as before, moving a factor of cos x into an exposed position in the integrand by
rewriting it as follows:

sin?xcos*x cos x

It is not so clear how we can go about converting the remaining factor of cos*x into an
expression involving only sines (so as to be able to substitute u = sinx as we did in
Example 3) until we rewrite the new version of the integrand as follows:

sin®x(cos?x)? cosx = sin?x(1 — sin?x)? cosx
We can multiply out the squared bracketed factor to get the following revised integrand:

sinx(1 — 2sin®x + sin*x) cosx

We are now able to substitute just as we did in Example 3, using:
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u = sinx sothatdu = cosxdx

(I have here leapt straight to an expression in terms of differentials — the fuller reasoning is,
of course, given in Example 3 above; | have also chosen an expression for du in terms of dx,
as distinct from my normal practice in this book since it may serve to make clearer the reason
for pulling out a single factor of cos x in the way | have done.)

With this substitution, we can move straight to the following integral in terms of u:
fuz(l —2u?+ ut)du = f(uz — 2u* + u®)du

which, once again, integrates easily term by term to give us this solution in terms of u:

1 2 1
§u3— §u5+ 7u7+ C

and we can very easily reverse our substitution to produce this final solution in terms of x:

1. 2 1.
I = =sin3x — =sin®x + =sin’x + C
3 5
By this time, it will 1 hope be obvious that we could use the rule of integration we derived
from u-substitution just as easily here once we have got the integrand into the correct shape,
and | hope there is no need to exhibit that method again.

Example 6
In this example, we will look at an integral which seems at first entirely similar to those

preceding, but which will in the event serve to illustrate a very important point about the
method we have been using in Examples 3 to 5 above. Our integral will be as follows:

I = fsinzxcos“xdx

We will notice right at the outset that both trigonometric functions in the integrand are raised
to a even power — in the preceding three examples, at least one odd power has been present.
That said, let’s see if our method will still work.

We seem to have a choice — we can extract a cosine and aim to substitute u = sinx or
extract a sine and substitute u = cosx. Let’s start with the first of these two options — the
integrand is rewritten as:

sin®xcos3x cos x

If we were to proceed with the substitution of u = sin x, we would need to express the cubed
cos x term in terms of sin x, and we don’t have a ready way of achieving that.
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So let’s try the other option, of starting by extracting a sine from the current factors. This
gives us a rewritten integrand as follows:

sin x cos3x sin x

The plan to go on and substitute u = cosx would then leave us with the necessity of
expressing sin x in terms of cosx. This is, of course, possible, but perhaps not helpful — we
can use the Pythagorean identity to write:

sinx = 1 — cos?x

Bearing in mind that the substitution u = cos x gives us the equivalence du = —sinx dx,
we would be left with the following integral in terms of u:

—f(l — u®)?u3du

and this is really no easier than the integral in x with which we started out.

These two blind alleys should convince us that an alternative approach is necessary. We can
see why it is made necessary by observing that our previous technique worked because at
least one of the trigonometric functions in our earlier examples was raised to an odd power.
This means that extracting one instance of such a function would leave an even power
behind, which we can express fairly easily in terms of the other trigonometric function using
the Pythagorean identity.

So can we rewrite the present integrand in such a way as to allow us to integrate it? Rather
than applying the Pythagorean identity directly to the integrand, which would leave us an
expression in only one of the two trigonometric functions (this would make it difficult to
substitute u for the remaining function, since this would yield an expression for dx or du in
terms of the other function!). Another tool we have at our disposal would be the power-
reduction formulae, which allow us to rewrite the squares of each of the functions in our
integrand in a simpler form.

Using these on the integrand, we can rewrite it as follows:

_ 1 1 z
sin®xcos*x = > (1 — cos2x) (E (1+ cos Zx))

The right-hand side can be simplified as follows:

1 1 1

5(1 — €0s 2x) 'Z(l + cos2x)? = §(1 — cos2x) (1 + 2cos2x + cos?2x)
The right-hand side multiplies out to give the following:

1
3 (1+ 2cos2x + cos?2x — cos 2x — 2c0s?2x — cos32x)

If we gather like terms together, we will have the following version:
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1
3 (1+ cos2x — cos?2x — cos32x)
The powers of cos 2x greater than 1 can be rewritten in the following way:

1
cos?2x = E(l + cos4x)

cos32x = cos?2x cos 2x = (1 — sin?2x) cos 2x

The reasoning in the second line above makes use of the Pythagorean identity to rewrite
cos?2x in terms of sin?2x.

We should immediately spot that the final right-hand side of the second line contains a
function-derivative pair, so that it would be amenable to integration by substitution. We
therefore need go no further in attempting to simplify it.

We should now put these simplifications back into the earlier expression for our integrand, so
as to obtain the following

1 1
3 (1+ cos2x — > (1+ cos4x) — (1 — sin?2x) cos 2x)

Multiplying out the term containing cos 4x and gathering the constant terms together gives
us:

1/1 1
3 (E + cos2x — Ecos 4x — (1 — sin?2x) cos Zx)

We can put this into a neater form ready for term-by-term integration by factorising out 1/2
(and introducing a coefficient of 2 for those terms which are not multiplied by 1/2). With
this step, we have the following version of our integrand:

1
Te (1+ 2cos2x — cos4x — 2(1 — sin?2x) cos 2x)

This can now be integrated, by moving the coefficient of 1/16 outside the integral sign and
dealing with the rest of the expression term by term. We can integrate the first two terms
inside the brackets with ease, and if we define the intermediate integral I; as follows:

I = f 2(1 — sin?2x) cos 2x dx

we can write out a preliminary sketch of our solution as follows:

1(+'2 1'4 I)
1g\* T sin2x — osindx — I,
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We will now complete the job by evaluating the intermediate integral I;. | mentioned earlier
that this contains a function-derivative pair, allowing the use of substitution. Accordingly,
we will substitute:

u = sin 2x so that Z—Z = 2cos2x and du = 2cos2xdx
Our integral in terms of u is now quite a simple one:
f(l — u?)du
which integrates term by term to produce this solution in terms of u:

w4 C
u 3u

and after reversing the substitution, this is our solution in terms of x:
1
sin 2x — gsin32x + C

Putting this back into our earlier partial solution, we have the following expression for our
solution to the original integral I:

1(+'2 1'4 '2+1'32>+C
16 X SIn 2X 4Slrl X Sin 2x 3Slr'l X

The terms in sin 2x can be gathered together to cancel each other out, so that we have the
following neater version:

1( 1'4+1'32>+C
16x 4‘Sll‘lX 3smx

We may prefer to multiply out the brackets, so that we end with a series of terms as follows:

I—1 1'4+1'32+C
—16x 6451nx 4‘8511’1 X

Let’s mention a possible restatement of this result, using the double-angle identity for the sine
to write:

sin 4x = 2 sin 2x cos 2x

This lets us give the following alternative version of our solution:

1 1
| = —x— —sin2 2 —sin32
16x 32sm X COS x+4851n x+C

where all the trigonometric functions are expressed as functions of 2x.
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We immediately notice that this solution is quite unlike those we obtained for earlier integrals
of products of powers of trigonometric functions. The earlier solutions were all series of
powers of a trigonometric function, while this last one — where the powers in the integrand
were both even — has a term in x followed by terms in the sine (and cosine if we wish) of
multiples of x.

Example 7

In order to get a better feel for the procedure we have had to adopt in this case, let’s consider
an example which contains some higher powers. Our integral here will be:

I = fsin4xcos6xdx

We will try the approach we took in the previous example, where we rewrote the integrand in
terms of powers of the square of the sine and cosine, which then allowed us to apply the
power-reduction formulae. In this case, our integrand becomes:

(sin?x)?(cos?x)3

Using the power-reduction formulae to rewrite the bracketed items in terms of cos 2x will
give us the following expression:

2 3

(% (1— cos 2x)> (% (1+ cos 2x)>

We will immediately deal with the constant coefficients and take the result of multiplying
them together out as a single coefficient. The operation on the coefficients is as follows:

<1>2<1>3_ 11 1
2/ \2) 4’8 32
so that our overall expression can now be written as:

1
32 (1 — cos2x)?(1+ cos2x)3

We now expand out the squared and cubed factors (using the Binomial Theorem for the
cubed factor if you don’t know the standard expansion) to obtain this expression:

1
32 (1 —2cos2x + cos?2x)(1 + 3 cos2x + 3cos?2x + cos32x)

In multiplying out this expression, we can multiply the second bracketed factor successively
by each term in the first bracketed factor — this gives us the following three expressions,
which we can use to gather together like terms:

1 4+ 3 cos2x + 3cos?2x + cos32x
—2cos2x — 6c0s?2x — 6c0s32x — 2cos*2x
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cos?2x + 3cos32x + 3cos*2x + cos®2x

We can now proceed to gather together like terms from the above three expressions and write
down the result, not forgetting the coefficient of 1/32 which must be applied:

1
3—2(1 + cos 2x — 2cos?2x — 2cos32x + cos*2x + cos®2x)

so that our integral can now be restated as follows:

1
5[(1 + cos2x — 2cos?2x — 2cos32x + cos*2x + cos®2x)dx

The integrand is a series of powers of cos 2x. We might decide, as we did in the previous
example, to use trigonometric identities to simplify the integrand further. However, we could
instead appeal to the standard integrals for powers of cos x listed in Appendix 4 Section 2
(where they are justified on a basis of repeated use of the reduction formula for the integral of
cos™x) together with the following useful rule of integration derived from the method of
substitution:

ff(kx)dx = %F(kx) + C

to integrate the expression term by term. This will almost certainly be a quicker and less
error-prone procedure, so that’s what we will do.

Applying the stated methods, the following table shows how each term of the integrand
integrates to contribute the following material to our final solution — the third column shows
the sign which is to be applied to each contribution as determined by the signs present in the
integrand:

Term Contribution to Integral Sign
i x +
1
cos 2x > sin 2x +
1
2cos?2x x + > sin 2x cos 2x =
3 2 1. 2
2co0s°2x gsm 2x + §sm 2X COS“2x -
cos*2x —x + isin 2x cos2x + 1sin 2x cos32x +
8 16 8
cos52x Esin 2x + isin 2x cos?2x + isin 2x cos*2x +
30 30 10

We can now gather together like terms, making sure we apply the correct sign as shown in
the third column. 1 will gloss over in an airy fashion the fairly serious fraction arithmetic
which this operation calls for (after all, this is not a book on arithmetic!), moving straight to
the conclusion that our result will be as follows:
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+1'2 5'2 2 2'2 22+1'2 32
8x 1Osm X 116sm X COS 2Xx 15sm X COS“2x 8sm X COS°2x
: 4
+ —1Osm2xcos 2x

We must finally be sure to reapply the coefficient of 1/32 which we moved outside the
integral sign. Bringing this back gives us the following final result:

3 1 5 1
= ﬁx+ %firﬂx - 5Esin 2x COS 2x — %sin 2x cos?2x + 2—5651n 2x cos32x
+ ——sin2x cos*2x + C
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A Postscript to Example 6

It is worth a taking a moment to remark that in Example 6, we did actually reduce the original
integrand to a series of powers of cos 2x, just as we did in Example 7, but we then proceeded
to expand these terms out further using trigonometric identities. For the satisfaction of those
who consider that the approach of Example 7 was more orderly and attractive (not to mention
more practical in the case of the higher powers with which we started in Example 7), | will
complete the integration of Example 6 from the series of powers of cos 2x using the method
of Example 7.

By way of reminder, we reduced the integrand in Example 6 to the following form:
1
3 (1+ cos2x — cos?2x — cos>2x)

Instead of the further application of trigonometric identities, we can use this expression to
rewrite out original integral as follows:

1
§f(1 + cos2x — cos?2x — cos32x)dx

As we did in Example 7, this time we will set out a table showing the contribution made by
each term inside the integral sign to the complete integral; we will again use the table of
integrals of powers of cosx in conjunction with the rule of integration for integrands of the
form f(kx) to find the contribution made by each term. Here is the table:

Term  Contribution to Integral Sign

1 X +

1
cos2x —sin 2x +

5 11
cOS“2x §x+ Zsm 2X COS 2x =

3 1. 1. 2
coSs°2x §sm2x+ gSlHZXCOS 2x -

Gathering together like terms gives the following result for the integral in the above
expression (not, of course, the final result —we will still have a coefficient to apply):
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! + L 2 L 2 2 L 2 22
5% + Zsin2x — 7sin 2x cos 2x — =sin 2x cos*2x

Applying the previously extracted coefficient of 1/8 gives the following final solution to our
original integral:

1—1+1'2 1'2 2 1'2 22x+ C
= 16x 4‘8SII1 X 3ZSIII X COS 242X 4-851I1 X COS™ 24X

We will recall, however, that the solution we obtained by repeated use of trigonometric
identities in Example 6 was as follows:

1 1
_ _ . _ . 3
16x 3251n2xc052x+4851n 2x+ C

Can these apparently different results be reconciled? In order to do so, we would have to
demonstrate that:

L 2 L 2 22x = ! in32
2g SN 2x — Zosin2x cos®2x = Josin®2x

since the remaining terms are identical in both solutions. This is actually not as difficult as it
may at first appear — in particular, all terms on both sides have identical coefficients, so that
we can reduce our problem to that of showing that:

sin 2x — sin 2x cos?2x = sin32x

In order to demonstrate the equality, we will apply the Pythagorean identity to the cos?2x
factor on the left-hand side. This will give us:

sin 2x — sin 2x (1 — sin?2x) = sin 2x — sin 2x + sin32x = sin32x
and so, after cancelling out the sin 2x terms, our required equivalence is proved. Therefore,
the two apparently different solutions are shown to be different ways of expressing the same
solution.
This kind of phenomenon, where different integration techniques produce solutions which
appear not to be equivalent, does arise when integrating expressions which contain
trigonometric functions. The trigonometric functions and their powers are, of course,
connected by a set of very specific identities, and these frequently have to be deployed to
demonstrate the equivalence of solutions which appear to be quite different.
Summary for Powers of sin x and cos x

In the last four examples, numbered 3 to 7, we have been evaluating integrals of the
following form:

J sin™xcos™xdx

310



Algebraic and Trigonometric Methods

We have used several different techniques, and we are now in a position to summarise these
and give some pointers as to which can be applied and when.

e |f either m or n is odd, we can use the following approaches:

o In cases where m is odd, we can use the substitution u = sinx and turn any
unresolved powers of cosx into powers of sinx by using the following
rearrangement of the Pythagorean identity: cos?x = 1 — sin%x, whose right-
hand side is equal; to the expression 1 — u? under the recommended
substitution.

o In cases where n is odd, we can use the substitution u = cosx and turn any
unresolved powers of sinx into powers of cosx using this version of the
Pythagorean identity: sinx = 1 — cos?x, whose right-hand side is equal; to
the expression 1 — u? under the recommended substitution.

e If m and n are both even, we use the power-reduction formulae for sin?x and cos?x
to rewrite the integrand as a series of powers of cos 2x, which can then be integrated
term by term, with the aid of the reduction formula for the integral of cos™x.

Note
The above examples have frequently made use of the close relationship between the
trigonometric functions sin x and cos x — these functions are related by their behaviour when
we differentiate them, as well as by the Pythagorean identity:

sin’x + cos’x =1
which we have used above in various rearranged forms.
Elsewhere in this book we have remarked on the connections which exist between the
trigonometric functions tan x and secx. They are connected in two distinct ways: first, by
means of the trigonometric identity:

sec’?x — tan’x =1

along with its various rearrangements, and second by their relationship under differentiation:

d
—tanx = sec?x and —secx = secxtanx
dx dx

We can use these relationships to integrate products of powers of tan x and sec x, and we will
now look at some examples of such integrals.

Example 8

We will start with the following integral:
I = ftan3xsec2xdx
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We can immediately recognise a function-derivative pair in the above integrand, so that it
should be possible to integrate this example by substitution.

We will substitute as follows:

du 5
u = tanx so that Ix = sec®x and dx = du

sec2x

Our integral is now transformed as follows:

1
fu3sec2x —du = fu3du
sec2x

which integrates easily to give:
1
—u*+ C
4u
Reversing the substitution produces our final solution in terms of x:
I = 1t ‘x+ C
= 7 an"x

Example 9

With that relatively simple example under our belts, let’s look at something a stage more
difficult:

I = f tan3xsec*xdx
We will start by trying the same substitution as we used in Example 8 — this was:

du

du 5
u = tanx sothat — = sec“x and dx = >
dx sec?x

This transforms our integral as follows:

1
fu3 sec*x —du = fu3sec2xdu
sec2x

We still have an unresolved factor of sec?x in the new integrand. Fortunately, we can use a
rearrangement of the identity linking tan x and sec x - the following rearrangement:

sec?x = tan’x + 1

to help us rewrite the transformed integral as follows:
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fu3(tan2x + Ddu = fu3(u2 + Ddu = f(us + u3)du

This integrates easily term by term as follows:

1 1
T6 4 .4
6u+4u+C

and on reversing the substitution we have the following final solution in terms of x:

I'= Ztanx + ~tan*x + C
—6anx 4anx
Note

The integrands in the preceding two examples have contained a factor of sec x raised to an
even power, so that we were able to use the fact that the derivative of tanx is secx to
facilitate the substitution u = tan x, leaving us with even powers of secx which we could
convert to expressions in tanx using the trigonometric identity which connects these two
functions. We will now look at the different approach which is called for when we have only
an odd power of secx in our integrand.

Example 10

The case we will deal with here is the following integral:
I = j tan®xsec3xdx

In this case, we will adopt the substitution:

1

du
u = secx sothat — = secxtanx andsodx = ——
dx secxtanx

Our integral then transforms as follows:

1

j tan®x sec3x ———
secx tan x

du = ftan“‘xseczxdu = fuz tan*xdu

We can turn the outstanding factor in tanx into a more useful form by using the
trigonometric formula linking the two functions currently under consideration, as follows:

tan*x = (tan®x)? = (sec?x — 1)? = sec*x — 2sec’x + 1
With our chosen substitution, the final right-hand side above becomes:
ut— 2u?+ 1

which allows us to finalise out integral in terms of u as follows:
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fuz (u* — 2u? + Ddu = f(u6 — 2u*+ u?)du

This integrates easily term by term to give us this solution in terms of u:

1 2 1
—.7 _ 45, 1.3
7u 5u+3u+C

and we can reverse out substitution to get the following final solution in terms of x:

1sec7x — Esec5x + —sec3x+ C
7 5 3

Note

Each of the previous three examples has featured an integrand containing an odd power of
tanx. To complete our survey of integrals of products of powers of tan x and sec x, we will
need to look at an example where an even power of tan x is present — this may prevent us
from using some of the algebraic methods we have applied in conjunction with the expression
we obtained for dx.

Example 11

The integral we will consider is the following:
I = ftanzxsec3xdx

Here we have an even power of tanx in our integrand. A first step which might suggest
itself would be to convert the square of tanx into an expression in secx using the
trigonometric identity which connects the two functions — we will then be left with powers of
sec x alone. We will therefore apply the identity:

tan’x = sec®x —1
to restate our integrand as follows:

(sec?x — 1)sec3x = sec®x — sec3x

Our integral is now reduced to the integral of a difference of two powers of sec x, as follows:
f(secsx — sec3x)dx = f sec®xdx — f sec3xdx

This is actually a very useful outcome. We have integrated sec3x using integration by parts
in Part 2 Section 12, and we established a reduction formula which can be used to obtain the
integral of any power of sec x in Appendix 5 Section 11. Furthermore, this reduction formula
is applied in Appendix 4 Section 2 to create a table of the integrals of the first six powers of
Sec Xx.
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It’s probably reasonable simply to quote the necessary results from the list in Appendix 4
Section 2. For the component integrals we are dealing with here, these are as follows:

1 3 3
fsecsxdx = Zsec3x tanx — gsecxtanx+ glnlsecx+ tanx| + C

1 1
fsec3xdx = Esecxtanx— Elnlsecx+ tanx| + C

We can now complete our job by subtracting the second of these from the first. This gives us
the following final solution:

1 7 7
I = Zsec3x tanx — §secxtanx+ glnlsecx+ tanx| + C

Summary for Powers of tan x and sec x

We ought not to conclude without giving a brief summary of the different techniques which
have been demonstrated for dealing with integrands comprising a product f powers of tan x
and sec x.

The integrals we have been considering in the previous three examples have been of the
general form:

f tan™xsec™xdx

and we have dealt with various different kinds of value for the variables m and n in three
different ways. We can summarise these approaches and their applicability as follows:

e |If n is even, as was the case in Examples 8 and 9 above, we integrate using the
substitution u = tanx, which gives us the equivalence du = sec?xdx; any
remaining unresiolved powers of secx greater than 2 can then be converted into
expressions in tan x using the identity sec?x = tan®x + 1.

e Ifnisodd, then we consider the two possible parities for the placeholder m:

o If m is even, as we saw in Example 11, we reduce the integrand to an
expression in  powers of secx alone using the identity
tan?x = sec?x — 1 and then appeal to the reduction formula for the integrals
of powers of secx to allow us to integrate the multiplied out expression term
by term.

o If mis odd, as in Example 10, we integrate by substituting u = secx, from
which we get the equivalence du = secx tan x dx; any remaining unresolved
powers of tanx can then be converted into expressions in secx using the
identity tan?x = sec?x — 1
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Example 12: A Postscript

As a footnote to our look at these trigonometric integral, it is worth noting that our new-found
ability to integrate some quite complicated combinations of trigonometric functions means
that the technique of integration by parts which was dealt with in Part 2 of this book can now
be applied to a wider range of integrands. In order to see how this can be, we will look at just
one example — a rather simple one at that, but chosen because it is an integral which is
encountered in various branches of applied mathematics.

The integral we will consider is:
I = fxsinzxdx

Clearly, the trigonometric function which is here multiplied by a factor of x is by no means
as complicated as some of the combinations we have been considering in this section, but it
will serve as an illustration of the point I want to make without overcomplicating our
working.

The integrand we are looking at is the product of two functions of different kinds, so it might
be expected to be a good candidate for integration by parts. We will use the LIATE rule to
choose parts as follows:

dv -
u = x and — = sin“x
dx

From this, we can easily compute du/dx, but it is not so easy to see what the finction
represented by v should be. However, since we know dv/dx the Fundamental Theorem of
Calculus, which tells us that integration allows us in a sense to reverse differentiation, should
help us to see that:

v= fsinzxdx

This integral fits neatly into the context of this section since we can solve it with the aid of
trigonometric manipulation — here, we will need to use the power-reduction formula:

S 1
sin“x = 5(1 — C0S 2X)
This lets us rewrite and easily evaluate the integral we have set out, in the following way:

—1f1 2d—1( 1'2>+C—1 1'2+C
v=3 ( cos 2x) x=g|\x— 5sin2x = 5X— gsinlx

We are now, finally, in a position to set down the two usual; consequences of our choice of
parts. These are:

du—l dv = in 2
T = landv = ox— -sin2x
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With the aid of the trigonometric identity we have used, the integration by parts formula now
gives us this equivalence:

J‘_Zd_lzl_2 j‘(l 1'2>d
xsmxx—Zx 4xsmx 2x 4smx X

The integral on the right-hand side integrates easily term by term to give the following
solution:

12+1 2x+ C
4x 8COSJC

so that the entire right-hand side of the integration by parts formula now looks like this:

1 1 1

Exz — szian—Zx2 - §c052x+ C

We can finish off by gathering together the terms in x? to get the following final solution to
our original integral:

1—12 ! in 2 2x+ C
= g%° = z%sin2x — gcos2x

Note

We should not fail to get the message from this small-scale example that any integral of the
form:

fxf(x)dx

where f(x) stands for any of the combination trigonometric functions we have been
integrating in this section, can now be integrated by parts — since we know how to integrate
the function represented by f(x). Integrating this function will be necessary, since the
LIATE rule will make us choose :

u = x and E—f(x) so thatv = ff(x)dx

In fact, we can go a bit further and claim that, because of the relative simplicity of the
structure of the product xf (x), the solution to the general integral | have described will be as
follows:

jxf(x)dx = xF(x) — fF(x)dx where F(x) = jf(x)dx

This is an immediate consequence of substituting the choice of parts | set out a moment ago
into the right-hand side of the integration by parts formula, which we will trcall is:
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j‘du g
uv dxv X

We can immediately apply this formulaic rule to integrate a function which contains the
trigonometric expression which we integrated in Example 3 above in order to demonstrate
this rule in action. If we start with the following integral:

I = fxsinzxcos3xdx

and recall that the solution to Example 3 told us that, using the notation of my general
formula above:

1 1
f(x) = sin?xcos3x so that F(x) = fsinzxcos3xdx = gsing’x - gsinSx

(omitting for the moment the constant of integration) then all we have to do is to integrate the
right-hand side immediately above in order to be able to write down the solution to our
integration by parts problem.

Now this is, of course, more easily said that done: the expression we have to integrate
contains a series of powers of sinx: we could, of course, use the reduction formula for the
integral of sin™x to work out the required solution for each term in the series, or we could
simply refer to the table of integrals of powers of sinx in Appendix 4 Section 2. | intend to
take the latter course in this instance.

We have to evaluate the following integral:

1 1
I, = fF(x)dx = f <§sin3x - gsin5x> dx

Integrating term by term with the aid of our convenient table, we can set down the two terms
of the solution as follows:

1( 2 1., >
3 3cosx 3sm X COS X

1( 8 4 1, )
c 15cosx 15sm X COS X 5sm X COSX

These two terms multiply out as follows:

2 1,
—=COSX — —SIN"X COoSXx
9 9
8 . L
75COS.?C 7551n X COS X 25Sll’l X COS X

We can now gather together like terms, raking care with our fractional arithmetic, and obtain
the following solution to our intermediate integral:
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L 26 13, L '
1= 225COS?C 225Sln X COSXx 25sm X COSx

Let’s take a moment to gather together the facts we now have available which will let us
write down our solution. My general formula predicted the following form for a solution to
the integral I:

I = fxf(x)dx = xF(x) — fF(x)dx where F(x) = ff(x)dx

We have now established the following (and | will temporarily omit the constant of
integration here, only to add it back again as required at the end of our working):

. 1 1
F(x) = jf(x)dx =f51n2xcos3xdx = gsm3x - gsmsx
so that:
1 1
xF(x) = =xsin®x — =xsin®x
3 5
Furthermore, we now know that:
fF()d—I— 26 13 L
x)dx =1, = 225cosx 225sm X COS X 25sm X COS X
The solution we want is therefore:
1_1_3 1_5+26 +13'2 1, i
—3xsmx stmx 225cosx 225sm X COS X 25sm X COS X

Clearly, using my “standard” formula in the current context cannot be done without some
labour; it does, however, perhaps serve to keep that labour to a minimum.

We might conclude with two observations: first, the above general rule based on the
integration by parts technique can be applied more widely than just to situations where the
function f(x) is a trigonometric function — it also applies to cases where f(x) can be
classified as an exponential function, since the LIATE rule recommends us to choose parts in
these cases in precisely the same order as with our current trigonometric instances of f(x).

Second — and this may be considered to constitute a limitation to the rule’s use — if we look
carefully at the right-hand side of the rule of integration, which we will recall is:

xF(x) — f F(x)dx where F(x) = ff(x)dx

then we will note that in order to use it, we must be able to integrate F(x), which is of course
the integral of f(x), the function which appears in the original integral. This means that to be
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able to use the rule, we will need to be sure that we can integrate the function f(x) not just
once, but twice!
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Postscript
How to Integrate Almost Anything

Having arrived at the end of the book, the time is now ripe for a few comments to put the
various techniques we have examined into some sort of perspective.

In Section 4 of the introduction, | mentioned the various techniques, or “rules” which we are
taught to use in order to differentiate functions which appear as various combinations of the
simpler functions we can differentiate straight away.

We ought to be able to see, in the light of this book’s contents, that we actually have a rather
larger armoury of techniques for use in integrating functions which won’t respond to the
simple rules. These techniques are, however, much more “special-purpose” than their
counterparts from the world of differentiation — in other words, their field of application is
much more circumscribed.

For example, we do not have a simple integration rule to deal with products of functions — we
do, however, have simple u-substitution, which we can use when a product of functions
contains a function-derivative pair in the correct configuration; and we have integration by
parts, which deals with products of functions of different types under the LIATE
classification explained in Part 2 Section 7. Appendix 2 contains a fairly comprehensive
table which shows the kinds of integrand which will respond to each of the various
techniques explored in the text.

It is natural to ask: is there a simple heuristic which can be used to decide how to approach
the integration of a function which we are encountering for the first time? | will attempt here
to offer some thoughts on how such a heuristic might be constructed.

First of all, it is important to realise at the outset that some integrands can be dealt with by
one single application of a particular technique, while others will require an iterative
approach — in such cases, the application of one technique leads to an integrand where the
same or another technique may be needed subsequently in order to get closer to a final
solution.

Having made this point, let’s see if we can set out a broad “plan of action” for dealing with
any new integration problem where our simple rules are not powerful enough to do the trick.

Try This First

The first step should always be to try applying u-substitution. This technique has quite wide
applicability. We might first ask whether the simplest kind of substitution — of the form
u = ax + b - can be used. If not, we should look to see whether a function-derivative pair is

present — this means asking whether the integrand has the form kg'(f(x))f '(x).
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Try This Next

Our next step, if the integrand we are faced with fails the tests implied in the previous
paragraph, ought to be to ask if it is the product of two different types of function from the
LIATE list — this list and its importance are described in detail in Part 2 Section 7. If the
integrand fits this model, then we should expect to apply integration by parts successfully.
It’s worth bearing in mind that integration by parts may have to be applied repeatedly (this
can be done neatly using the tabular approach described in Part 2 Section 6). Some
combinations of functions — after repeated integration by parts - will reappear on the right-
hand side of our working. This will frequently yield an equation which can be solved to
produce a final integral.

Does a Special-Purpose Method Apply?

If neither of the approaches described above can be applied, we must see whether or not a
special-purpose approach can be applied. If our integrand contains square or cube roots of
various Kinds, then we can apply trigonometric substitution (discussed in Part 1 Section 10),
and the useful technique of power-substitution (discussed in Part 1 Section 9 and again in
Part 3 as part of a multi-stage process).

Another kind of special-purpose technique is the use of integration by parts to integrate
inverse trigonometric or logarithmic functions by treating them as products with the very
simple “function” 1, and then setting dv/dx equal to 1. This method is described and
examples given in Part 2 Section 8.

Do We Need to Make an Algebraic Rearrangement?

If none of our special-purpose techniques will meet the need, we may have to consider some
algebraic rearrangement of the integrand in order to rewrite the integrand in such a way as to
bring it within the range of one of our techniques. This kind of preparation of the integrand
(not generally something we have to do when differentiating, be it noted) includes the use of
such techniques as completing the square (used in Part 1 Section 12) as well as the simple
algebraic manipulation I have called “converting rational expressions” (used several times in
Part 1, and explained in Appendix 3 Section 2).

If we have to integrate a rational function whose numerator and denominator are both
polynomials, then we have at our disposal the Method of Partial Fractions and polynomial
division — both examined in great detail in Part 3. The correct one of these two to use will be
dictated by the degrees of the polynomials in the numerator and denominator as well as
whether the denominator polynomial can be factorised — Appendix 1 Sections 3 and 4
provide algorithms which show the domain of applicability of each technique.

Do We Need to Make a Trigonometric Rearrangement?

If we have to integrate a product of trigonometric functions, we saw in Part 3 Section 9 that
the rich set of trigonometric identities can help us prepare such integrands for integration. A
number of methods are available, depending on the precise nature of the integrand we are
dealing with.

Don’t Forget That More Than One Technique May be Needed

It is so important to realise that the integration of some functions has to be an iterative
process, where one technique after another, or even the same technique repeatedly, must be
applied — so important that this is the second time | have made this point in the course of this
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postscript.

323



Appendix 1
Algorithms

1 Integration by Substitution

| summarise below the algorithm for basic u-substitution which is given along with detailed
explanatory notes in Part 1 Section 4.

Step 1: Choose the substitution u in terms of x.
Try to spot a “function-derivative pair”. It can sometimes be more convenient or informative
to express x in terms of u.

Step 2: Obtain an expression for dx.
We do this by first considering either du/dx or dx/du, depending on how our substitution
formula is expressed.

Ifdu_ hen dx = du
E—f(x)t en x—%

it 2 = fu) then dx = Fu)d
a—f(u)t endx = f(u)du

Step 3: Make the substitution both for the integrand and for dx.

In order to do this, it may be necessary to rearrange our substitution formula, which links u
and x, so that the subject of the formula is changed to the other of these two variables.

Step 4: Integrate the resulting integral with respect to u,

Step 5: Reverse the substitution to restate the solution in terms the original variable x.

2 Integration by Parts

Here is a summary of the algorithms for integration by parts which are set out with detailed
explanation in Part 2 Section 9.

The “Basic” Technique

Step 1: Choose parts u and dv/dx.
The integrand must take the form:

f dvd
udxx

Choose parts using the LIATE mnemonic — the letters represent the following types of
function:

Letter Meaning Examples
L Logarithmic Inx,log, x

324



Algorithms

Inverse trigonometric sin!x,tan"!x

|
A Algebraic x?, 6x*

T Trigonometric cos x,tanx
E Exponential e*, 2%

Step 2: Evaluate du/dx and v.

Step 3: Apply the formula.
The integration by parts formula is as follows:

J‘ dvd _ du 4
udx X = Uuv dxvx

Step 4: Evaluate the resulting right-hand side integral.
Four possible cases will arise:

Case 1: The integral can be integrated simply.

Case 2: The integral requires a specific technique.

Case 3: The integral must be integrated by parts.

Case 4: The original integral reappears.

The Tabular Method

Step 1: Choose parts u and dv/dx.
As in the “basic” technique, the integrand must take the form:

j dvd
udxx

We again choose parts using the LIATE mnemonic, set out above, and with this technique
we expect that the function we choose as u will be reducible by repeated differentiation to
zero.

Step 2: Create the blank table.
We create our blank table with three columns, headed as follows:

u v(dv/dx = f(x)) Sign

Here, f(x) represents the part of our integrand we have chosen to be dv/dx.

Step 3: Complete the table.

In the first row, the entry for u will come from our choice of parts; the entry for v will be
obtained from the value for dv/dx in the table heading; and the sign will be a minus sign.

We subsequently complete each row as follows: the u entry comes from differentiating the u
entry in the opreceding row; the v entry comes from integrating the v entry in the preceding
row; and the sign entry comes from reversing the sign in the previous row.

The process ends when the u entry is found to be zero.
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Step 4: Read off the solution.

We read off the solution by writing down the product uv followed by the entry in the Sign
column for each line in turn. This continues until the presence of zero in the u column marks
the end of the tabular process.

3 The Method of Partial Fractions

This is an algebraic technique which can be used to transform some rational expressions into
an expanded form which can be integrated more easily than the original expression.

Step 1: Determine the type of the rational expression
Rational expressions of the following types are treated in Part 3 of this book — beside each
type is shown the kind of expansion the technique will give us:

Type of Rational Expression Pattern of the Expansion
pPx+q A " B
(x +a)(x + b) x+a x+b
px+q A N B 4 C
(x+a)(x+b)(x+ ) x+a x+b x+c
2 A B C
px“+ qx+r n n
x+a)(x+b)(x+0) xta x+b x+c
pPs+q A 4 Bx +C A 4 B 4 C
(x + a)(x + b)? x+a (x+b)20rx+a x+b (x+b)?
px:+ qx+r A . Bx+C
(x+a)(x?2+ bx+c) x+a x*+ bx+c
px+q A N Bx +C 4 Dx + FE
(x + a)(x?2 + bx + ¢)? x+2 x>+ bx+c (x?+ bx+c)?

Step 2: Form a numerator from the expanded version
Starting with the appropriate expanded version containing the placeholders A, B etc, add the
separate fractional terms together using a common denominator.

Step 3: Equate numerators
Equate the numerator of the expression obtained at Step 2 with the numerator of the original
rational expression.

Step 4: Determine the values of the placeholders

Two methods for completing this step are explained in the text.

Method 1: Choose suitable values for x in the equation of numerators so that all the
placeholders except one are multiplied by zero; then solve the equation in the remaining
placeholder to obtain its value. (Note: this may not be possible for rational expressions of the
third, fourth or fifth types in the above table.)

Method 2: Multiply out the numerator obtained at Step 2 and gather together like terms.
Equate coefficients for each power of x present on either side of the equation. Solve the
resulting system of equations to obtain values for each of the placeholders.

(Note: a third method, known as the “cover-up method”, is discussed in Appendix 3.)
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4 The Tabular Method of Polynomial Division

The text contains explanations of a tabular approach to polynomial division for two particular
types of divisor: linear divisors and quadratic divisors.

Polynomial Division by a Linear Divisor

This class of polynomial division can be expressed using the following formula:

P(x)
ax+b Q) +

ax+b
The numerator polynomial on the left-hand side has the following form:
P(x) = ppX" + pp1Xx™ 1+ 4 pox? + pix + p
and the quotient polynomial on the right-hand side has the following form:
Q(x) = quorx™ 1+ qnoax™ % i+ X%+ qix+ qo

The tabular method of carrying out the division operation allows us to derive the values of the
quotient coefficients q; and the remainder constant r from the numerator polynomial’s
coefficients p;. This is done by solving a series of simple equations.

Step 1: Write Down the Coefficients of the Denominator Expression
Write down for reference the values of the constants a and b.

Step 2: Create the Blank Table
The format for the blank table is as follows:

Power of x Coefficient of P(x) Equation of Coefficients Solution

Step 3: Complete Column 1

Make an entry in column 1 for every power of x beginning with the highest power in the
numerator polynomial, x™ and continuing all the way down to x2, x and finally 1 (or x°).
Every power of x from the highest power n down to 0 must have an entry, eben if some of
them do not appear explicitly in the polynomial P(x).

Step 4: Complete Column 2

Complete column 2 by making an entry in each line of the form p; = k, where p; is the
coefficient of the term in x* in the polynomial P(x). Each coefficient should appear on the
same line as its corresponding power of x. For a power of x which does not explicitly
appear, enter a coefficient of 0.

Step 5: Complete Column 3
Using the following reference table:
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Power of x Equation of Coefficients
: x" aqn-1 = DPn
x'where0<i<n aq,_, + bq; = p;
1 bgo + 7 = pg

enter on each line the appropriate equation of coefficients, substituting any values which have
already been written down or obtained from an earlier equation. The result will be a series of
simple linear equations, each one in a single variable.

Step 6: Complete Column 4

For each of the equations in column 3, enter its solution in the corresponding line of column
4. This will result in a column containing explicit values for each of the coefficients g; and
the remainder constant r.

Step 7: Write Down the Result
The result of the polynomial division can now be written down as follows:

T
ax+b

n-2

Qn-1X""1 + qu_nx et X2+ qx+ qo+

substituting in all the values for the coefficients q; and r from column 4 of the completed
table.

Polynomial Division by a Quadratic Divisor

This class of polynomial division can be expressed using the following formula:

P(x) _ N R(x)
ax? + bx+c_Q(x) ax?+ bx +c

The numerator polynomial on the left-hand side has the following form:
P(x) = ppx™ 4+ pp_1x™ 1+ 4 pox? +pix+ py
and the quotient polynomial on the right-hand side has the following form:
Q) = qnox™ %+ qn3x™ .+ X%+ q1x + qo

The numerator of the remainder term is a linear expression in x, which has the following
form:

R(x) =nrx+
The tabular method of carrying out the division operation allows us to derive the values of the
quotient coefficients g; and the remainder coefficients r; from the numerator polynomial’s

coefficients p;. This is done by solving a series of simple equations.

Step 1: Write Down the Coefficients of the Denominator Expression
Write down for reference the values of the constants a, b and c.
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Step 2: Create the Blank Table
The format for the blank table is as follows:

Power of x Coefficient of P(x) Equation of Coefficients Solution

Step 3: Complete Column 1

Make an entry in column 1 for every power of x beginning with the highest power in the
numerator polynomial, x™ and continuing all the way down to x2, x and finally 1 (or x°).
Every power of x from the highest power n down to 0 must have an entry, eben if some of
them do not appear explicitly in the polynomial P(x).

Step 4: Complete Column 2

Complete column 2 by making an entry in each line of the form p; = k, where p; is the
coefficient of the term in x! in the polynomial P(x). Each coefficient should appear on the
same line as its corresponding power of x. For a power of x which does not explicitly
appear, enter a coefficient of 0.

Step 5: Complete Column 3
Using the following reference table:

Power of x Equation of Coefficients
x" adn-2 = DPn
) xm1 aqn-3+ bdn-—> = pn—1
x'wherel <i <n-1 aq,_,+ bqgi_1+ cq; = p;
X bgo+ cq1 + 1 = py
1 Cqo+ 1o = Po

enter on each line the appropriate equation of coefficients, substituting any values which have
already been written down or obtained from an earlier equation. The result will be a series of
simple linear equations, each one in a single variable.

Step 6: Complete Column 4
For each of the equations in column 3, enter its solution in the corresponding line of column
4. This will result in a column containing explicit values for each of the coefficients g; and
the remainder coefficients r;.

Step 7: Write Down the Result
The result of the polynomial division can now be written down as follows:

rx+ 1
ax’+ bx+c

n-3

Qn-2X""% + q,_3x ot @ox? 4+ qix+ qo +

substituting in all the values for the coefficients q; and r; from column 4 of the completed
table.

It will be useful to have to hand some explicit polynomial division tables which we can use
without the need to interpret the general line in terms of the subscript i which appears in both
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the reference tables | have included in the above algorithms. Some examples of these are
listed below.

Reference Tables for Specific Numerators with a Linear Denominator

1 Quadratic Numerator Divided by Linear Denominator
To carry out polynomial divisions of the following form:

p2x2+p1x+p0: 4t ot r
ax+b h ©OF o +b

the table below can be used:

Power of x Equation of Coefficients
2

X aq, = P2
x aqo + bq, = p;
1 bgy+ r = py

2 Cubic Numerator Divided by Linear Denominator
To carry out polynomial divisions of the following form:

3 2
P3x” + p2x* + p1x + Ppo 2 r
= X"+ q1x + +
ax +b 1 h ©F x+b

the table below can be used:

Power of x Equation of Coefficients
3

X aq, = p3

x? aq; + bq; = p,
x bqo + cq1 = p1
1 bgy + r = py

Reference Tables for Specific Numerators with a Quadratic Denominator

1 Cubic Numerator Divided by Quadratic Denominator
To carry out polynomial divisions of the following form:

P3x3 + px? + pix + po nx+ 1o
> =qx+ Qo+t~
ax?+ bx +c ax?+ bx +c

the table below can be used:

Power of x Equation of Coefficients
3

X aq: = p3

x? aqo + bqi = p;
x bgo+ cq1 + 1=y
1 Cqo+ 19 = Po
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2 Quartic Numerator Divided by Quadratic Denominator
To carry out polynomial divisions of the following form:

pax* 4+ p3x® + pyx® + pix + py
ax?+ bx +c

nx+ 1y

_ 2
= X%+ qux+ qot+ ————
1 N o ax?+ bx +c

the table below can be used:

Power of x Equation of Coefficients
4

X adz; = Pa

x3 aq, + bq; = ps3
x? aqo + bqy + cqz = p;
X bqo + cq1 + 1 = pq
1 Cqo + 1o = Po
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Appendix 2
When to Use Each Technique

1 Integration by Substitution

The following table sets out the various types of integrand to which we have applied the
technique of substitution in its various forms. Against each type of integrand are some brief

comments on how best to apply substitution.

Integral Recommended Method
, ' This is the standard form of integral which can be solved by
J. kg (f (x))f (x)dx straightforward u-substitution, setting u = f(x).
This type constitutes a special case of the form given above,
fF(ax + b)dx where g'(f(x)) = F(ax+b), f(x)=ax +b, f(x)= aq,
k=1/a.
f(ax +b)(cx + d)Pdx Tthorm of integral can be solved using the substitution
u=cx+d.
ax?n1 Integrals of this form can be solved using the substitution
b + ¢ u = bx™+ coralternatively u = bx"

[ sc/Faan

Integrals of this form respond to a power substitution of the form

f)=u"

ff(\/az — x?)dx

Integrals of this form can be solved using sine-substitution,
typically x = asinu.

ff(\/xz + a?)dx

Integrals of this form can be solved using tangent-substitution,
typically x = atanu.

ff(\/xz — a?)dx

Integrals of this form can be solved using secant-substitution,
typically x = asecu.

] Ax + B
X
VCx?+ Dx + E
J Ax + B d
Cx2+ Dx+E X

f\/sz + Bx + Cdx

These are solved by first completing the square for the quadratic
expression, followed by repeated substitution. The second
substitution may be trigonometric or algebraic. Where A in the
numerator is non-zero, it may be necessary after the first
substitution to split the integrand into two fractions and integrate
each separately with a different substitution.
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2 Integration by Parts

Similarly, the following table summarises our experience with integration by parts — each
class of function is accompanied by some notes for guidance. In this table, P(x) represents
some polynomial in x. In all cases, we should choose parts using the LIATE rule.

Integral Recommended Method

One application of integration by parts will be expected to work if

fxf(x)dx f(x) is exponential, trigonometric, inverse trigonometric or
logarithmic.
Repeated integration by parts will be needed if f(x) is

f P(x)f (x)dx trigonometric or exponential.

PO f(x)dx Qne appI]catlon of_mtegratlo'n by_ parts should work if f(x) is
inverse trigonometric or logarithmic.

f 1. F(0)dx Treating the integrand as shown and integrating by parts is

' indicated if f(x) is inverse trigonometric or logarithmic.
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3 Partial Fractions

In the following table we have a summary of the types of integrand which can be integrated
fairly easily once they have been transformed into an expanded, multi-term form using the

algebraic Method of Partial Fractions.

The recommended expansion for each type of

integrand is given, together with some brief notes on how the process of integration can be
completed on the transformed integrand.

Integral

Recommended Expansion and Integration Method

prtaq
xtax+b)™”

J

A B
+
x+a x+4+b

Integrate term by term using appropriate integration rule
derived from the substitution technique.

px +q

A B C
x+a x+b x+c

x+a)(x+Db)(x+0) dx

Integrate term by term as for the first type above, applying
the same rule of integration.

px*+ qx+r
x+a)(x+b)(x+0) x

A B C
+ +
x+a x+b x+c

Integrate term by term as for the first and second types
above, applying the same rule of integration

ps +4q

R

A N Bx+C A 4 B 4 C
x+a (x+b)20rx+a x+b (x+b)?

Terms with constant numerators can be integrated as with
the terms of the preceding three types. The final term in the
first expansion is integrated by substitution. The final term
in the second expansion is integrated using one of the rules
of integration derived from substitution.

J

px?+ qx+r 4
(x+a)(x?+ bx +¢) x

A Bx+C
x+a x4+ bx+c

The first term is integrated as with the terms in the first three
types in the table. The second term is integrated by
completing the square for the denominator and then using
substitution.

px +q

(x+a)(x? + bx +c)? dx

A 4 Bx+C N Dx+E
x+2 x>+ bx+c (x2+ bx+c)?

The first term is integrated as with the terms in the first three
types in the table. The second term is integrated by
completing the square for the denominator and then using
substitution. The third term should be split into two parts
and then evaluated by substitution (including completing the
square for the denominator and using a trigonometric
substitution where necessary).
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4 Polynomial Division

In the text, we explained the integration of two classes of rational expression where
polynomial division was used to transform the integrand into a form which could be dealt
with more easily. The two classes of expression are listed below — in the left-hand column
abbreviations (in order for polynomial division to be an appropriate technique), the degree of
the numerator polynomial P(x) is assumed to be greater than the degree of the denominator
expression. In the right-hand column, the quotient expression Q(x) is a polynomial of lower
degree than P(x) and on the second row, the remainder expression R(x) isa linear expression
in x.

Integral Recommended Expansion and Integration Method
P(X) Q(X) + ax +_b _
] dx Integrate Q(x) term by term and integrate the final term
ax +b using one of the rules of integration derived from the method
of substitution
R(x)
QI+ ax? + bx+c
P(x) Integrate Q(x) term by term. The final term should be split
ax2 + bx +c¢ x into two parts and then evaluated by substitution (including

completing the square for the denominator and using a
trigonometric substitution where necessary).
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5 Trigonometric Integrals

The following table lists the kinds of trigonometric integral examined in Part 3 Section 9
along with the recommended approach to their evaluation. We first list integrals of products
of sine and cosine expressions whose arguments are simple multiples of x

Integral

Recommended Method

f sin mx cos nx dx

Use the appropriate product-to-sum formula to convert the
integrand to a sum of two sine functions — then integrate term
by term

f sin mx sin nx dx

Use the appropriate product-to-sum formula to convert the
integrand to a difference of two cosine functions — then
integrate term by term

f cos mx cos nx dx

Use the appropriate product-to-sum formula to convert the
integrand to a sum of two cosine functions — then integrate
term by term

The next table lists integrals whose integrands are products of powers of trigonometric

functions.

Integral

Recommended Method

f sin™xcos™xdx

If misodd

Use the substitution u = sinx and transform unresolved
cosines to sines using the Pythagorean identity

If nisodd

Use the substitution u = cosx and transform unresolved
sines to cosines using the Pythagorean identity

If m and n are both even

Use the power-reduction formulae for sin?x and cos?x to
rewrite the integrand as a series of powers of cos2x and
integrate term by term with the help of the reduction formula
for cos x

j tan™xsec™xdx

If niseven

Use the substitution u = tanx and transform unresolved
secants to tangents using the identity which links these two
functions

If nis odd and m is even

Use the identity which links tanx and secx to rewrite the
integrand as an expression in powers of secx alone then
integrate term by term using the reduction formula for sec x

If nis odd and m is odd

Use the substitution u = secx and transform unresolved
tangents to secants using the identity which links these two
functions

336




Appendix 3
Useful Algebraic Methods

1 Completing the Square

This is a commonly used technique for rearranging a quadratic expression into a new form
which can be used more easily in a variety of contexts.

The general form of a quadratic expression in x is as follows:

ax?+ bx +c
| propose to explain this technique as a two-part process. First, | will examine the case of a
monic quadratic expression, ie one where, in the above general form, the coefficient a is
equal to 1. | will then proceed to the more general non-monic case, where a takes a value
other than 1.
Monic Quadratics
A monic quadratic expression in x has the form:

x*>+ bx+c

sticking with the naming of the coefficients adopted above. Using the process of completing
the square, | propose to rearrange this expression into the form:

(x+p)?+q
We will demonstrate that this is possible, while at the same time providing a methodology for
carrying out the process, by deriving expressions for the constants p and g in terms of b and
C..

We will do this by expanding out our expression in p and g, and then equating the
coefficients of the x amd constant terms in the quadratic to b and c.

Our first step is to multiply out the squared expression in brackets. This converts our
expression in p and g into:

x%+ 2px+ p*+ q
giving us the following two equivalences:

b=2p
c=p*+q
Rearranging the first of these, we obtain the following expression for p:
_ b
P=3
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Substituting this into the expression for ¢ and rearranging in order to make g the subject, we
obtain:

1=c= 5

Making these substitutions for p and q in the expression into which we want to convert our
quadratic, we now have the following formula for completing the square:

b\? b2
2 — — -
x+bx+c—<x+2>+<c 4>

Non-Monic Quadratics
A non-monic quadratic expression takes the form:

ax?+ bx +c
where a has a value other than 1. (We further assume, incidentally, that a is non-zero, since
otherwise we are not dealing with a quadratic expression at all') We will aim to establish a
way of converting quadratics of this type into the following form:

a(x+p)*+ q

As before, we will proceed by expanding out our desired expression in p and g in order to
obtain expressions for p and q, this time in terms of a, b and c.

We start by expanding out the squared term in brackets. This gives us:
a(x®>+ 2px+ p) + q
We must now multiply the contents of the bracketed expression by a, to obtain the following:
ax? + 2apx + ap® + q
In this expression, the coefficient of x? is still a, just as it was in the standard form of the
non-monic quadratic. In addition, we can now write down expressions for b and ¢ in terms

of the other variables. These expressions are as follows:

b = 2ap
c=ap’+ gq

Rearranging the first of these, we obtain the following expression for p:

P=%

Substituting this into the expression for ¢ and rearranging in order to make q the subject, we
obtain:
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bZ
=CcC—-— —
1 4a
Making these substitutions for p and q in the expression into which we want to convert our
quadratic, we now have the following formula for completing the square:

b\? b2
ax’+ bx+c= a<x+—> + (c——)
2a 4a

Notes

An examination of the formulae we have derived, which can now be used to complete the
square for any quadratic expression, will show that there are only some circumstances in
which the constants in the “new” form of the quadratic will be whole numbers. In the case of
the monic quadratic, this will be expected to happen when b is even. In the non-monic case,
we require that b should not merely be even but indeed should be exactly divisible by 2a.

The main reason for explaining this algebraic technique here is that it is useful in processing
quadratic expressions in an integrand into a form where u-substitution can be used. This is
particularly relevant in the cases discussed in Part 1 Section 12.

However, it should be pointed out that the technique is also useful in drawing the graph of an
arbitrary quadratic function and in finding the roots of quadratic equations, among other
perhaps more advanced applications.

Postscript: Factorised Quadratics
As a final example of this technique, it will be interesting to derive a formula for completing
the square when we are presented with a quadratic expression in factorised form, ie the
following form:
(x+a)(x+Db)

(I only intend to cover the monic case here, for the sake of simplicity.)
In order to derive our formula, we can of course take full advantage of the formula we
obtained above for the monic quadratic expressed as a polynomial. In order to do this, we
need first to expand the factorised expression | set out a few lines ago into polynomial form.
Simple algebraic multiplying-out will give us this result:

x>+ (a+b)x + ab
We now recall our formula for completing the square where we are given a monic quadratic

as a polynomial. Using capitalized constants to avoid ambiguity in connection with our
factorised quadratic expression and its expansion, the necessary formula is as follows:

B\? B2
P4 Bx+C=(x+2) + (C-
x“+ Bx + x+2 + 7
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Looking back at the expansion of the factorised quadratic we are considering here, and
equating coefficients, we can state these two equalities:

B=a+bandC =ab
Substituting these into the right-hand side of our formula for completing the square, we arrive

at the following final formula for completing the square when we start with a factorised
quadratic expression:

2 2
(x+a)(x+b)= <x+ aT-I-b> + <ab—@>

2 Converting Rational Expressions

In Part 2 Section 4 Example 4, we eventually had to evaluate the following integral:

e
x2+1x

We managed this by converting the rational expression in the integrand into something of the
form:

1
t —
(some expression in x)

which allowed us to complete the job relatively easily.

What | want to do here is to explain the general principles of the algebraic manipulation we
used to achieve this transformation, and express it in a more general form, which could prove
useful in approaching a range of integrals.

The Basic Method

Let’s start by considering an expression based in the example quoted above, but with slightly
more generality. We will start with:

xTL

x"+ a

and see how we might turn it into the kind of mixed expression which helped us with our
concrete example.

Actually, the process is relatively simple. Seeing that we want to change our rational
expression into the form:

(some constant)

1+ —
(some expression in x)
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we might start by looking at what adjustment our expression would need in order to change it
into something which is equivalent to 1, the first part of our target form.

Very simply, this can be achieved by making the numerator equal to the denominator — in our
specific case, by adding a to the numerator. This would result in the following expression:

x"+ a
"+ a

This would be all very convenient if it were possible. However we must immediately object
that arbitrarily adding a to the numerator will change the value of the expression without any
justification.

In order to deal with this objection, however, | can offer the following approach: having
added a to the numerator, we can ensure that the value of our expression remains the same by
immediately subtracting a from the numerator. Adding and subtracting the same quantity to
an expression leaves its value unaltered. We might quote a general rule of algebra to the
following effect:

a+b—b=a

If we are prepared to make this simple change, we will find that our rational expression has
now taken on the following form:

x"+ a—a
x"+ a

This may seem a pointless exercise, until we consider that we can now separate our
expression into a sum of two rational expressions with the same denominator, each of which
is easier to handle from the viewpoint of integration than the expression we started with. The
separation we want (which should leave us with one rational expression which reduces by
cancellation to 1) is as follows:

x"+ a a

x"+a x"+ a

Cancelling the numerator and denominator in the first term above will bring us to the
following form for our original rational expression:

a
x"+ a

This approach constitutes a kind of “borrowing and paying-back” which is not uncommon in
other areas of mathematics — one thinks, for example, of the simple trick of “borrowing”
which is done on a routine basis in arithmetic when carrying out subtraction by hand.

We have transformed our numerator into an equivalent expression which leaves our way
clear to a separation into two fractions, one of which cancels to 1, and the second of which
has all terms in x removed from its numerator, giving us a slightly easier ride when we come
to integrate the expression.
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A Useful Generalisation
We can take this method one stage further by considering the following expression:

x"+ a
x"+ b

where a # b. (If these were equal, then we would be dealing with an expression which
cancelled down to a value of 1 immediately!) Can we transform this expression in the same
way we handled the simpler one in the subsection above?

In fact, the answer is yes. First, we ask how we would change the numerator in order to
arrive at an expression which cancels down to a value of 1. To achieve this, we would have
to add b — a to the numerator, in order to remove the a term and substitute a b term. This
would have the following result:

x™ 4+ a+b—a_x”+ b
x"+ b T x"+ b

(It’s easy to see that the two instances of a cancel each other out.)

So far, so good — but we are still left with the uncomfortable awareness that this has changed
the value of our original expression. In order to allay these concerns, we can “pay back” the
“borrowed” b — a by subtracting it from the new numerator, just as we did with the simple
term a in the previous case.

This means that our original rational expression can now be rewritten as:

x"+a+b-a)—-(b—a) x"+b—-(b—a)
x"+ b B x"+ b

The revised version on the right-hand side is obtained by allowing the two first occurrences
of a in the numerator to cancel each other out, as we predicted they would. Our final step is
to separate our expression into two rational expressions, each with the same denominator.
This gives the following result:

x"+ b b— a
x"+ b x"+ b

Obligingly, the first term here cancels down to a value of 1, so that our original rational
expression is now transformed into:

b—a
x"+ b

We have now derived two useful formulae which can be used where needed to make certain
rational expressions more amenable to the process of integration. These formulae are:
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x™ a x"+ a b—a

= and =
x4+ a x"+ a x"+ b x"+ b

Applications to Integration

Before we look briefly at how this algebraic method helps us to integrate expressions, let’s
see a couple of concrete examples of the technique.

First, a reminder of the informal use we made of this approach in Part 2 Section 4 Example 4.
There, we transformed a rational expression in x?2 as follows:

x? x2+1—1_x2+1 1 1

X2+ 1 x2+1  x2+1 x2+1 ~ x2+1

We can present an example of the second, more general form of the method as follows:

x+2 x+242-2 x+4-2 x+4 2 _ 1 2
x+4 x+4 o x+4  x+4 x+4 x+4

While in my general explanation of the technique earlier in this section | used expressions
containing x™ terms, | would remark at this point that the method is most easily seen to be
helpful in integration when n = 1 or 2.

Taking the two concrete examples | have just set out, we can see that the method we are
discussing can transform an intractable rational expression into a difference of two terms, one

of which is simply 1, and the other of which is a simpler rational expression where any terms
in x are confined to the denominator.

If we wish to integrate the two concrete examples of rational expressions | have just quoted,
we will find the following fairly simple solutions — in the first case:

x? 1
,fx2+ 1dx= f(l— R 1>dx=x—tan‘1x+ C

and in the second case:

x4+ 2 2
] dx=J(1——)dx=x—21n|x+4|+C
x+4 x+4

Extending the use of integration to the more general cases we have been using to explain this
technique, we are able to write down some quite useful “standard” integrals — standard in the
sense that they always work, whatever the values of the constant terms we represent here by
the letters a and b.

Let’s generalize from the first example. This gives us the following useful result:
x? 1 1 .1
f—dxz f(l— —)dx:x— —tan"" —x+ C
x? + a? x? + a? a a
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(Here 1 have adopted the common practice of representing the constant term in the
denominator as a? instead of simply a. This not only matches the “squared” quality of the x
term, but it also removes the need for disagreeable square root signs on the final solution! In
order to integrate the rational expression with a numerator of 1, | have used the standard
integral mentioned in Appendix 4 Section 2.)

We can obtain another useful result, which will allow us to integrate a wide range of common
rational expressions with ease, by generalizing our second concrete example. This gives the
following:

fx+ad——f@ b_ﬂd —x—(b—a)ln|x+b|+ C
xtp T i) F =X (b-a)hnix

These results are listed in Appendix 4 Section 2 as useful standard integrals.

3 Partial Fractions: The Cover-Up Method

In this section | will be concerned with a technique which can be used to produce partial
fraction expansions of rational functions quite quickly — generally, more quickly than either
of the two methods set out in the sections in Part 3 dealing with the Method of Partial
Fractions as a technique of use in integration. | concentrated in Part 3 on the lengthier
methods (they are sometimes described as “long-winded”) in order to give as full an insight
into the workings of the partial fractions approach as could be achieved; | give a brief
exposition here of the quicker “cover-up” method for the sake of completeness.

| shall first show this method in operation, using it to produce the partial fractions expansion
of the rational expression in Part 3 Section 1 Example 1, before giving some justification for
the method by illustrating why it works at all. Finally, 1 will show how the cover-up method
would help to make the working of Part 3 Section 2 Example 4 a little easier than we found it
in the main text.

Creating Partial Fraction Expansions Using the Cover-Up Method

I will illustrate the method of this section by using it in a step-by-step fashion to produce the
partial fractions expansion of the rational expression:

6
x—4(x—-1)

which we integrated at the start of Part 3 Section 1.

Since the denominator of this expression contains two simple linear factors, our chosen
expansion would be of the form:

The cover-up method consists of a set of steps which are repeated for each of the linear
factors in the denominator of our original expression. These steps produce a constant as their
result each time, and this constant is the value of the numerator which we write over the
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linear factor in the partial fractions expansion.
The steps are as follows (starting with the first linear factor x — 4):

Step 1: Choose the value for x which will make the linear factor take a value of zero. This
amounts to solving the equation:

x—4=0
which we can see gives a solution of x = 4.
Step 2: We now cover up the linear factor we have chosen to work with, and write down the
expression which remains once this factor has been hidden from view. The expression we

obtain is as follows:

6
x—1

Step 3: We now substitute the value of x which we obtained in Step 1 into the revised
expression of Step 2, and evaluate the result. In this case we will find the following value:

Step 4: We can now write down the first term in our partial fractions expansion by making
the result of Step 3 the numerator of the term whose denominator is x — 4, our chosen linear
factor/ This term will be:

2
x—4

To complete the process, we will now repeat steps 1 to 4 for the second linear factor in our
original denominator, which is x — 1. (Indeed, we would now repeat these steps for each and
every linear factor which remained in our denominator in the event that it contained more
than two.) I will summarise these steps more briefly in this second case.

In step 1, the solution of the equation x — 1 = 0 gves us a value of x = 1.

Covering up the factor x — 1 in our original expression gives the following revised
expression:

6
x—4

and substituting x = 1 into it gives us the result —2.

The second term of our expansion is therefore:
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Putting these two terms together gives us the final partial fractions expansion:

which was exactly the result we obtained in the main text using the method of equating
numerators.

Why Does This Method Work?

In order to justify this approach to producing partial fractions expansions, | will sketch out
here some ideas which will indicate why the method works. This will scarcely constitute a
formal proof, although it will give some insight into why we can use this method with
confidence.

Let’s consider a general partial fractions expansion of a rational function. We generally
expect to be able to create expansions along the following lines:

px +q R + B
(x+a)(x+b) x+a x+b

In Part 3 Section 3, | set out a chain of reasoning which shows that when we re-express the
right-hand side of the above equation as a single rational expression using the common
denominator (x + a)(x + b), and then equate the numerator of this new expression with the
numerator of the original rational expression — the equation we obtain is as follows:

A(x+b)+ B(x+a)= px+gq

we can then choose a value for x which will make the factor multiplied by B take a value of
zero. This value here would be x = —a. The argument in Part 3 Section 3 goes on to
conclude that this gives us a simple equation from which we can obtain an expression for the
value of the placeholder A. This value turns out to be the following:

q—ap
b—a

A=

Let’s now see what happened when we try applying the cover-up method to the general
rational expression we started with. This expression was:

px +q
(x+a)(x+Db)

Following the method as set out above, we first choose the value of x which will make the
first linear factor in the denominator become zero. This is, of course, x = —a, just as we
saw in the argument based on equating numerators.

We now cover up this first linear factor, obtaining the new expression:
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px +q
x+b

and we now set x equal to our chosen value of —a in this expression, which gives us the
following result:

—ap + q= q—ap
—a+b b—a

which is precisely the value forA which the method of equating numerators gave us earlier.

An exactly analogous argument can be made out for the case of the second placeholder B. So
we can see that the cover-up method could in some ways be considered simply to be a
consequence of the method of equating numerators. It can be argued, however, that it is a
good deal quicker and simpler to carry out that the full-blown method as we have used it in
the main text.

We will go one step further here, however, and give some justification for using the cover-up
method to help with expansions in cases where not all of the factors in the denominator are
simple linear factors. To do this, let’s look at the following general rational expression:

px +q
(x + a)P(x)

In this expression, we will take P(x) to stand for some (unspecified) polynomial in x.
Bearing in mind our experiences in the main text, we might expect to create an expansion of
some form like this:

A N(x)
x+a + P(x)

Here, N(x) is used to represent some numerator expression in x of whatever type is
appropriate to the polynomial in the denominator. Can we use the cover-up method at least
to obtain a value for the placeholder A?

To answer that question, let’s see how far we can get by looking at what the method of
equating numerators gives us in this general case. Re-expressing the general expansion we
set out a few lines above using the common denominator (x + a)P(x) gives us the following
equation of numerators:

AP(x)+ (x+a)N(x) =px+q
Luckily (or not, since a linear factor is in play here!) we can choose a value for x which will

make the factor x + a take a zero value, and leave us with an equation of sorts in the
placeholder A alone, without the disquieting presence of that unspecified numerator N(x).

This value is, as we might expect, x = —a, and it transforms our equation of numerators into
the following:
AP(—a) = q — ap givingus A = 91— 4P
P(=a)
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Now let’s compare this with what an experimental application of the cover-up method would
give us. To start with, we note once more that a value of x = —a will send the single linear
factor in our denominator to zero. Covering up the linear factor gives us the following
revised rational expression:

px +q
P(x)

and we can then substitute into this our value x = —a to obtain the following:

—ap+q q—ap
P(—a)  P(-a)

Looking back a few paragraphs will provide the happy confirmation that this is exactly what
we might have hoped for, since it is the same result which the method of equating numerators
produced! Therefore we will conclude that the cover-up method can be used to deal with at
least part of the work of producing partial fraction expansions, whenever there are at least
some linear factors in the denominator of the rational expression which we start with.

We conclude this look at the cover-up method with an example of how this last discovery
might help us in a particularly tricky case from the main text.

How the Cover-Up Method Can Help with More Difficult Examples

In Part 3 Section 2 Example 4, we wanted to obtain a partial fractions expansion of the
following rational expression:

x—1
(x —2)(x? — 4x +5)?

We concluded that the expansion required would be of the following form:

A 4 Bx+C 4 Dx+E
x—2 x?>?—4x+5 (x?— 4x+5)?

and we determined the values of the five placeholders in the numerators of the expansion by
creating and solving five simultaneous equations in five variables.

As we saw in the concluding argument of the preceding subsection, we might expect to be
able to use the cover-up method with this example, at least in order to obtain the value of the
first placeholder A. Let’s see how this would work, and what effect it would have on the
overall complexity of the task of establishing values for the remaining placeholders.

To proceed through the steps pf the cover-up method, then, we start by deciding what value
of x will make x — 2, the linear factor in the original expression’s denominator, take a value
of zero. Of course, this value will be x = 2. We now proceed to cover up the linear factor
x — 2 in the original expression, leaving us with:
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x—1
(x? — 4x + 5)?

Finally, we substitute our chosen value x = 2 into this revised expression. The result, which
will give us our value for 4, is:

2-1 B 1_1
(22— 42+5)2 12

That was certainly simpler than solving linear equations would have been. However, this has
only given us part of the solution. In order to proceed, let’s write down our partial fractions
expansion to the extent that we now know it:

1 N Bx+C N Dx +E
x—2 x?—4x+5 (x?— 4x+5)?

Let’s now try to complete the job by equating numerators as we did in the main text, but with
the added piece of information we now have about the value of A. Re-expressing the
expansion as a single rational expression with the common denominator:

(x —2)(x%? — 4x + 5)2
Our numerator will be as follows:
(x2 = 4x+5)%+ (Bx+CO)(x—2)(x*— 4x+5)+ (Dx + E)(x — 2)

(We note that this is exactly the numerator we found at this stage in the main text, but with
the value A = 1 put into place.)

We multiply this expression out, just as we did in the main text. | will in this instance move
straight to the list of coefficients of powers of x which we obtain, so as to save the tedium of
working through all the algebra once again with only one small difference. These
coefficients, with their associated powers, are:

(B + Dx*
(C — 6B — 8)x3
(13B — 6C + D + 26)x?
(13C — 10B + E — 2D — 40)x
25 —-10C - 2E

(These can, of course, be written down directly by starting with the list of coefficients in the
main text and just substituting in the value A = 1, which we have already established.) The
expression with these coefficients and powers of x must then be equated with the original
numerator x — 1. This will yield the following set of equations, which we get by equating
coefficients of powers of x:

B+1=0

C—-—6B—-8=0
13B—6C+D+26=0

349



Useful Algebraic Methods

13C —10B+E—-2D—-40=1
25—-10C —2E = —1
We have here a set of five equations, but involving only four variables — the remaining
placeholders from B to E. And, just by looking at the first of these, it would seem that our
task of solving them will be rather simpler than the task which faced us in the text.
Indeed, we can begin by simply solving the first equation to give us the value:

B= -1

Putting this value into the second equation, which now contains only the variables B and C.
We have the following:

C+6—-8=0o0orC—2=0sothatC =2
Remarking that the solutions are already “dropping out” very smoothly and easily, we can
proceed to substitute our values for B and C into the third equation, in order to obtain this
equation for the value of D:

—13—-12+D+26=00orD+1=0sothatD = —1

Finally, we can see that by substituting in the value we have obtained for C, the fifth equation
will now give us an easy route to the value of the final placeholder E:

25—20—2E=—-1o0or5—2E =—1sothat2E = 6and E =3

Our list of the remaining placeholders and their values now runs as follows:

B= -1
Cc=2
D= -1
E=3

so that we can now write down our partial fractions expansion (the same expansion we
obtained with so much labour in Part 3 Section 2) as follows:

1 4 2—x 4 3—x
x—2 x?—4x+5 (x?— 4x+5)?

or alternatively, arranging the numerators so that the x term comes first:

1 x—2 x—3

x—2 x2—4x+5 (x%— 4x+5)2

Before leaving this example, however, it cannot have escaped the reader’s notice that we
haven’t made any use of the fourth of our equations involving the various placeholders in the
above reasoning. In one sense, this does not surprise us: we would only expect to need four
simultaneous equations to find the values of four variables. However, since the fourth
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equation above arose in the same way as all the others, we ought to spend just s few moments
confirming that the results we have obtained for the placeholders B to E actually satisfy the
fourth equation as well.
In order to do this, we recall that the fourth equation in our set of five was as follows:

13C —10B+E—-2D—-40=1

which actually contains an instance of all four of the placeholders we have just determined.
Substituting the values we have found into this equation gives us the following left-hand side:

13.2-10.(-1)+ 3 —2.(—1) — 40

Carrying out all the multiplications and applying the correct signs, this reduces to:

26+10+3+2—-40=1
so we see that this equation is indeed satisfied by our values.
This was somewhat easier than the method we adopted in the main text. In particular, using
the cover-up method at the start to determine the value of the placeholder A made the set of
equations we obtained by equating coefficients in the numerators considerably simpler, so
that the values of the remaining four placeholders could be largely “read off” after choosing

the most fruitful equation to use in each case and substituting in the values of those
placeholders already found.
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1 Some Standard Derivatives

Some standard derivatives, in addition to those | have considered prerequisites for this text,
have been given or used in the course of the main part of this book. These are set out here for
ease of reference:

d
—secx = secxtanx
dx
d 2 2
—tanx = sec’x = tan“x + 1
dx
d tan-1 1
—tan " x =
dx x2+ 1
d1 1
—Inx = —
dx X

2 Some Standard Integrals

The integrals listed in this section are sometimes regarded as standard integrals, and | have
gathered them together here as a list for reference.

The following integrals can be regarded as more “advanced” versions of the usual integrals of
the sine, cosine and exponential functions, and will certainly save some labour:

1
Jsinkxdx= —Ecoskx+ C

1
Jcoskxdx= Esinkx+ C

1
Jekxdx = Ee""x+ C

We quoted the next integral in connection with trigonometric substitution, and demonstrate

its evaluation using substitution together with some algebraic scaffolding in Appendix 5
Section 6:

Jsecxdx = In|secx + tanx|+ C

and this integral was presented as an example in Part 1 Section 7:

COS X .
fcotxdx = f ——dx = In|sinx| + C
sin x
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Some of the following integrals, which are often quoted without proof as standard integrals,
arose as special cases of the integrals we were trying to e in Part 1 Section 11:

1
_— = in~1
f _1_x2dx sin"x+ C
—_1 dx = -1 C
f— —— X = CcoS X+

1 1
fx2+ 1dx= tan " x4+ C

It is possible, using reasoning exactly like that used in Part 1 Section 11, to generalise the
above integrals to obtain the following, which are also sometimes treated as standard results:

1 1
- — qin~1_
fmdx sin ax+ C
1 di = _11 c
f——az_ = X = COS ax-l—

a 41
ﬁdxztan —-x+ C
x? 4+ a a

In this last integral, if we bear in mind that the constant a in the numerator of the integrand
can be moved outside the integral sign, we should be able to see that it can be rewritten as
follows:

1 11
af—dxz tan~T " —x+ C
x2 + a? a

Dividing both sides by a will give us the following slightly revised version of the standard
integral:

1 1 1
Jﬁdx= —tan""—x+ C
xXc+ a a a

Example 4 of Part 1 Section 11 shows that trigonometric substitution can be used to integrate
certain square root expressions where the square root is not necessarily in the denominator of
a rational function. The following standard integrals arise from this method of integration:

J\/az — x2dx = %(az sin‘1§+ x+ a? — xz) + C

f x2 — a%dx = %(x\/xz— a? — a21n|x+ Vx2— a2|)+ C
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f\/x2+ a’dx = %(x\/x2+ a? + a21n|x+ Vx2 + a2|)+ C

The first of the three is obtained using sine-substitution, as demonstrated in Part 1 Section 11
Example 4; the second responds to secant-substitution, and the third to tangent-substitution.

Two useful results were obtained in Appendix 3 Section 2, using the method of conversion of
rational functions. 1 list them here for ease of reference:

x? 1 1
fﬁdx=x——tan —-x+ C
x*+ a a a

fx+ad = x—(b—a)lnjx+b|+ C
b x=x—( a) In|x

In Part 2 Section 8, we evaluated the following integrals by parts, employing the helpful
technique of restating each of them as a function multiplied by a factor of 1:

flnxdxz xInx— x+C

1
ftan_lxdx = xtan lx — Eln(x2 + 1D+C

We can use the power-reduction formulae quoted in the section on trigonometric identities
below, the formula for tan?x, and finally the standard derivative of tan x quoted above to set
down the following useful results, which we may wish to regard as standard integrals for the
squares of some trigonometric functions:

1 1 1 1
fsinzxdxz Ef(l_ cos 2x) dx = E(x— Esian)+ C= E(x— sinxcosx) + C
1 1 1 1
fcoszxdxz Ef(l-l_ cos 2x) dx = E(x+ Esin2x>+ C = E(x+ sinxcosx) + C
ftanzx dx = f(seczx— 1)dx = tanx — x+ C

Jseczxdx = tanx + C

The second versions of the integrals of sin®x and cos?x are obtained from the first version in
each case by applying the double-angle identity for sin 2x - this is listed below in the section
on trigonometric identities.

The Integral of an Irrational Function

At the end of Part 3 Section 7, we used the integration of a difficult-looking irrational
function to obtain the following standard integral, which is similar in its usefulness to those
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involving the square roots of quadratic denominators which we listed in the preceding
discussion of standard integrals . The integral was:

f\/ﬁ_dx— ln|x+ VxZ 4+ |+ C

| gave an explicit demonstration of the evaluation of this integral in the note following the
final example in Part 3 Section 7.

A more general standard integral, of which the above one is merely a particular instance, is as
follows:

f%dxz ln|x+ \/X2+ a2|+ C
VX a

This general version is demonstrated in detail in Appendix 5 Section 20.

| have listed this additional standard integral here since it serves to round out the list of
integrals with irrational denominators which were quoted in the preceding subsection.

Integrals of Some Useful Rational Functions

In Part 2 Section 7, we illustrated our rule for choosing parts when integrating by parts with
some examples. These required us to integrate various rational functions. | list here the
integrals of some useful rational functions of the kind we dealt with, giving a brief indication
of how we evaluated their integrals.

J X d—ll 2+ 1D+C
el L Y

(This is carried out by substitution, and a sketch of the process appears in Part 2 Section 7
Example 2, where we integrated this function multiplied by a factor of 2.)

2
X
Jx2+ 1dx= x— tan"lx+ C

(This was integrated by parts in Part 2 Section 4 Example 4, and by tangent-substitution in
Appendix 5 Section 8.)

3
fx2+1 ——(x —In(x*+ 1))+ C

(This was evaluated using substitution in Part 1 Section 8 Example 5.)

Standard Integrals Arising from the Method of Partial Fractions

Part 3 Section 1 explains and illustrates the application to integration of the Method of Partial
Fractions. Two useful standard integrals obtained using this method are quoted in that
section, and a full derivation of each is given in Appendix 5 Section 16.
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These two rules are listed for reference here:

f 1 dx = 1 1 |x+b|+C
(x + a)(x + b) *Ta-b"lx+a
f 1 dx = 11 |x—a|+C
x2 — a? x_Zanx+a

A Rule for Integrating Some Rational Functions with a Quadratic Denominator

In Part 3 Section 5, we learnt to apply polynomial division in order to help us integrate some
rational functions with linear or quadratic denominators. For some of those with quadratic
denominators, it is possible to integrate the remainder term which is left over after the
polynomial division using a rule of integration which is derived in Appendix 5 Section 19.

This rule is as follows:

fﬂdx = Elnlxz + bx + c| — Mtan_1#<x+ é>+ C
x2+ bx+c 2 Vic — b2 Vac — b2 2

There is a limitation on the applicability of this rule, however, due to the presence of square
roots in the denominators of two of its coefficients. The rule can only be applied when the
expression under the square root signs is positive. We can therefore only use this rule in
cases where the coefficients in the integrand satisfy the following inequality:

4c — b? >0
This is equivalent to the inequality:

b%? — 4c <0
which is the condition that the quadratic in the denominator should have no real roots.
We see from this that this formula only applies if the denominator in the integrand is an
irreducible quadratic. Integrals of this type whose denominator can be factorised should be
dealt with using partial fractions once the denominator has been expressed as the product of
two linear factors.
Standard Integrals Derived from the Product-to-Sum Formulae
The product-to-sum formulae for trigonometric functions are listed in the following section
on trigonometric identities. Since this section is intended to catalogue the various standard

integrals we have encountered in the text, however, | will list the three integrals which | have
derived from these formulae here. They are as follows:

1 1
f sinmx sinnx dx = msin(m —n)x — msin(m +n)x+ C
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sin(m — n)x + sin(m+n)x+ C

1
2(m —n) 2(m+n)

J. cosmx cosnx dx =

1
f sinmxcosnxdx = ————cos(m+n)x — —————cos(m—n)x+ C

2(m+n) 2(m —n)
Some Rules for Integration
In Part 1 Section 7, we used the knowledge we had gained about the technique of integration

by substitution to derive the following rules for writing down solutions to some integrals
without having to work through a particular technique:

There are two general rules:
n . 1
(@) r@ax = =+ ¢

AG)
16

Consequences of these allow us to integrate quickly some functions containing linear
expressions, as follows:

dx = In|f(x)|+ C

f(ax + b)"dx = (ax + )™ + C

1
an+1)

1 1
f dx = —Inlax+ b|+ C
ax+b a

If the linear expressions are even simpler, we can use the following two rules:

f(x + k)"dx = (x+ k)™ + C

n+1

1
f dx = In|lx+k|+ C
x+k

Finally, we have the following useful rules which apply when we are integrating an
expression comprising any function f(x). We adopt the following convention for the
integral of f(x):

ff(x)dx =F(x)+ C
Our two rules are as follows:

ff(x+k)dx:F(x+k)+ C
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1
ff(kx)dx = EF(kx) + C
These two rules may be combined to obtain the more general version:
1
ff(ax + b)dx = aF(ax+ b)+C

The General Form of Integration by Substitution

We can use the general reasoning set out in Part 1 Section 5 to write down the equation which
shows the effect of straightforward u-substitution on integrals of the appropriate type. It is as
follows:

[ ka(rea)r @adx = kg(r@) + ¢

This can usefully be considered a “rule of integration” in itself — if we can decompose an
integrand and allocate the various components of the expressions on each side of the above
equation to parts of the integrand we are working with — and these parts would be as follows:

k, (), f'(x), g(x), g’ (x) and g'(f (x))

then we can use the above equation to write down the result of the integration easily without
going through the whole process of substitution explicitly. A number of examples of this
process in action are given in Part 1 Section 5, and | have used the method from time to time
elsewhere in this book so as to avoid working through the substitution process in full.

It is important to note that this rule will only yield an immediate result if it is easy to deduce
g(x) from our expression for g'(x). In other words, we must be able to integrate g'(x)
easily. If this task requires the application of some specific technique, then the rule is still
useful as a first stage, but will not give us an immediate result which we can write down
straight away.

A Rule of Integration Arising from Integration by Parts
At the very end of Part 3 Section 9, | proposed a rule of integration which might help save

some work when integrating expressions of the form xf(x), where f(x) represented one of
the combination trigonometric functions examined at length in that section.

The rule, which does actually have more general application, can be stated as follows:

jxf(x)dx = xF(x) — fF(x)dx where F(x) = jf(x)dx

More generally, it can also be applied where f(x) represents a function which can be
classified as exponential for the purposes of the LIATE rule which we use to choose parts
when applying integration by parts.
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In order to be able to use this rule at all, however, we need to be able to integrate the function
F(x) which appears as part of the left-hand side integrand.

Reduction Formulae

We have derived several reduction formulae for the integrals of powers of functions in the
text, particularly in Part 2.

Here is a list of these, gathered together for convenient reference:

n—1 1

I, = J. sin"xdx gives the reduction formula I,, = " L,_o — Esin"_lx COS X
_ _ n—1 1 1
I, = | cos™xdx gives the reduction formula I,, = " L, + Esmx cos™ 'x

1 n—2
L, = fsec”xdx gives the reduction formula I,, = — sec" 2x tanx — hln—z

I, = f In"x dx gives the reduction formula I, = xIn"x — nl,_4

Integrals of Powers of Trigonometric Functions

In Part 2 Section13, we derived reduction formulae for the integrals of the n-th powers of
sinx and cosx. Since we can easily integrate these functions themselves, and the power-
reduction formulae allow us to integrate their squares, we can clearly use the reduction
formulae given in the text to obtain integrals for the first few higher powers of these
functions.

The tables on the following pages set out the integrals of the first six powers if the sine,
cosine and secant functions, using what we know about their lowest powers, and using the
reduction formulae to construct integrals of the higher powers based on these.
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Integral Reduction Formula and Solution
Ilzfsinxdx I, =—cosx+ C
. o 1 1.
I, = | sin“xdx IZ:Ex—Esmxcosx+ C
2 1.,
I3 ==1I; — =sin“x cosx
o= fsin3xdx 2 3 i
e = —3C0sx — §sin2xcosx+ c
I 31 Lsin®
4 = —1, — —sin®xcosx
I4=fsin4xdx 3 3 4 4 1
1, =§x— gsinxcosx— Zsin3xcosx+ C
4 1
Is = =I; — —sin*x cosx
Is = fsinsxdx 3 54 5 1
Is==—-—cosx — —sin?xcosx — —sin*xcosx + C
: 15 15" 5%
5 1
Ig = =1, — —sin>x cosx
I, = fsin(’xdx 15 15 6 6 1
I¢ = —x— —sinxcosx — —sin3xcosx — —sin®xcosx + C
6 48" 48 24 6
Integral Reduction Formula and Solution
I, = fcosxdx I, = sinx+ C
2 1 1 .
I, = | cos“xdx I, = Ex—l— Esmxcosx+ C
I; = =I; + =sinx cos?x
I3 = jcos3xdx 2 3 13
I3 =§sinx+ Esinxcoszx+ C
I, = =1, + —sinx cos3x
I, = fcos“xdx 3 3 4 4 1
I, = =x+ —sinxcosx + —sinxcos3x + C
*T 8" '8 4
Is = —I3 + —sinx cos*x
o = fcossxdx g 45 5 1
Is = —sinx + —sinxcos?x + —sinxcos*x + C
715 15 5
5 1
I = =1, + —sinx cos®x
Iy = jcosﬁxdx 15 15 6 56 1
I = —x+ —sinxcosx + —sinxcos3x + —sinxcos®x + C
® 48" " 48 24 6
Integral Reduction Formula and Solution
I, = fsecxdx I; = In|secx + tanx| + C
I, = fseczxdx I, = tanx+ C
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1
I; = Esecxtanx— Ell

I3 = fsec3xdx 1 1
I3 = Esecxtanx— Elnlsecx+ tanx|+ C

I, == —sec’x tanx — =1,
I, = fsec“xdx 3 9 3
1, = §sec2x tanx — Stanx + C

1
Is == —sec3x tanx — =I5
I = jsecsxdx 1 3 4 3 4
I =Zsec3x tanx — §secxtanx+ §ln|secx+ tanx|+ C
1 4

I = —sec*x tanx — =1,

| J.secﬁxdx 1 5 4 5 g
I = —sec*x tanx — —sec?x tanx — —tanx + C

6" 5 15 15

3 Some Trigonometric Identities
We have frequently quoted and used the Pythagorean identity connecting the sine and cosine,

as well as the associated identity which connects tangent and secant. These identities are as
follows:

sin?x + cos?x =1

sec’x — tan’x =1
Just like the Pythagorean identity, the second of these two identities has two possible
rearrangements; these both give useful equivalences which can be of great help to us when
integrating. | list them explicitly since they may be less familiar than the common
rearrangements of the Pythagorean identity:

tan?x = sec®x — 1

sec?x = tan’x + 1

We have also used the double-angle formulae, which help us to rewrite expressions involving
sines and cosines of multiples of x:

sin2x = 2sinx cos x
cos 2x = cos?x — sin’x
Some rearrangements of the double-angle cosine formula (derived with the help of the
Pythagorean identity to express cos 2x in terms first of the cosine only, and then of the sine
only) are worth noting:
cos 2x = 2cos?x — 1

cos 2x = 1 — 2sin®x
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Finally, we have sometimes made use of the power-reduction formulae, which allow us to
transform the squares of the sine and cosine into a more manageable form — particularly for
integration. These are as follows:

sin?x = 2 (1 — cos2x)

1
cos?x = 5 (1 + cos2x)

The Addition Formulae
The following trigonometric identities are often learned quite early in our exploration of
trigonometry. They don’t really have much immediate application to integration, but I am
quoting them here because they can be used to produce some much more useful formulae,
which will be listed presently.
The most common addition formulae are these:

sin(a + B) = sinacosf + cosasinf

cos(a + f) = cosacosf — sinasinf

sin(ea — B) = sinacosf — cosasinf

cos(a — ) = cosacosf + sinasinf
The Product-to-Sum Formulae
If we add together the left-hand sides of selected pairs of the above formulae, then we will
obtain some new formulae which will allow us to convert products of trigonometric functions
into a more manageable form.
For example, if we consider the expression:

sin(a + B) + sin(a — B)

then the above addition formulae allow us to see that this is equivalent to:

2sina cos 8

Similar combinations of the left-hand sides of the addition formulae will lead us to the
following set of product-to-sum formulae:

sinasinf = %(cos(a — B)— cos(a + B))
cosacosff = %(cos(a — B) + cos(a + B))
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sina cosff = %(sin(a + B) + sin(a — B))

cosasinff = %(sin(a + B) — sin(a — B))

The last two of these identities can be considered alternative versions of the formula for the
product of a sine and a cosine — the difference is simply the result of the choices we make as
to which function takes the argument a and which takes the argument £3.

These are much more immediately useful to us than the addition formulae from which they
were derived, since they transform hard-to-integrate products of trigonometric functions into
simple sums which are often quite easy to integrate.

For example, if we consider the following product of trigonometric functions, which we
might consider rather hard to integrate:

sin mx cos nx

we will find that the third of the above formulae will transform the expression into:
1
> (sin(m + n)x + sin(m — n)x)
or, in abbreviated form:
1 :
> (sinMx + sin Nx)

where M = m 4+ nand N = m — n. This latter expression could be integrated easily.

4 Compounds of Trigonometric Functions and Inverse Trigonometric Functions
We often encounter compound functions of this kind in evaluating integrals by means of
trigonometric substitution. Solutions to integrals of this type can often be rewritten in a
manner more in keeping with the integrand we began with by using some of the following
identities, which can be derived using the Pythagorean identities we set out at the start of this

section. After listing the more common examples of such identities, | give derivations of
these below.

sectanlx = /x2+ 1

tansec ™ lx = x2— 1

cossin"tx = sincos™'x = /1 — x2
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Derivation of sectan™'x = Vx2 + 1

We will use the variables u and v in this derivation, noting that our approach will be to use a
technique not totally dissimilar to integration by substitution. We will start by making the
assignment:

v = tan"lu sothatu = tanv
We can square both sides of the expression for u which we derived so as to obtain:
u? = tan®v = sec?v —1

where the final right-hand side expression arises from a use of the standard trigonometric
identity linking sec x and tan x. A simple rearrangement allows us to say that:

sec’v = u? + 1sothat secv= yu?+ 1

We are now almost finished — all that remains is to substitute back into the above identity for
sec v our original definition for v which came right at the start of this chain of reasoning.
This gives us the satisfying (but perhaps surprising) result that:

sectan tu = Ju?2+ 1

Here we see the combination of a trigonometric function and an inverse trigonometric
function reduced to an expression completely devoid of trigonometric functions! It can be
seen from the way | justified some of the algebra above that this stems directly from the
identity which connects sec x and tan x.

Another way of looking at this result would be to remark that the combination function
sectan™! x means “the secant of the angle whose tangent is x”: in other words, given the
tangent of an angle (that tangent is x) the function has as its value the secant of that angle.
Since the squares of tan x and sec x are related by a trigonometric identity of a Pythagorean
derivation, it ought not to come as a complete surprise that, given the tangent of an angle, we
should be able to compute its secant using a straightforward formula which has a distinctly
Pythagorean look t it.

Derivation of tansec™lx = Vx2 — 1

Once again, we will use the variables u and v in the derivation. In a similar way also, we
will start by assigning:

v = sec 'u sothatu = secv

Squaring both sides of the expression for u, we obtain:

u? = sec’v = tan*v+1

where the final right-hand side comes from the same trigonometric identity as in the previous
derivation. We can rearrange the equation we have obtained to get:
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tan’?v = u? — 1sothat tanv = Ju?2 -1

Finally, substituting back our original definition for v, we have the following equivalence:

tansec lu = Ju?2 -1
Derivation of cossin™tx = V1 — x2

In order to demonstrate this result, let’s start as we did before, using variables u and v and
first setting

v = sin"!'u sothatu = sinv
Squaring both sides of the expression for u, we have:
2

u? = sin®v = 1 — cos?v

using the Pythagorean identity which links the squares of cos x and sinx. Rearranging this
equation gives us:

cos?v =1 — u?sothat cosv = /1 — u?

Finally, substituting back our original definition for v gives the following equivalence:

cossin"lu = /1— u?
Derivation of sincos 1 x = V1 — x2
Once again, and in a very similar way to the preceding derivation, we begin by assigning:
v = coslu sothatu = cosv
Squaring both sides of the expression for u gives us:
u? = cos?v =1 — sin?v

Rearrangement of this equation gives the following:

sinv = 1 — u? so that sinv = 1 — u?

Finally, substituting back our original definition for v gives the following equivalence:

sincos™tu = /1 — u?

We note, | hope with some interest, that the square-root expressions for cossin!x and
sin cos~! x are exactly the same. This arises because the functions sinx and cos x behave
with perfect symmetry as regards the Pythagorean identity which links them — in other words,
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they can be swapped around without changing the identity at all. This is, however, not true
for the identity which links tan x and sec x, which we used in the first two derivations — these
each led to slightly different square-root expressions.

A More Advanced Example

We encountered one rather more complicated combination of trigonometric and inverse
trigonometric functions in the text. The identity we had to use was as follows:

2x
x2+1

sin2tan"1x =

Derivation of sin2 tan™! x = 2x/(x? + 1)
We will start by setting:
v = tan"lusothatu = tanv

Before proceeding, we will recall the trigonometric identity which allows us to state in the
current context that:

sec?v = tan®v + 1

Given the relationship between u and v which we have already set out, we can rewrite this as
follows:

sec’v = tanv+1=u?+1

Since we know (by definition) that:

1
so that sec?v = >— and thus cos?v = >
oSV cos2v sec?v

Secv =

we can confidently say that in our current situation:

1 1 1
= and so cosv = ——
sec’v  u?+1 w2 + 1

cos?v =

We will require (as you will shortly see) a similar expression for sin?v. We can obtain this
by once more quoting a well-known trigonometric identity (almost a definition) to the effect
that:

sinv )
so that sinv = tanvcosv

tanv =
osv

At the start of this reasoning, we noted that u = tan v. Combining this with the formula for
cos v which we have just obtained, we can now state that:

u

sinv = tanvcosv = ——
uz+1
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This was all by way of preparation. We can now get to the heart of the matter by considering
what this allows us to say about sin2tan~'u. The first thing we can say, based on our
initial definition, is that:

sin2tan"lu = sin2v

There is an alternative way of writing the right-hand side here, using the trigonometric
double-angle formula for the sine. This states that:

sin2x = 2sinx cosx
So that in our current case:
sin 2v = 2sinv cosv

Using the expressions for sinv and cos v in terms of u which we have just obtained, this
means the following:

u 1
Vuz +1 Vuz + 1

sin 2v = 2.

Substituting back into this our original definition of v, which was v = tan~!u, and
multiplying out the right-hand side then gives us our final simplification, which is as follows:

2u
uz+1

sin2tan"tu =

5 The Integration by Parts Formula Using Differentials

A version of the integration by parts formula which differs slightly from the version | have
used almost exclusively in this book can sometimes be encountered, especially in some older
textbooks. | will give a brief account of this alternative version here, and explain how it
corresponds to my own preferred version.

The version of the formula you may encounter is as follows:

judv=uv— fvdu

This is certainly somewhat more concise than the formula | have generally used, which we
will recall runs as follows:

J dvd _ Jdu g
udx X =Uuv dxvx

Unless you have been well trained in the use and interpretation of the “differential” notation,

you may well be asking what the alternative formula actually means, and how it is related to
the one | have used.
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Well, the first remark we can make is that the alternative formula can be “derived” from the
one | have used if we are prepared to treat expressions for derivatives rather as if they were
fractions. Taking this approach to the material inside each of the integral signs, we find that:

dv
u—dx reduces to udv
dx

by cancelling the dx terms. Doing the same thing on the right-hand side of the formula, we
find that:

du

— vdx reduces to vdu
dx

by cancelling as before, then rearranging the result to put the du symbol at the end.

So much for the correspondence between the shortened formula and the more usual, fully
expanded, version; there still remains the question of interpretation of the shortened version.

In order to demonstrate how this might be done, let’s consider how it might be applied to
Example 1 from Part 2 Section 4. There we considered the integral:

I = fxexdx

In order to apply the shortened version of the formula, we have to put the integrand into the
form udv. As before, we will set u = x. To complete the second part of the task, we note
that because we can set:

dv_
dx

ex

we can therefore say (and here is the key point) that:
dv = e*dx

By this rather roundabout reasoning, we can feel we have some justification for writing the
equivalence:

udv = xe*dx
(Of course, someone who has been trained in the process of creating “differentials” would be
able to leap directly to the above expression for dv without explicitly writing down dv/dx
first.)

Moving to the right-hand side of the shortened integration by parts formula, we can obtain an
expression for v by noting that:

dv
dv = e*dx so that T = e* and therefore v = e*
X
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What about the right-hand side integral? Well, we already have a perfectly usable expression
for v, obtained just above, so we are left only with the du part.. A few paragraphs earlier, we
set u = x. This allows us to deduce that:

u
Tx 1 so that du = 1.dx or more concisely du = dx

We can therefore perhaps persuade ourselves that it is reasonable to write:
vdu = e*dx

All this is intended to show that we can use the shortened integration by parts formula to
write:

fxexdx = xe* — fexdx

which is the same result we produced using the “standard” integration by parts formula in
Part 2 of this book.

It is probably quite safe to say that the explanation | have given here for this shortened
version of the integration by parts formula has relatively little in common with the way the
formula and its use might have been taught when this version was in common use. My aim
here has been to connect it to the version of the formula I have chosen to use.

I have chosen the version of the formula used in Part 2 since it seems much easier to explain
and illustrate than the shortened formula, and takes due account of the fact that not many
students engaged in learning how to integrate will have the close familiarity with the concept
of “differentials” which might have been expected in the past.
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Appendix 5
Supplementary Examples and Investigations

This appendix contains additional worked examples which are provided for reference, and are
presented here so as to avoid interrupting the development of the main text. They include
examples of the derivation of standard integrals using the techniques explained in the text,
some general formulae for particular integrals which are demonstrated using symbols, and
some examples of the integration of examples included in the text by a different method in
order to allow an informed comparison of techniques to be made.

Some of the following examples will involve more abstract symbol-manipulation than was
used in the main text, and some potentially more challenging arguments may be used in some
cases.

The examples are presented in the order in which references to them appear in the main text.

1 Integration of (x + 1)V/(x + 2) Substituting u = x + 2.

In Part 1 Section 8 Example 3, we wanted to evaluate the indefinite integral:

I= f(x + DV (x + 2)dx

and we chose to approach this by means of a substitution which was written as an expression
for x in terms of u, the opposite way round to that which we had used before, This approach
was chosen in order to illustrate this “reverse-notation” approach to substitution, and to let us
approach the problem in such a way as to remove fractional powers from consideration.

On this occasion, however, we will firmly decline to be put off by fractional powers, and we
will instead evaluate the integral using the more “traditional” substitution of u = x + 2.

Indeed, we will start proceedings by immediately rewriting the original integral using the
fractional-power notation, as follows:

1= f(x + 1) (x + 2)/?dx

With this done, and noting in passing that the simple substitution we have chosen gives us the
equally simple equivalence dx = du, we can proceed to make the substitution, which will
give us:

f(u — Dul/?du = J(u3/2 — u'?)du

Integrating this using our usual rules for integrating simple combinations of powers
(fractional or otherwise) term by term, we arrive at the following solution in terms of u:

gus/z - §u3/2 + C
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Reversing the substitution to obtain a solution in terms of x gives us:

2 2 1 1
g(x+2)5/2— §(x+2)3/2+ C = 2(x+2)3/2(§(x+2)— §)+ C

(The second version of this solution was obtained from the first version by factorising out
2(x + 2)3/2 , as might be imagined from the appearance of the second version.)

To finish things off, we can multiply out the second bracketed term just as we did in Part 1 to
obtain the following:

Leapy_ 1,2 1.1 1
5 X 3-5*T57 375" 15

and put back our square root sign to obtain the very same final solution of:

SVGTD (x4 5)+ C

The reader may like to consider whether this method is any more or less difficult than the one
we used in the body of the text.

2 Integration of (x + a)(x + b)P Using the Substitutionu =x+ b

In Part 1 Section 8, | repeatedly made the point that we should expect to be able to evaluate
any indefinite integral of the form:

I = J(x+a)(x+b)pdx

using the substitution u = x + b.

| propose here to give a solution to this general integral. Be prepared, however, for some
more abstract symbol-manipulation than we have encountered in the concrete cases which
were discussed in the text.

Moving straight into action, we know that the kind of substitution | have proposed gives us

the simple equivalence dx = du, so that we can make our substitution and transform our
integral into the following form:

f(u +a—b)uPdu = f(u”+1 + (a — b)uP)du

We can integrate this simple sum of two powers of u using our standard rules as follows:

a—b 1 a—>b
upP*z 4 uPtl + C = up“( u+ >+ C
p+2 p+1 p+2 p+1

Reversing our substitution, we arrive at the general result in terms of x:
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(x+b)p+1( (x+b)+;;b)+6'

p+2 +1

Any further simplification will depend on the arithmetical relationships between a, b and p in
particular concrete cases.

3 Integration of (ax + b)(cx + d)P Using the Substitution u = cx + d.
This is the more general version of the integration we performed in the previous section. |

claimed in Part 1 Section 8 without any explicit justification the generalisation that we could
evaluate the following integral:

I = f(ax + b)(cx + d)Pdx

using the substitution technique. Just as | did in Section 2 above, | will set out the various
stages of the general solution to this integration problem. As was the case above, we can
expect to have to grit our teeth through some careful manipulation of symbols.

We have already declared our intention of using the substitution u = cx + d, in order to
make the bracketed term which is raised to the power p more easy to handle. We know from
the note following Part 1 Section 3 Example 5 that this substitution will give us the very
simple equivalence:

dx = —du
c

In order to complete the transformation of our integral into a new integral in terms of u, we
must address the question of expressing the first bracketed factor ax + b in terms of wu.
Fortunately, despite the fact that we are dealing with symbols and not numbers, this is not too
difficult.

We can first rearrange our substitution expression to express x in terms of u. This gives us:

u—d
c

X =

so that ax + b can now be rewritten as:

a(u—d) a d
——+b=—-u+b— —
c c c

(From the expressions we have derived so far, we are, of course, obliged to point out that the
reasoning | have already given, along with what follows, requires that ¢ should be non-zero,
in order for division by c to make any sense. Note, however, that if ¢ = 0, then we can
simply multiply out our first bracketed factor by dP and integrate term by term. So this
requirement on ¢ should cause us no especial difficulty, nor should it significantly reduce the
generality of our result, when it arrives.)
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On making our substitution, then, our integral is transformed into the following:

a d 1 1(/a d
f(—u+b— —)u”—du= —f(—u”“%— (b— —)up>du
c ¢/ ¢ cl) \c c

Now we should note carefully that, apart from a sprinkling of additional constants, which
arises from their additional presence in the integrand with which we started, this is really no
more difficult to integrate than was the expression in u which we obtained in Section 2 above
— it is a simple sum of two powers of u.

So, armed with a determination not to succumb to a case of symbol-sickness, we can
integrate with respect to u and then multiply out using the factor of 1/c sitting outside the
integral sign to obtain the following result:

uP*? + (b— d

R L o §
c)c(p+1)u +C

c?(p+2)

In the interests both of greater neatness and of saving paper, we can rearrange the coefficient
of u?*1 as follows:

b d 3 bc d 3 bc —d
cp+1) cz(p+1)_cz(p+1) cz(p+1)_c2(p+1)

Finally (for the moment), the same simple factorisation step we took in Section 2 above gives
us this result in terms of u:

1 p+1< a +bc—d>+c
czt p+2u p+1

All that remains is to reverse the substitution in order to arrive at the following general result
in terms of x:

! +dp+1< . +d +bc_d)+c
Cz(cx ) p+2(cx ) p+1

As in Section 2 above, this is probably about as far as we can usefully simplify without
knowing more about the relationships between the constants in particular concrete cases.

We can allow ourselves some emotional reinforcement after this strenuous business by
observing that if we set a = 1 and ¢ = 1, then this result will reduce nicely to the result we
obtained in Section 2, apart from the differences in the letters used for the constant terms
inside the bracketed factors.

4 Integration of ax®"~1/(bx™ + c) using Substitution

In the remarks which followed Part 1 Section 8 Example 5, | stated that the integral:

axZn—l
= | ——d
fbxn+c x
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could be evaluated using substitution. | will set out the procedure here.

First, in line with our approach to the example from Part 1 Section 8 mentioned above, we
will use the substitution:

u= bx"+ c
On differentiation, this gives us:

QU ™1 g0 that dx = ——d
dx_ nx SO a X = bnx"—l u

Making the substitution and using the expression for dx which we have just obtained, our
integral is transformed into:
axZn—l
——d
fu. brxn—1 Y

We can perform some cancellation on the x terms here, using the laws of indices to remark
that:

— x(Zn—l)— (n-1)

The expression which we see here as the power of x can be simplified as follows:
2n—-1)—- (n—-1)=2n—-1—-n+1=n
This brings our transformed integral into the following form:
J ax™" p
bnu u
In order to remove the remaining x term, we just need to note the following rearrangement of
our substitution formula:

u-—c
b

bx™ = u — ¢ so thatx™ =

We can now restate out transformed integral without any terms in x as follows:

Ja(u—c)d a (u—c

b%nu ”zm u du

We have here taken the constant factor outside the integral sign, leaving us with a rather less
cluttered integral in terms of u to evaluate. This integral can itself be simplified as follows:

u—=c u c 1
f du = f(—— —)duz fldu— cf—du
u u u u
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The integrals in the final right-hand side expression produce the following solution:
u—clnju|+ C

We must, of course, restore the constant factor we moved outside our original integral in
terms of u to obtain the following:

a
m(u —clnju)+ C
Reversing the substitution, we now reach the following solution in terms of x:
a
—(bx™+ c—cln|bx™+ c|)+ C
b?n

This can be tidied up a little further by restating the constant of integration as follows:

c'=C+ ac
B b2n
This operation removes the explicit constant term from the solution, giving us the following
final solution in terms of x:

a
m(bx” —cln|bx™ + c|) + C’

(One concluding remark: if we set a and b in our original integral to a value of 1, and
substitute a for ¢, we can see that the general solution we have obtained here gives us the
solution to Part 1 Section 8 Example 5 as a special case.)

5 A Comparison of Two Techniques: Integrating x/¥(ax + b)

In this section, we will compare the difficulty and complexity of two different substitution
techniques in evaluating the following symbolic integral:

X
y p—
Vax +b
Method 1: Power Substitution
Using power substitution, we aim to do away with the cube root in the denominator by

choosing an algebraic substitution which will remove it from our consideration by means of
the laws of indices. The “standard” power substitution would be as follows:

w3 =ax+bsothatVax+b= Yud =u

We now have to derive an expression for dx. In order to do this, let’s rearrange our
substitution formula in the following way:

375



Supplementary Examples and Investigations

ul—b ud

a a a

ax = u®— bsothatx =

The second form of the above expression for x will make it easier to find an expression for
dx by differentiation, as follows:

dx 3u? 3u?
— = —— sothatdx = —du
du a a

We can combine all of these conclusions to write out our integral in terms ofu as follows:

—adu = >
u a au a a“u

udl—»b
f a 3u2d J‘u3 —b 3u2d f3u5 — 3bu?
. u =  — —_

3
du = —zj(u‘* — bu)du
a

Despite requiring some careful algebra to get there, the integral in the final right-hand side is
quite easily evaluated as follows:

1 b
.5 Y 5
5u 2u+C

And once we reapply the coefficient which we took outside the integral sign, we obtain the
following solution in terms of u:

3 . 3b
WU—FU-FC

In order to take the final step of reversing the substitution, we now recall that from our
original substitution formula, we were able to state that:

u= Vax+b= (ax +b)'/?

We can then give the following final solution in terms of x:

3 3b
= — 5/3 _ 2/3
I PP (ax +b) PP (ax +b)“>+ C

Method 2: The Substitutionu = ax + b

In Part 1 Section 8 (and, more generally, in Section 3 above) we noted that it was possible to
evaluate integrals of the form:

f(Ax + B)(Cx + D)Pdx

using the substitution u = Cx + D. (Note that | have capitalised the coefficients here, since
our current integrand already contains the lower-case coefficients a and b.) The integral we
are considering here has exactly this form, where:
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1
A=1,B=O,C=a,D=bandp=§

We will therefore evaluate the integral this time by making the substitution:

u—=>n
a

u=ax+bsothatax=u—bandx =

Differentiating without further ado this time, we find that:

du 1
— =asothatdx = —du
dx a

It’s always good to have an expression for dx which is only a constant multiple of du, so
let’s now put all this into our original integral in order to obtain an integral in terms of u. We
have:

u—>n
( a )ld _ ”_bld _ u—bd _l (2/3—b —1/3)d
win ™M T Jaamd™ T ) i n ™ T 2 W u u

The final right-hand side here is obtained using the laws of indices on the following
expansion of the integrand after the coefficient 1/a? has been moved outside the integral
sign:

u—>n _u b
ul/3 — yl/3 /3

The integral it contains can be evaluated using the standard rule for the integration of simple
powers to give the following result:

3 3b
§u5/3 - 7112/3 + C

Restoring the coefficient 1/a? gives the following overall solution in terms of u:

3 s 30 s

5a? v 2a?

If we look back at the solution in x which we obtained by the first method, we will see that its
pattern is already present in the above solution in terms of u. All we have to do is to reverse
the simple substitution we made with this second method to arrive at the same solution as we
did a few paragraphs ago, namely:

3 3b
= 5/3 _ Y 2/3
P (ax + b) PP (ax +b)*’°+ C
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Is One Method Better Than the Other?

On the face of it, neither of these two methods seems to have a clear advantage over the
other. Both required some careful algebra to reduce the integral in terms of u to its final
form, mainly since in both cases the expression for x obtained by rearranging the substitution
formula produced a rational expression in the numerator of the integrand.

The power substitution method had its usual effect of giving us some high powers of u to
integrate, but this should not cause us any real sweat. The only thing we might have wished
to avoid, perhaps, would have been the integration of the fractional powers of u which
appeared in the integral in u resulting from the second method. This is, however, very much
a matter of taste, since if we keep our heads, or write out the working at each stage, the
standard rule for the integration of powers works perfectly well. We might finally remark
that the second method gave a particularly convenient expression for dx, and the reversal of
the substitution was also particularly straightforward.

6 Integration of sec x Using Substitution

In Part 1 Section 11, in the course of my remarks following Example 1, I briefly mentioned
the fact that the integral:

I = fsecxdx

could be evaluated using substitution, with the aid of some algebra. | will set out the method
which is required here.

Once we actually know what the integral of sec x is, we may be able to see more clearly why
we take the approach | am about to set out. Without assuming that knowledge, however, it is
hard to see how we would stumble upon the particular trick which is called for.

First, bear in mind that we intend to use substitution to evaluate this integral. Since it’s hard
to see how to find a substitution which will work for the apparently simple integral as it
stands, we might expect to have to modify the integrand by applying to it a factor which,
while not altering its actual algebraic value, would open up the possibility of a substitution.
We also have to bear in mind that the step in our algorithm for integration by substitution
where we have to find an expression for dx before making the substitution might also provide
us, as it has before, with the ability to do some cancellation or otherwise simplify the
transformed integrand.

What | am about to do is simultaneously to multiply and divide our integrand by another
expression in x. This will be tantamount to multiplying the integrand by 1, so its value will
not be altered. However, it will insert some new material into the integral which will allow
us to choose a substitution and take advantage of the corresponding expression for dx.

We will rewrite our integral as follows:

secx + tanx
I = | secxdx = | secx——dx
secx + tanx
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Having done this, we will take the obvious next step and decide to try a substitution of
u = secx + tanx. We do this because it is a moderately simple compound expression
which might provide a useful expression for dx. (While this is not really very convincing,
it’s about as much justification as I can give at this stage; I do give some indication as to how
we might make this choice using a deductive approach rather than simple trial and error at the
end of this section.)

Using our chosen substitution, we can deduce that:

du
Tx = secxtanx + sec’x = secx (secx + tanx)
X

using the standard derivatives for secx and tanx which we quoted in the text and then
factorising out secx. Pausing for just a moment to admire the pleasant almost-symmetric
behaviour of our substitution expression under differentiation, we pass straight on to
conclude that:

1 1

dx = u
secx (secx + tanx) usecx

remembering that we have chosen u = secx + tanx.

Making these substitutions into our modified integral, it transforms into:

u 1 usecx
secx.—. du = > du = du
U usecx u?secx

The last step here follows from making all the available cancellations in the integrand.

So we see that, as if by conjuration, we have turned our integral into a standard integral in u,
which integrates to give:

Inju| + C

Reversing the substitution, we are left with the solution we quoted in the text as a standard
integral, namely:

[ =In|secx + tanx|+ C

Having arrived here, we can now see why u = secx + tanx might suggest itself as a
promising substitution. Of course, the initial “multiply-and-divide” step is needed to get us
into a position to use this substitution, and the convenient shape of the substitution
expression’s derivative allows us to do some helpful cancellation.

We finally note that the integrand which results when the algebraic factor has been applied,
as in the integral:

J secx + tanx
x—
secx + tanx
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is of the form g'(f (x))f" (x), where:

g’(f(x)) = ,f(x) = secx + tanx, f'(x) = secx (secx + tanx)

secx + tanx

and as such is in prime condition for the method of integration by substitution, using u =
f(x). (Note that the derivative of f(x) is in this case actually a longer expression than f(x)
itself.) This shape of the integral after the multiplication step is another factor which might
help to justify in retrospect the approach we have taken here.

Justifying the Method

Having seen that our integrand has been made to conform to a particular pattern, we can go a
little further in justifying our choice of the algebraic expression we used as a factor. We
would begin our line of reasoning by asking ourselves: is there an expression A(x) which can
be applied to our integrand in the following way:

I = fsecxdxz fsecx%dx

in order to get the integral into a form which can be approached using substitution?

Applying A(x) in this way — ie, multiplying by it and then dividing by it — is tantamount to
multiplying the original integrand by 1, and so this operation does not change its value.

However, the whole point of doing this is to change our integral into something of the
following form:

[ g renr

which, as we saw in Part 1, is a form of integral which will respond easily to the method of
substitution.

We can even be a little more prescriptive, and say (to generalise from the breakdown of the
actual integrand immediately before this subsection) that one way in which this method might
work for us is if we make the following assignments:

1
A(x)’

The last two of these statements allow us to connect the function f(x) with its derivative as
follows:

g'(f(x)) = f(x) = A(x),f'(x) = A(x)secx

f'(x) = f(x)secx

If it makes the relationship we are looking for any clearer, we can express this in the form of
a differential equation, setting y = f(x), as follows:
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dy
T = ysecx

where we want to find y as a function of x.

While | do not propose to set out a formal solution to this differential equation here, it is
worth pointing out that one traditional method of solving it would require us to integrate
sec x, which is of course the thing we are already trying to do! (To use a favourite phrase of
one of my university tutors, this “begs the question”.)

However, we can make some progress by considering some specific cases. The differential
equation tells us that we are looking for a function of x whose derivative is found by
multiplying the original function by secx. Well, we do know of two functions whose
derivatives contain a factor of sec x: these are as follows:

d 2
—tanx = sec“x and —secx = secxtanx
dx dx

If we substitute each of these functions and their derivatives into our differential equation,
however, we find to our disappointment that neither of them on their own will fit the
requirements. However, we observe that both these derivatives have a common factor,
namely secx; if we take out this common factor, we can additionally observe that
differentiating tan x generates an extra factor of sec x, and differentiating sec x generates an
extra factor of tan x.

This should tip us off to the possibility that something might be gained by adding the two
trigonometric functions together — this gives us sec x + tan x, whose derivative is:

secxtanx + sec’x = secx (tanx + secx)

We can immediately see that the bracketed expression on the right-hand side is simply
secx + tanx in reverse order! So, if we just substitute:

y = secx + tanx

into our differential equation, we find to our immense joy that it is indeed a solution.

The differential equation we created was simply a restatement of an earlier equation
connecting f(x) with its derivative, so that y = f(x). We also stated a few lines higher up
that we would like to be able to say that f(x) = A(x), our mystery expression. We can
therefore finally conclude that:

A(x) = secx + tanx
and the way is now clear for us to apply a factor of A(x)/A(x) to our original integrand of

secx, happy in the knowledge that the method of substitution will lead us straight to a
solution.
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7 Integration of x(3x + 5)2 Using Substitution

In Part 2 Section 4 Example 3, we wanted to evaluate the following integral:

I = fx(3x+ 5)%dx

In the text, | wanted to illustrate how integration by parts could be applied to this kind of
integral, while at the same time noting that the integrand was of precisely the form examined
in detail in Part 1 Section 8, where we applied algebraic substitutions.

Using the approach explained in that section, we would expect to solve this integral using the
substitution u = 3x + 5. As discussed in the same section, this substitution gives us the
simple relationship:

d—ld
x—§u

The first factor in our integrand is simply x; simple algebraic rearrangement to make x the
subject of our substitution expression gives us:

x—g(u— )

Putting all these facts into the original integral, we arrive at the following version in terms of
u:

fll 52d—1f(3 5u?)d
3.3(u u u—9 u u‘)du

This is a nice straightforward polynomial expression in u, which integrates term by term to
yield the following solution:

1(1 4 5 3>+C—1 3<1 5)+C
g\a" 34 I T Ve

When we take the final step of reversing the substitution, this turns into:
13 +53<1(3 +5) 5>+C
g (3x+5)7 (73« 3

The final factor inside the large brackets will simplify as follows:

1(3 s 5.3 .5 5_3 5_1<3 5>
4 % 32T 27372 T 127 2\ 73

so that the solution now boils down to the rather pretty form:
! 3x +5)3 (3 5) + C
363X T2 (3%~ 3
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It seems clear that, apart from the algebra we performed at the end in order to tidy up the
solution in x, this was a lot less laborious than the work of evaluating the integral by parts
which is set out in the text.

Does Each Technique Give the Same Solution?

Of course, the solution we have obtained by substitution seems at first sight to be nothing like
the solution obtained by parts in the text. It will be instructive to confirm that both these
solutions eventually reduce to the same thing.

In order to do this, let’s first establish a useful control by multiplying out the integrand into a
polynomial in x, and then integrating term by term. This should provide us with a solution in
polynomial form; we can then compare the solutions provided by our two techniques with
this by multiplying them out in turn into polynomial form.

A: Term-by-Term Integration. First, a reminder of the integral we have been examining:
I = jx(3x+ 5)%dx

In order to reduce this to a simple polynomial, we must first expand out the squared factor in
brackets. This results in:

jx(9x2 + 30x + 25)dx

Next, we multiply out this expression to transform the integrand into a simple polynomial, as
follows:

j(9x3 + 30x% + 25x)dx

We can integrate this term by term to obtain the following result:

9 25
Zx“ + 10x3 + 7x2 + C

We won’t factorise this at all, since we have already decided that an unvarnished polynomial
form will make it easier to compare our results.

(I might remark here and now that, were this book not intended to explore various special
techniques for evaluating integrals, this would certainly be my chosen method for dealing
with this particular example!)

B: Integration by Parts. A look back at Part 2 Section 4 Example 3 will confirm that
immediately before we took our final factorisation step, integration by parts yielded the
solution:
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9 25
ZX4 + 10x3 + 7x2 +C

which is identical to the solution we just obtained by taking a term-by-term approach. So we
can feel fairly confident that integration by parts has given us the correct result.

C: Integration by Substitution. The result we obtained above in presenting a solution using
substitution was as follows:

! 3x + 5)3 (3 5) + C

TS
This is clearly very different in appearance from the polynomial solutions we obtained using
the two methods just described. However, it is presented in a factorised form, and it is not
impossible that this result could be similar to the result we would obtain if we were prepared
to factorise the quartic polynomial which was produced by our two previously mentioned
techniques.

(We might also remark that integration by substitution involves the reversal of a substitution
as its final step. If our solution in terms of w is factorised as far as is practical, and our
substitution was of the form u = ax + b, then we might well expect the final result to be a
product of linear factors, as it is in this case.)

In order to check that this factorised solution corresponds to the polynomial solution we have
seen above, we will need to expand it out as fully as possible. We will start by expanding out
the cubed factor in brackets. This will be done using the Binomial Theorem, which tells us
that:

(a+b)2 = a®+ 3a?b + 3ab? + b3
Applying this formula to the case in point, we obtain:
(3x +5)% = 27x3 + 135x% + 225x + 125

We will now multiply this cubic successively by each of the two terms in the right-hand
factor, obtaining the following:

4 3 2 _ 3 _ 2 _ _ @
81x* + 405x° + 675x“ + 375x — 45« 225x 375x 3

Gathering together like terms, we will arrive at this:

625
81x* + 360x3 + 450x?% — S

We must finally multiply through the fractional coefficient at the beginning of the expression,
to arrive at long last at this result:

2 3+ 10 3+25 2 625+C
2 * T Y T 08
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(I have reinstated the constant of integration C at the final stage.) We can see (perhaps a little
to our relief) that this is in fact the same solution as we obtained with our two other
approaches, with the minor difference of an extra constant term. Indeed, we should probably
not be surprised at the presence of a constant term at the end of a process involving the
multiplication of a number of linear factors.

It is important, however, in confirming that this last solution is in fact as good a solution as
the earlier two, to make a number of remarks about this additional constant and its
implications.

We first take a brief look at what happens in the event of our having to evaluate a definite
integral of the kind we have just dealt with. If we initially say that:

9 25
F — 44 1 3 2
(x) 2 x*+ 10x - x

that is, the solution to the indefinite integral without the additional constant of integration C
and without the additional constant term which emerged from our substitution solution, we
will all, no doubt, agree that we can say the following:

b
j x(3x +5)%dx = (F(b) + C) — (F(a) + ©)

This is nothing more than a reiteration of the result of evaluating a definite integral. We note
that the two instances of the constant C cancel each other out.

Furthermore, there is surely nothing to stop us also asserting the following:

fb (3x + 5)2d (F(b) 625 c) (F( y— 82, c)

x(3x X = - — — a) - —

. 108 108

since here the additional improper fraction terms will also cancel each other out.

We can therefore see that the insertion of an additional constant term to the solution of the
indefinite integral makes no difference to the result we obtain when evaluating a definite
integral.

A further remark would be the following: if we make the assignment:

625

¢=C" 108

then we can rewrite the solution which the method of substitution gave as:
9 25
—x* 4+ 10x3 + 7x2 + C’'

4
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which is to say simply “the polynomial in x plus some constant” — and this is the usual way
in which we interpret solutions to indefinite integrals.

This also means that if we are solving a problem where some initial conditions are given
which allow us to provide a solution containing a particular constant term, then a solution
obtained using methods A or B above will be equivalent to the factorised solution obtained
by method C as long as we subtract our rational term from the final constant, according to the
expression we gave above for C'.

A final remark: if we had the time and determination to factorise fully the polynomial
solution into the product of a constant and some linear terms, the decomposition of the
substitution solution which we have just undertaken should show us that it would be
necessary to introduce an explicit constant term in order to achieve this factorisation. This
explicit constant term could be legitimately “borrowed” from the constant of integration C by
replacing it with the adjusted constant C’. The relationship between € and C’ would be the
one given in the expression for C' quoted above.

8 Integration of x / (x* + 1) by tangent-substitution

In a note at the end of Part 2 Section 4 Example 4 | mentioned that the following integral:

1—[ LA
)1+ 2™

could be evaluated using tangent-substitution. | will carry out this process here as a useful
reference, also to provide a comparison of different techniques.

Under tangent-substitution, we use the “reversed” substitution x = tanu. This gives us, on
differentiation:

dx

— = sec?u,so that dx = sec’u du
du

We now put the substitution and the formula for dx into our original integral, and we find it
transformed as follows:

J‘ tan?u sec?u
———du
1+ tan?u

This can be simplified by noting that the trigonometric formula connecting tan x and sec x
can be rearranged as follows:

sec’x = tan’x + 1
This allows us to substitute a much simpler version of the denominator, so that we arrive at:

J‘tanzu sec?u
sec?u

du = ftanzu du
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(The expression on the right-hand side is obtained by cancelling out the instances of sec?u in
the numerator and denominator.)

Unless we are prepared to quote the standard result for the integral of tan?x which is
mentioned in Appendix 4 Section 2, we need to do something to make this new integrand
easier to handle in order to be able to continue. Fortunately, the trigonometric formula we
have already used once will again ride to our rescue. This time, we can quote:

tan’x = sec?x — 1

which is another rearrangement of the formula connecting tanx and secx. This lets us
rewrite out integral in u in the following form:

f(seczu —1)du

At this point, we should immediately be able to recognize sec?u as the derivative of tanu, so
that this integrates to:

tanu— u+20C

Reversing the substitution, and remembering that our substitution formula can be rearranged
to give u = tan~! x, we have the following final solution:

I=x—tan'x+ C

which is the same result we obtained using the simple algebraic conversion of our integrand
in Part 2.

9 Integrating Functions of the Form x™ / (x> + 1): An Investigation

In the notes at the end of Part 2 Section 7, | mentioned the usefulness of being able to
integrate rational functions of the form:

xn

x2+ 1

These were seen to be particularly helpful when integrating products of functions where one
of the factors is a logarithmic or inverse trigonometric function.

In Appendix 4 Section 2, I have set out as “standard” integrals the instances where n is 1, 2
or 3, noting where in the text we have seen how to carry out the integration. What | want to
do here is to take a quick look at what happens if we consider values of n greater than 3.

The Case Wheren =4

Let’s look first at the integral:

I—f A
B x2+1x
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If we start by rewriting this as follows:

z—f Ly
- x.x2+1x

we will have an integrand which comprises a product of x and something we already know
how to integrate, namely the case of our general rational expression where n = 3.

We should therefore proceed by parts, choosing them so that we end up integrating the more
heavyweight rational function whose integral we already know. We therefore make the
following choices:

ddv x3
u=xand — =
dx x%2+ 1

These choices have the following consequences:

M 1 and —f " dr= 2 -+ 1)
T andv = x2+1x—2x n(x )

Once we have set these down, the integration by parts formula gives us:

I—f = -G+ 1) 1f(21 24 1))d
= x2+1x—2xx n(x ) > | & n(x ))dx

To carry on the process, we will set:

1
I = j(xz —In(x? 4+ 1))dx = §x3 — Jln(x2 + Ddx

Moving on one more step, we will now set:
I, = fln(x2 + 1) dx

Integrating by parts, by first considering the logarithmic function as multiplied by a factor of
1, we make the following choices as suggested by the LIATE rule:

dv
= In(x?+ 1 —=1
u= In(x*+ 1) and P

These have the following consequences (using the Chain Rule for differentiation):

du 2x
E: mandv:x

The integration by parts formula then gives us the following result for I,:

388



Supplementary Examples and Investigations

2

dx

_ 2 — 2 _
Iz—fln(x + Ddx=xIn(x*+ 1) fo2+ 1

At this point, we can justifiably feel that we are almost finished, since the integral on the
right-hand side here is one we already know, namely the integral of a rational function of the
pattern we are considering for the case n = 2. By reference to Appendix 4 Section 2, we are
able to write down:

2
x
fx2+ 1dx= x—tan"lx+ C

We can now start putting all our partial results together in order to obtain a final expression
for the integral I. Proceeding backwards step by step, we have the following (multiplying out
where we can at each stage, so as to be able to gather together like terms at the end):

L=xIn(x*+ 1)— 2(x— tan"'x)+ C = xIn(x*+ 1) — 2x+ 2tan"'x+ C

1 1
I, = §x3— L= §x3— xIn(x*+ 1)+ 2x—2tan"lx+ C

and finally:

1 , 1 1, 1 1
I = Ex(x —In(x“+ 1)) — 511= Zx = Exln(x + 1) - 511

Substituting in the expression for I; will give us:

1 3 1 2 1 3 1 2 1
I == 5% —Exln(x + 1)—gx +§xln(x +1)—x+tan""x+ C

We can gather together some like terms in this long expression to neaten up our result. This
will bring us to the following:

1
I = §x3— x+tan x4+ C

Now that we have completed that multi-stage integral, we are in a position to set out a table
of the integrals of our template function for values of n from 1 to 4. Taking into account the
“standard” integrals we have stated in Appendix 4 Section 2, the table is as follows:

Value of n Integral
1
1 Eln(x2+ D+C
2 x—tanlx+ C
3 —x?— 2ln(x+ 1)+ C
2x > n(x )
1
4 §x3— x+tan'x+ C
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We can make some initial, and possibly suggestive, observations based on this fairly small
collection of data. If we adopt the following useful shorthand notation for the integral of our
template rational function with a particular power of x in the denominator:

xn
Jn = fx2+ 1dx

then we will see from our table that we can describe the form taken by the integrals where
n = 3 and 4 as follows:

J3=PXx) -]

and

Ja=P) = J;

where P(x) is, in each case, some polynomial in x. (I have used the letter J with a subscript
here to avoid confusion with the use of a subscripted I to represent the various sub-problems
of an integration problem requiring solution in several stages.)

This might suggest to us that we could expect to find a logarithmic function in the results of
integration of our rational function for odd values of n, and an inverse tangent in the results
for even values of n, based on our results for /; and J,. However, we will need two things if
this very vague conjecture is to be borne out — we will need further results for higher values
of n to provide us with more experimental data, so to speak; and we will then need to provide
a formal proof for the validity of any formula we surmise may apply from consideration of
these results.

A General Formula for J,

It will help in our further investigation of the results of integrating these rational functions if
we can establish some formula which allows us to represent what happens when we integrate
the rational function with x™ in the numerator. We can attempt to produce such a formula by
generalizing from the approach we took above in integrating the case where n = 4.

Using the same approach, then, for the general case, we can write:

xn xTL_l
]"=Jx2+ 1dx= fx'x2+ 1dx

If we are prepared to gloss over for the moment any difficulties involved, and assume that we
have some useful way of integrating J,,_,, we can then proceed by parts, making the
following choices:

ddv x™ 1
u=xand — =
dx x2+ 1

These choices lead to the following consequences:
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du x"1
azlandvz fx2+ 1dx=]n_1

The integration by parts formula now gives us the following:

X
]n:fxz_i_ 1dx: XJn-1— .l-]n—ldx

This is all very well as far as it goes, but it does leave us with one concern: what happens if
we find that we can’t integrate J,_,? Since this is an open question for the present, we can’t
really claim that this represents any kind of reduction formula for integrals of the type we are
considering.

Once again, we are still left in need of more data with which to work.
Two Useful Abbreviations

Before we proceed to integrate examples of our template function for higher values of n than
4, we will find it useful to abbreviate two of the terms which we saw appearing repeatedly in
the table of integrals for the first few values of n which we were able to set out above.

We will make the following abbreviations:
1
L(x) = Eln(x2 + 1) andT(x) = tan"1x

We can see that L(x) appears in the integrals where n = 1 or 2; also, T'(x) appears where
n = 2 or 4. Since the general formula for J,, which we gave above requires us to integrate
Jn—1, it will be important to remind ourselves of what happens when we integrate L(x) and
T(x).

Fortunately, we have done almost all the necessary work to be able to set these integrals out
without further effort. A look back at the work we did earlier in this section for the case
n = 4 will remind us that in the working we carried out, the intermediate integral I, was in
fact the integral of 2L(x). We can therefore make the necessary minor amendment to the
final value of I, to take into account the extra coefficient, and obtain the following:

JL(x)dx =xL(x)— x+Tx)+ C

As regards the integral of T(x), this was obtained in Part 2 Section 8 Example 2 using
integration by parts and treating the inverse tangent function as being multiplied by 1; we
obtained the following result:

fT(x)dx = xT(x)— L(x)+ C

From these two integrals, we can see that L(x) and T(x) exhibit a partial symmetry under
integration. Combined with the general formula for J,, which we were able to obtain using
the integration by parts formula as a starting point, this behaviour offers some explanation of
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the alternation between L(x) and T(x) in the table of integrals we set out above. This will
also be useful to us in deriving a general description of the behaviour of our rational function
for any given value of n.

The Remaining Cases Wheren < 8

I will now proceed to evaluate the integrals of our rational function where n is made to take
the next few values, from 5 to 8. This will allow us to present a more extensive version of the
table of integrals we displayed earlier, and from that, we might hope to proceed to some
speculation about a general formula for these integral, whatever the value of n.

I will use the formula for J,, in terms of J,,_; which was set out above to derive each integral
in the sequence, with J,, which we derived from first principles earlier in this section, as a
starting point. Each case will be covered briefly, using the abbreviations L(x) and T (x)
which we defined above.

First, the case n = 5. Our formula gives us:

IJs =xJ4 — f]4dx

The right-hand side expands as follows:

1x4 — x%+ xT(x) — ix4 + 1x2 — fT(x)dx
3 12 2

and the integral formula we stated above gives us this:

1 1 1
§x4 — x% 4+ xT(x) — EX4 + Exz —xT(x)+ L(x)+ C

Gathering together like terms and taking account of terms which cancel each other out, we
end up with:

L Z+ L)+ C
2* 5% (%)

Next, the case n = 6. By our formula:

Joe = xJ5 — J]sdx

Expanding the right-hand side gives:

R 15+13de
2x > X xL(x) Tl e X (x)dx
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By our integral formula, this becomes:

1513+L 15+13L+ T(x)+ C
7" =X xL(x) 20x 6x xL(x)+ x (%)

and this reduces to the following final result:

Lys 13+ T(x)+ C
o X 3* x (%)

Next, the case n = 7. By our formula:

J7 =xJe — f]edx

Expanding the right-hand side gives:

By our integral formula, this becomes:

lx6 - 1x4 + x2 — xT(x) — ix6 + ix“' - l962 + xT(x) — L(x) + C
5 3 30 12 2

and this reduces to the following final result:

1 1 1
6 4 2
46 _ _ 42 _
X x*+ =x Lx)+ C

Finally, the case n = 8. By our formula:

Js =xJ7 — J]7dx

Expanding the right-hand side gives:

1715_|_13 L 17+1513+de
6x 2* > X xL(x) 2 2Ox 6x (x)dx

By our integral formula, this becomes:

6x 2" % xL(x) Tk 2Ox 6x xL(x) — x (%)

and this reduces to the following final result:
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Ly 15+13 + T(x)+ C
=X cXtgx x (%)

We are now in a position to expand our earlier table of integrals to cover the first 8 natural
number values of n. The table now looks as follows:

Value of n Integral
1
1 Eln(x2+ D+C
2 x— tan"lx+ C
3 L 11 2+ D+ C
5% > n(x )
1
4 §x3— x+tan"lx+ C
5 Lo ] 2+ L 2+ 1)+ C
41x 21x > n(x )
6 §x5—§x3+ x—tan lx+ C
1 1 1 1
7 glxé — le4+ Elxz — Eln(x2 + 1)+ C
8 ;x7—§x5+§x3—x+ tan"lx+ C

We can now record some more general comments on the behaviour of the integrals we are
considering for this extended range of values of n.

First, we note that for odd values of n, the integral is of the form:

P(x)+L(x)+ C
(In the case n = 1, P(x) is the “trivial” polynomial, all of whose coefficients are zero, so that
P(x) = 0.) The sign of L(x) starts as a plus sign for n = 1 and cycles between plus and
minus forn = 3.5and 7.
For even values of n, the integral has the form:

Px)£T(x)+ C

starting at n = 2 with the polunomial P(x) = x. Here, the sign of T(x) starts with a minus
sign for n = 2, and cycles between minus and plus for n = 4, 6 and 8.

We should additionally notice that for every value of n the order of the polynomial P(x) is
n — 1. For odd values of n, P(x) contains only even powers of x; and for even values of n,
P(x) contains only odd powers of x. Furthermore, every single term of every instance of
P(x) has the form:
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And the sign of each term of P(x) alternates between plus and minus, starting with a plus
sign for the highest-order term at the beginning.

A Better General Formula for J,,

We can go further than these observations, and suggest a general formula for J,,, which will
certainly be satisfied by all of the eight cases we have evaluated so far.

We might think that we will need separate formulae for the odd and even cases, since as we
have noted above, the final term in the integral for the odd cases is L(x), while the final term
for the even cases is T (x).

A careful examination of the table will verify that, for odd cases where n > 3, we find that:

1 n-1
Jn=——x — Jn—2

n—1
A further look back at the table will also confirm that (perhaps surprisingly) exactly the same
relation holds between the cases for even values of n, at least where n > 4.

If we can accept the integrals for n = 1 and 2 as obtainable from direct integration — and we
have in fact integrated these elsewhere in the text (the exact references are given in Appendix
4 Section 2) — then we seem to have here a useful reduction formula for the class of integrals
we are investigating — and this formula does not involve the use of an integral sign, as our
earlier one did.

A Proof of the Reduction Formula

It is surprisingly easy to provide a proof that this reduction formula holds for all values of
n > 3, with the aid of a little simple calculus and algebra.

The key to getting started is to notice that the first term on the right-hand side can in fact be
obtained by integrating x™~2 - in other words:

1
jx”‘zdx = x4+ C
n—1

This follows from the standard formula for the integral of a power of x.

Now, if we can show that:

n n-—2
X n-2 _ X

= x
x2+ 1 x2+ 1

(which at first seems a slightly unusual identity), we will be able to complete the proof very
simply. The chain of equalities which achieves this is as follows:

xn—z - xz + 1 xn—Z xn + xn—z _ xn—z xn
X — = =
x2+ 1 x2+ 1 x24+1 x2+ 1 x2+ 1
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We managed this by multiplying the first term by an expression in x whose value is equal to
1 — so nothing about the value of the term is altered by that. Our choice of the factor used —
in particular its denominator - allows us to rewrite our initial expression as one single fraction
with a denominator of x2 + 1. Finally, the x™~2 terms are seen to cancel one another out, and
we are left with the equality we need.

The final step is to integrate both sides of the above equality, as follows:

xn xn—z 1 xn—z
dx = n—-2 __ dx = n-1 _ J
fx2+1 x f(x x2 + 1) X n—1x x2 + 1dx

This, of course - using our abbreviations for the integrals we are investigating - is equivalent
to the equality:

-1

In =
and this is precisely the reduction formula we wanted to prove.

10 Integration of e® cos bx by Solving an Equation

In Part 2 Section 12 Examples 1 and 2, we examined the integration of two functions
comprising the product of an exponential function and a trigonometric function. These
functions are of particular interest in the modelling of various physical systems, and so it will
be instructive to demonstrate here the integration of a general case, in particular the following
integral:

I = feaxcosbxdx

We dealt with the functions in the examples mentioned by applying integration by parts
twice; this resulted in an equation for the value of I which we were able to solve by ordinary
algebra. We might expect to follow a similar procedure in this general case.

To begin with, then, we will choose parts according to the LIATE rule as follows:

dv ax
U= cosbx and — = e

dx

These choices have the following consequences:

du 1
= —bsinbx andv = —e%*

dx a
and with these in mind, the integration by parts formula gives us:

1 b
f e cosbxdx = Eeax cos bx + Ef e sin bx dx
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where we have taken into account the presence of a minus sign in our expression for du/dx
and moved the constant coefficient b/a outside the right-hand side integral sign.

We can move to the next stage by setting I; equal to the right-hand side integral, as follows:
I, = f e sin bx dx

To solve this second integral, we will make the following choice of parts, as usual observing

the LIATE rule:

dv

u = sinbx and — = e
dx

These choices give us the following:

du 1
— =bcosbx andv = —e
dx a

ax

Putting these into the integration by parts formula, we arrive at the following equation for I;:
: 1 : b
I, = f e sinbxdx = aea" sinbx — af e cos bx dx

once again moving the coefficient b/a outside the right-hand side integral sign.
We should note that the original integral I has now reappeared on the right-hand side (as we

might have expected based on our experience of the concrete cases from Part 2). Restating
the above equation using the I- notation | have adopted, we have:

1
I, = —e*sinbx — =1
a a
Recalling that the original integration by parts formula for I can be restated as:
1 b
I = —e*®coshbx+ —1;
a a

We can combine both of these equations to give the following more complete expression for
I
b2

1 b /1 ) b 1 b )
I = —e cosbx + —(—eaxsmbx— —I) = —e™*cosbx + —zeaxsmbx— —1
a al\a a a a a

The simple algebraic rearrangement of adding (b?/a?)I to both sides gives us this:

b? 1 b )
1+ = |1 = —e cos bx + —Zeaxsmbx
a a a
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To make the next piece of algebra easier, we should rewrite the coefficient of I on the left-
hand side as follows:

b> a® b* a’+ b?
et eteT o

It’s now a simple matter to divide both sides by this expression to obtain the following final

expression for I:

a b
| = ——e*coshx + ——=eYsinbx + C
a?+ b? a® + b?
We have, of course, carried out some cancellation here with the existing coefficients of the

trigonometric functions on the right-hand side; we must also now formally add the constant
of integration C.

As a final step, we may prefer to factorise the expression on the right-hand side as follows:

ax

I = m(acosbx + bsinbx) + C
This gives us a solution which is the product of an exponential function with the sum of two

trigonometric functions. Various constants also make their presence felt — these are related to
the constant coefficients of x which appear in the original integral.

In closing, it will do no harm to confirm our result by checking that it correctly predicts the
solution we obtained by performing the integration in Part2 Section 12 Example 2. The
integral we dealt with there was as follows:

f e?* cos 3x dx

This is a specific case of our general integral, where a = 2 and b = 3. Putting these values
into our general solution, we find that it predicts the following:

2x

—32(2c053x+ 3sin3x)+ C

2% cos 3x dx =
je cossx ax 22 1

The right-hand side is equal to

1
Eezx(Z cos3x + 3sin3x) +C

which is the solution we obtained by explicit working in Part 2 Section 12. (We also have the
added bonus of a clearer understanding of why the coefficient 1/13 is present in this solution:
the denominator 13 is the sum of the squares of the constant coefficients of x in the integrand
- namely 2 and 3.)
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11 Integrating Higher Powers of sec x.

In Example 3 of Part 2 Section 12, we integrated sec3x by applying integration by parts and
obtaining an equation which we were able to solve in order to produce our solution. The first
step of this procedure was to split the integrand into a product of two functions, as follows:

sec3x = secx.sec’x

We were then able to recognize the second factor, sec?x, as the derivative of tan x, so that
we could choose parts so that this factor was treated as dv/dx.

| remarked in my notes at the end of that example that the same technique — of exposing a
factor of sec?x — would be useful when integrating higher powers of secx. | will exhibit
this approach here, taking the general case of evaluating the integral:

I, = jsec”xdx

| have named the integral as I with a subscript of n since we will find that the result of our
efforts will be to describe the result in terms of integrals of lower powers of secx - in other
words, we will obtain a reduction formula. In order to avoid difficult questions arising, we
will also limit our consideration here to the range of values of n which are greater than or
equal to 3.

The reasoning is moderately simple. As explained above, we will begin by rewriting the
integrand as the product of a function with sec?x, which we know to be the derivative of
tanx. This gives us:

I, = fsec"xdx = fsec"‘zx. sec?xdx

We will now choose parts, bearing in mind that we have already decided which part will take
the role of dv/dx:

dv
u = sec™ %x and == sec?x
X

We then have the following consequences (again, we are fully expecting one of these, and the
other is obtained using the Chain Rule):

du 2
o (n—2)sec™ “xtanx and v = tanx

The integration by parts formula then gives us:

jsecnxdx = sec" %x tanx — (n — Z)Jsec"‘zxtanzxdx
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Just as we did when dealing with the equivalent stage in the integration of sec3x, we will use
the trigonometric identity for tan?x (quoted in Appendix 4 Section 3) to rewrite the right-
hand side integral as follows:

fsec"_zxtanzxdx = fsec”_zx(seczx— Ddx = fsec"xdx— fsec"_zxdx

We can now restate the result we obtained using the integration by parts formula as follows,
making use of the subscripted I notation I introduced at the beginning of the discussion:

I, = sec"?x tanx — (n—2)I, + (n—2)I,_,
Moving all the instances of I, to the left-hand side, we have:
(n—1I, = sec™?x tanx + (n —2)I,_,
which gives us our final reduction formula of:

I = 1 -2y ¢ n—ZI
n = 1sec X tanx —— In—2

As a useful confirmation of the correctness of this result, we will recall that in the case where
n = 3, which was examined in Part 2 Section 12, our result could be written using our current
notation as:

1
I3 = = t - =1
3 = secxtanx — ol

1, is, of course, nothing more than:
Jsecx = In|secx + tanx|+ C

and so we see that our reduction formula has succeeded in predicting the result we obtained
in Part 2.

12 Integrating sec x tan%x

In Part 2 Section 12 Example 3, we applied integration by parts to an unlikely candidate for
this technique of integration, namely the function sec3x. We were able to do this by
expressing the integrand as the product of two functions, and noticing that one of these,
sec?x, was the derivative of the well-known function tan x. We therefore chose this part of
the product of two functions to be dv/dx, which allowed us to use the integration by parts
formula to create an equation which was solved in order to produce the result we were
looking for.

| remarked in this context that we might be able to get a similar advantage when integrating a
product of functions where one of the factors was secx tanx, which we know to be the
derivative of sec x.
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We will look at the integration of such a function here. The integral we will investigate
actually appeared in the course of the integration of sec3x (where we dealt with it using a
trigonometric formula) and it is as follows:

I = fsecxtanzx dx

This integral will respond to integration by parts, as we shall see. As in the case of sec3x.,
we will need to state the integrand as a suitable product of two functions. It is, of course,
already the product of sec x and tan?x; but since the LIATE rule will not assist us when both
the functions in our product are of the same type, and neither of these factors immediately
claims our attention as a common derivative, we need to try another restatement of this
integrand if we are to get anywhere very easily.

As suggested in the preceding observations, however, if we choose to rewrite the integrand as
follows:

secxtan’x = secxtanx.tanx

we will recognise straight away that one of the factors in the restatement is sec x tan x, which
is the derivative of sec x. We can therefore chose parts as follows:

dv

u = tanx and d_= secx tanx
X

The consequences of these choices are:

du

— = sec?xand v = secx
dx

and the integration by parts formula then leads us to the following:
f secx tan’x dx = secxtanx — f sec3xdx

Fortunately, we have performed the integration of sec3x in Part 2 Section 12 Example 3.
Substituting the solution we obtained there into the above equation, we can therefore
conclude that:

1 1
jsecxtanzxdx = secxtanx — Esecxtanx— Elnlsecx+ tanx| + C

Gathering together the terms in sec x tan x gives us the final solution:

1

1
I = Esecxtanx— Elnlsecx+ tanx| + C

which we note with interest is almost the same as the integral of sec3x, with the plus sign
replaced by a minus sign.
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13 A Formula for a Definite Integral of sin™x

In Part 2 Section 13 Example 1, we obtained a quite elegant and simple reduction formula for
the following definite integral:

21T
— 1N
Jn = f sin"xdx
0

The reduction formula we were able to derive was as follows:

n—1

Jn Jn-2

- n
I will now conduct an investigation into the implications of this reduction formula, and
suggest a direct formula for J, which does not depend on another integral of the (Ji)
sequence. I will then offer a proof of this new formula’s correctness using mathematical
induction.

The Investigation

We can see that if we apply the reduction formula repeatedly (and we did this for a specific
value of n when we evaluated the indefinite integral of cos’x at the beginning of Part 2
Section 13), we will obtain the following sequence of equalities:

o n—1 _ (n—-1) (n—3) ~(n—-1) (n—-3) (n—5)

Jn= n m-2)"* " n m-2)m-4"°c "

Having noted the pattern which is being established in the above chain of equalities, and
extending this as far as it will go, we would expect eventually to obtain:

_ (m-1)(n-3)(n-5)..3.1
Jn = nn—2)(n—4)..42 °°

in the cases where n is even, and:

B n—-1Dn-3)(n—-5)..4.2
a nn—-2)(n—4)..53 1

Jn

where n is odd.

(Note that we must consider these two cases separately, since our reduction formula requires
us to count down from n in steps of 2 — this will eventually bring us to 0 where m is even and
1 where n is odd.)

At this point, we must make an important observation about the value of /; which will render
our remaining tasks a lot easier. That observation can be summarised as follows:
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o 2T
= f sinxdx = |—cosx| =(C-1)-(-1)=0
0 0

(I might add that consideration of the graph of y = sinx would lead us more informally to
the same conclusion: interpreting the definite integral as the area between the curve and the
x-axis, we should be able to appreciate that the positive area between x =0 and x = m is
cancelled out by the equal but negative area between x = mwand x = 2m.)

Looking back at our equation for J,, where n is odd, this fact about J; implies that J, is
actually equal to zero whenever n is odd! This means that from now on, we only need to
think about J,, for even values of n: in other words, values of the definite integrals J,, for
natural number values of k.

One further useful observation is necessary (though somewhat less radical in its implications)

— and that concerns the value of J,. Once more, we can summarise the reasoning very briefly
as follows:

o 2T
fozf 1dx=[x] =2rn—-0=2rm
0
0

We can therefore immediately rewrite our equation for J,, where n is even as follows:

_ (m-1)(n-3)(n-5)..3.1
Jn = nn—2)(n—4)..4.2

Can this be made any more succinct? Well, we might start by recalling that we are now only
interested in J, for even values of n - therefore, we should rewrite our equation as an
expression for J,, - we can confidently express n as 2k since we are now only considering
even values of n, and any even natural number n can be written as 2k for some natural
number k.

Making this substitution in our formula for J,, where n is even gives us the following new
version:

_ 2k —1)(2k —3)(2k - 5) ...3.1
kT 2k - 2)(2k — 4) ... 4.2

Now, the denominator of the fraction in the right-hand side expression contains a factor of 2
within each of the factors in the version shown. We can extract these factors, and rewrite the
denominator as follows:

2k(2k — 2)(2k — 4) .42 = 2k.2(k — 1).2(k — 2) ...(2.2).(2.1)

In the right-hand side, we can now see k factors of 2; we can lump these together as one
single factor of 2%, after which we will be left with k(k — 1)(k — 2)...2.1. This can be
expressed using the factorial notation as k! - so we can now rewrite the denominator of our
fraction as follows:
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2k(2k —2)(2k — 4) ...4.2 = 2*k!

What about the numerator? It looks like a rather harder nut to crack at first, until we notice
that it would be equal to:

(2k)! = 2k(2k — 1)(2k — 2)(2k — 3) ...4.3.2.1

were it not for the fact that the first factor and every second subsequent factor in the
expansion of the factorial expression is missing. This is actually a useful realisation, since it
means that we can rewrite our numerator as follows:

2k — D2k — 2)(2k — 3) ... 4.3.2.1

(2k —1)(2k —3)(2k —5) ...3.1 = 2k(2k — 2)(2k — 4) ... 4.2

The expression in the denominator here contains the factors 2k, (2k — 2), 2k — 4) and so on
— these all cancel out with the corresponding factors in the numerator — after this cancelling,
we are only left with the factors shown on the left-hand side. Now, we have already
established a little earlier that the artificial denominator we introduced above can be
abbreviated by the expression 2¥k! - so we can therefore now rewrite our expression for J,,
as follows:

_@k-DEk-3)@k-5)..31__ 2k
2k = T ok(2k —2)(2k —4) .. 42 T T 2Kkl 2kk!

21

The right-hand side expression can be considerably tidied up by combining the two factors of
2% (using the laws of indices) and then cancelling out the factor of 2 which appears before 7
to obtain the following:

(2k)!
Jok = 22 1(k2 "

So far, so good: we now have a formula for j,;, which does not depend on any other integral
of the form J,.. Can we make it any neater? Well, we can if you are happy to allow me to
pull a metaphorical rabbit out of a hat, and have recourse to the notation used to represent the
binomial coefficients.

To get started down this road, let’s first rearrange our formula a little so as to gather all the
factorial terms together; this will make much clearer the usefulness of the binomial
coefficient notation for our purposes. We will rewrite it as follows:

QK)! =w
2k = WW

If you are familiar with this useful notation (which pops up again and again in the most
unexpected mathematical places!), you will recall the following definition for the special
notation used to identify these coefficients:
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n n!
(r) Y (n—n)!

Whenever we are confronted with a fraction with factorial terms in both the numerator and
denominator, it can be worthwhile to see if the fraction can be expressed using the binomial
coefficient notation. In order to see if this is possible here, let’s just equate the standard
binomial coefficient form with the part of our formula which consists of factorial terms, and
see if this will help us. We will try setting:

n! _ (2k)!
rin—=7) (k)2

and then investigate to see if there are values of n and r which will satisfy this equation. One
pair of values which would work would be those obtained by simply equating the numerator
and denominator on each side.

Taking the numerator first, we would have n! = (2k)!, which would be satisfied if n = 2k.
Substituting this value for n into the left-hand side denominator, and simply equating the two
denominators, we get:

r' 2k —r)! = (k!)?

One value of r which will satisfy this would be obtained if we can satisfy both r! = k! and
(2k —r)! = k!. Fortunately, the natural implication of the first of these two conditions —
r = k - also satisfies the second condition: (2k — k)! = k!.

So this speculative approach brings us to the following useful conclusion: our fraction with
two factorials in it can indeed be abbreviated using the binomial coefficient notation, as
follows:

2ky @k (2k)!
<k>_ k! (2k —k)! (k2

(This may be recognisable to readers with a thorough knowledge of the binomial coefficients
and their properties as an easily derived —even “standard” - property of these coefficients.)

All this means that our formula for J,;, can now be written a little more simply as follows:

2k\ m
o= ()
The Proof
This is certainly a very attractive result — perhaps the most elegant result anywhere in this
book! However, the reasoning which led to it was a little sketchy and imprecise, so we must

really feel obliged to treat the above discussion as no more than an investigation which
suggested a suitable formula, and now take steps to provide a rigorous proof.
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We will prove the validity of our formula using the method of mathematical induction. To
summarise beforehand, we will first prove the formula for the case k = 1; next, we will
assume that the formula is true when k = r and then attempt to deduce from this that it also
holds true when k =r + 1. The principle underlying proof by induction is that, having
proved the truth of the formula for k = 1, this second step will entitle us to say that it must
then also be true for k = 2. A similar justification can be given for any natural number value
of k, by relying on the second inductive step to justify the truth of our formula each time the
value of k is increased by 1, all the way up to the particular value we may be considering.

When carrying out these two steps, we will be able to rely on the reduction formula we
obtained in Part 2 Section 13 Example 1, which was as follows:

n

_ -1
]n_ n ]n—z

So let’s start by proving our explicit formula true when k = 1. In this case, our formula
becomes:

_(2\m 2! n_zn_
]2_(1)5_(1!)25_ 2"

Approaching the question by means of the reduction formula, we have the following:

2T =T

N| =

1
I = E]O =

(We established the value of ], as 2m earlier in this section, as part of the investigation which
led to our formula in the first place.)

We have now shown that our explicit formula gives the same value for J, as is obtained from
the reduction formula. So the first step of the proof by induction is complete.

We now move on to the second step, under which we will assume the truth of our formula for
the case where k = r. This assumption can be written as follows:

I = <2r) T @) =

r ) 22r-1 - (T!)z "92r-1

by simply substituting » for k. We now want to prove the formula for the case where
k = r + 1. Thatis, we want to prove the following version of our formula:

) 2r+2\ mw (2r + 2)! T
Jar+n = (r +1 )22r+1 T (Gr+1DH2 2z

(We have taken advantage in the above expressions of the facts that 2(r + 1) = 2r + 2 and
2(r+1)— 1=2r+2—1=2r+ 1 inorder to neaten our notation.)

Looking back at our reduction formula, and making use of our assumption about the
correctness of the formula for /,,., we can obtain the following:
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2r+1 2r+1 2r)! ©  @r+D)! =«

Jagen) = 5 ler = 2r+2 (rD2 2217 (r+ 1)lr! 227

(Again, we have here used the identity 2(r + 1) = 2r + 2; in the final step, we gathered
factors of 2 in the denominator together to create 2.22"~1 = 227 using the laws of indices.)

Now, this does not quite provide the equivalence we are looking for. However, if we take the
result of applying the reduction formula and multiply top and bottom by 2r + 2 — which is, of
course, equal to 2(r + 1) - we will obtain the following much more appropriate result:

2r+2 Qr+1)! =« 2r + 2)! T

L) Ty )y G+ D22 T 2(r+ DU (r + 1)1 227

Just as we did a moment ago, we can gather together the factors of 2 in the denominator to
obtain the following:

] (2r + 2)! T 2r+2\ mw
200 T (G2 2 ( r+1 )22r+1

This finally shows that the reduction formula we obtained and the explicit formula we are
trying to prove provide the same result for j, .1y, based on the inductive assumption that this
is true for J,,.. We have therefore completed the second step of our proof by induction, and
thus proved that the formula we obtained in the course of our preceding investigation is
correct.

14 A Formula for the Integral of In"x

In Part 2 Section 13 Example 3, | presented an extended discussion on reduction formulae for
the indefinite integral:

I, = f In"x dx

We derived two reduction formulae, one of which was simpler than the other. The simpler of
the two formulae, which will form the basis of our discussion here, was as follows:

I, = xIn"x — nl,,_,
In a similar manner to the previous section of this appendix, I will now investigate the
prospects of deriving a direct formula for the general integral I,, which does not depend on
any other integral of the (1) sequence, and I will then offer a proof of the formula by
mathematical induction.

The Investigation

We’ll start this investigation by setting up a table showing the solutions to the integrals I,, for
the first few values of n starting with n = 1. This first solution is, of course, as follows:
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I = flnxdxz xlnx — x

a result we obtained in Part 2 Section 8. We will be able to write down the next few entries
in our table by making use of the reduction formula I have already quoted.

Here is the table of solutions for values of n from 1 to 6:

Integral Solution
I, xlnx — x
I, xIn?x — 2xInx + 2x
I3 xIn3x — 3xIn?x + 6xInx — 6x
1, xIn*x — 4xIn3x + 12xIn%x — 24xInx + 24x
Is xIn®x — 5xIn*x + 20xIn3x — 60xIn?x + 120xInx — 120x

I, xIn®x — 6xIn°x + 30xIn*x — 120xIn3x + 360xIn%x — 720x Inx + 720x

We can immediately make a few simple observations. First, each of the integrals I,
comprises a series of terms of the form kxIn‘x where i ranges from n down to 1; the first of
these terms always has a coefficient of 1. Second, at the end of this sequence we always find
a term of the form kx (which could, of course, be regarded as a term of the form kxIn®x)
which has the same coefficient as the immediately preceding term of the form kxInx.
Finally, the signs separating each of the terms in the series always start with a minus sign,
then alternate regularly between plus and minus until the end of the series is reached.

We can give some explanation for this behaviour by examining what happens when we start
with an expression for I, using the reduction formula quoted above, and then expand it

progressively by using versions of the reduction formula for I,,_,, I,,_, and so on. In order to
do this, we recall the reduction formula for I,,:

I, = xIn"x — nl,_4

We can use this formula with some simple substitution to express the following indexed
integrals:

Loy =xIn"1x — (n—DI,_,
Ly, = xIn"2x — (n—2)I,,_3
Expanding I,,_, as it appears in the reduction formula for I,,, we have:
I, = xIn"x — n(xIn" 1x — (n — 1)I,,_,) = xIn"x — nxIn" x + n(n — 1)I,,_,

If we similarly expand out I,,_, as it appears in the above equation, we will have the
following:

I, = xIn"x — nxIn™ 1x + n(n — 1) (xIn®2x — (n — 2)1I,,_3)

Multiplying out the brackets at the end of the right-hand side, we will arrive at the following:
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I, = xIn"x — nxIn" " 'x + n(n — DxIn""2x —n(n — 1)(n — 2)I,,_5

Comparing this expanded representation of I, with the entries in our table, we can see that
the coefficients of the terms of the form kxIn'x start with 1, then follow the pattern n,
n(n—1),n(n— 1)(n — 2) and so on.

Furthermore, we can extend the long expression for I,, as follows:
I, == xIn"x — nxIn" 1x + n(n — DxIn" 2x —n(n — 1)(n — 2)xIn" 3x + ---

The final term (based on what we observed in our earlier table of specific integrals) will be of
the form kx, where k is the same as the coefficient of the term in x In x — so that we would
expect the last two terms in the above series to be:

nmn—1)Mn—-2)..32.xInx tn(n—1)(n—-2)..3.2.1.x

where the sign separating the two terms will be a plus sign for even values of n and a minus
sign for odd values. (For supporting evidence, take another look at the table.)

Based on this attempt to construct the explicit formula for I,,, | will now suggest a version of
this formula using the more concise sigma-notation. My suggestion (which | will proceed to
prove in a moment) is as follows:

n

.n! )
I, = Z(—l)”‘lﬁxln‘x +C

=0
(Note that | have taken care to add the constant of integration C.)

Let” me immediately explain some of the shorthand elements of this expression of the
formula. In order to offer some initial justification for this formula, 1 would remark first that
when we think about the expansion of a sigma-notation expression such as:

n
2.
i=0
we often think of it as ordered in this way:
ap+ a;+ a + ..+ a,_, + a,
In order to match the pattern established in the table we considered above for the solutions to

the integrals I,, for the first six values of n, however, | will in this instance look at the
expansion of the sigma-notation expression | have proposed in the reverse order, as follows:

a,+ ap1+ a,_,+ ...+ a;,+ qp
First, the coefficient (—1)™! is there to ensure that the signs separating terms in the
expanded series alternate in the way we observed in our table. For the highest power of In x,

which is In™x, that coefficient will be (—1)*" = (—1)° = 1: and we see from our table that
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each evaluation of I, does indeed begin with a positive term. For the next lowest power of
In x, where the value of i will be n — 1, the coefficient generated will be (—1)*~"~1 =
(=1 = —1. Because of the behaviour of —1 when it is raised to an odd or even power, the
signs will continue to alternate happily each time we step down the value of i from n to 0.

Second, the numeric coefficient of each term is generated by the expression n!/i!l. The
coefficient of the first term, therefore (the term a,, in my discussion of the expansion of the
sigma-notation formula), will be n!/n!, which is, of course, 1; and this matches the results we
saw in the table earlier — the first term, which is always xIn™x, always has a coefficient of 1.

The formula n!/i! always predicts the coefficients of the subsequent terms in each of the
solutions set out in the table. As an example, let’s look in detail at the solution:

I, = xIn*x — 4xIn3x + 12xIn?x — 24x1Inx + 24x

We can see that our proposed formula does indeed generate each coefficient in the above
expression, as follows:

4!

il

4!
524

o

i=1:ﬂ=4'3'2=24

4

i=0: 0= 43.2.1=124

In the last case, we should recall that 0! is defined to be equal to 1. Indeed, this fact is what
allows our formula to predict reliably that the last two coefficients every solution shown in
the table should be the same. Expressed more generally, we note that:

n! n!
—_— T — |
n-1°- "
and also that:
n! n!
—_— = — =l
o1
so that:
n! n!
1o
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for all natural numbers n.

Finally, the last part of my proposed sigma-notation formula, xIn‘x, expresses the general
form of each term in the solutions we saw in the table, once we take out of consideration the
coefficient and the sign — both of which have been dealt with in the preceding discussion.

Having demonstrated that the formula | have put forward accords with the data from our
table, it simply remains to provide a formal proof.

The Proof
We will prove the correctness of the sigma-notation formula using mathematical induction,

and we will assume the correctness of the reduction formula, obtained in Part 2 Section 13
using integration by parts:

I, = xIn"x — nl,_4
As the first step, we will show that the formula holds true for the case where n = 1. We need

to be concerned here with the integral I;, and in this case our formula is as follows (omitting
the constant of integration to make the rest of the expression clearer):

- ETI 1 11
Z(—l)l_‘ﬁxln‘x = (—1)1_1Fxln1x + (—1)0_1ax1n0x
L ! ! !

The right-hand side (which is shown with the higher value of i first, as explained earlier)
reduces to the following:

(-D%1L.xInx+ (-1)"L.1.x= xlnx— «x
The final right-hand side here accords exactly with our already-established solution for the
integral I;. We have therefore proved the first step in our process of induction, namely the

case wheren = 1.

The second stage is to assume that the formula holds good when n = k and try to prove its
truth when n = k + 1. We are therefore making the assumption that:

‘ K
I, = Z(—l)k‘l,—lxlnlx
= l!

| pointed out at the beginning of this proof that we could also safely assume the truth of the
reduction formula for I,,. This assumption allows us to say that:

Lis1 = xIn®+1x — (k + 1)1,

Substituting the above sigma-notation formula for I, into this reduction formula, we obtain:
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k! .
Liyq = xIn**1x — (kK + 1) Z(—l)k“ﬁxln‘x

i=0

The right-hand side can be rewritten as follows:

= 1)0?;3. k! +2( 11 D i

In the above restatement, | have multiplied the first term on the right-hand side by the rather
contrived coefficient:

(—pyo et D! (k+1)!
(k+1)!

This is, of course, equal to 1, so it does not change the value of the term to which I have
applied it. It has been chosen, however, in order to make our subsequent reasoning more
convenient. The minus sign which preceded the sigma-notation expression now appears
inside this expression as (—1)* = —1, which will ensure that the minus sign is applied to
each term in the expanded series. | have also taken the coefficient k + 1 inside the sigma-
notation expression, which we are entitled to do by appealing to the distributive law.

Rewriting a little more to produce an equivalent expression, we obtain:

(k + 1) (k + 1)!
_Vk+D)-(k+1) N - T nk+1 (k+1)-i
(-1 (k+1)' X+ E (-1 0 ~——xIn'x

Here, we should simply observe that the power of the first instance of —1 has been restated as
(k+1)— (k+1) = 0. The laws of indices let us say that (—1)*(=1)¥"! = (=1)k+D-¢,
and finally we have shortened the numerator of the rational expression inside the sigma-
notation by noting that (k + 1)k! = (k + 1)

Since we have taken care to present the first term in the above expression in the appropriate
form, we can now combine the two terms into a single sigma-notation expression for I, as
follows:

k+1

k+
Iepq = Z( 1) k)= ‘( ) xIn‘x

And so we see that having assumed that the formula is true when n = k, we have been able to
use the reduction formula to prove that it is then also true when n = k + 1. This completes
the second stage of the proof by induction, so that we have now demonstrated that the
proposed sigma-notation formula for I,, holds good for all natural-number values of n.

15 A Formula for the Function B(m, n)

In Part 2 Section 13 Example 4, we looked at the general integral:
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1
B(m,n) = f x™ (1 —x)" tdx

0
which is one form of Euler’s beta function. We derived a simple but interesting reduction
formula for this definite integral, which was as follows:

n—1
B(m,n) = TB(m-i— 1,n— 1)

I will now briefly investigate the implications of this reduction formula and derive an explicit
expression for B (m, n) which does not depend on any other integrals.

To start the ball rolling, let’s see what happens when we apply the reduction formula to the
function B(m + 1,n — 1) which appears on the right-hand side of the original formula. We
will obtain:

n
B 1,n—1) =
(m+1,n ) —1

B(m+2.n—2)
Substituting this back into the original reduction formula gives us:

n—1n-2
‘m+1

B(m,n) = B(m+2.n—-2)

Repeating this process once more will give us:

B( )_n—l n—2 n—BB +3 3
I T M+ 1 m + 2 (m+3.n-3)

Since we observe that the value of the second argument of the function B decrements by 1 at
each application of the reduction formula, we can see that we could continue this repeated
process until we are left with an expression of the form B(p, 1) on the right-hand side. This
would be expected to happen after n — 1 applications of the reduction formula, so that we
would expect to find that p = m +n — 1 - since the first argument of the function B will
have been incremented the same number of times.

When we get to this point, our expression for B(m, n) will look like this:

n—1n—-2 n—3
B(m,n) =

. . B +n—-1,1
m m+1m+2 m4+n-2 (m +n )

Now, we obtained an expression for B(m, 1) in the main text when we were looking at the
example on which this discussion is based; it was as follows:

1
B(m, 1) = E

We can apply this result to B(m + n — 1,1) in order to obtain:
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Bm+n-11)= ——
(m+n ) m+n—1

Putting this into our earlier expression for B(m, n) turns it into the following:

n—-1n—-2 n—3 1 1

All we now have to do is to find neater expressions for the numerator and denominator in this
expression after all the fractional factors are multiplied together, and we will be home and
dry.

First of all, we consider the numerator. This is fairly simple — it can be abbreviated as
(n —1)!. The denominator seems at first a harder nut to crack. However, if we rewrite it in
reverse order, as follows:

m+n—-1)(m+n-2)..(m+2)(m+1)m

It should be possible to see that if it were to be multiplied by (m — 1)!, then it would amount
to an expanded form of (m + n — 1)!. This is because:

m-1D)!'=(m-1)(m-2)..3.2.1

and therefore multiplying the above product expression beginning with (m + n — 1) by the
additional factor (m — 1)! produces the following:

m+n—-1D(m+n-2)..(m+2)(m+1)m(m—-1)(m—-2)..3.2.1
We can certainly now abbreviate this to:
m+n—-1)(m+n-2)..3.2.1
which is nothing more than the expanded form of (m + n — 1)!.
This should inspire us to multiply our right-hand side expression “top and bottom” by
(m — 1)!, - which we can do without altering its value. This would bring us to the following

equivalent expression:

(n—1)! (m-1)! (m-D!n- 1)!
m+n—-Dm+n-2)..(m+2)(m+1)m (m-1)!  (m+n-1)!

This gives us a neat and concise expression for B(m, n) and we can now conclude by writing:

m-1D!'(n- 1)!

B(m,n) = (m+n-1)!

which is the desired formula for our function, in a representation without any other integrals.
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16 Two Standard Integrals Derived Using Partial Fractions

In Part 3 Section 1, I mentioned two rules of integration which arise from the Method of
Partial Fractions. | will demonstrate here the derivation of these two rules, which constitute
two additional standard integrals, using symbolic reasoning.

The First Rule

The first of the two rules gives us a formula for the integral:

I = . d
B f(x+a)(x+b) x

Apart from the fact that the symbols a and b here stand in place of the numbers we encounter
in the examples of Part 3 Section 1, the integrand is in the exact form required for the Method
of Partial Fractions to be applied, followed by some simple term-by-term integration of the
resulting expression in x.

So we will proceed using the methods of Part 3 Section 1, and attempt to restate the integrand
in the following form:

1 __A B
(x+a)(x+b) x+a x+b

Rewriting the right-hand side using the common denominator (x + a)(x + b), we obtain:

A(x + b) B(x+a)  Alx+b)+ B(x+a)
x+a)(x+b) (x+a)(x+b)  (x+a)(x+b)

We now proceed to equate the numerator on the right-hand side with the (very simple)
numerator of our original integrand, as follows:

Alx+ b)+ B(x+a)=1

and we next choose values of x which will allow us to extract from this identity simple
equations in A and B.

First, we will set x = —a, wwhich will make the factor x + a take a value of zero. We then
obtain:

A(b—a) = 1sothatd =

b—a
Next, we choose the value x = —b, so that the factor x + b will become zero. This gives us:
B(a—b) = 1sothatB =
a—>b
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These values for A and B can now be substituted back into the expression for the
decomposition of our integrand, to give us the following identity:

1 1 1
(x+a)(x+b)= (b—a)(x+a)+ (a—b)(x+b)

and we can now attempt to integrate our original expression as follows:

I_f 1 d—1f1d+1f1d
) (x+a)(x+Db) x_b—a x+ax a—>b x+bx

The right-hand side integrates easily using one of the standard rules of integration we derived
in Part 1 using the method of substitution to give the following solution:

In|x + a| +

In|lx +b|+ C
—a a—b>b

This expression can be simplified further if we recall that, as a matter of simple algebra, we
can always write:

b—a= —(a—>b)
so that as a consequence we can say that:

1 1

b—a  a-—b»b

This equivalence lets us rewrite our solution as follows:

In|x + b| —

InjJx+a|l+ C=

(In|x+b|— In|lx+al)+ C

a—b>b a—>b a—b>b

In order to simplify this result as far as we can using symbols, we finally quote the rule of
logarithms which states that:

Ina— Inb =ln(%)

This lets us simplify the material in brackets in the last version of our solution, so that we can
now state a final version, which also constitutes a statement of the rule of integration we have
been demonstrating:

1

I_f 1 dy = x+b
) (x+a)(x+Db) Sl—

X+ a

ln| |+C

An Alternative Statement of the First Rule

There is actually an alternative statement of this rule, which you may encounter. | will derive
the alternative statement here, and then prove that it is actually identical at the end of the day
to the version set out above.
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In order to see this alternative version, we must follow through the procedure we have
adopted above, but when we arrive at the following™ version of the solution to our integral:

In|x + a| + In|lx +b|+ C

b—a a—>b

instead of using the identity:

to simplify the result further, we will instead use the equally valid identity:

1 1

a—>b b—a

This lets us restate the solution as follows:

b_a1n|x+a|— b_aln|x+b|+ C = .

(In|]x+a|l— In|lx+b])+ C

We see here that we have chosen to retain the expression b — a in our simplification rather
than choosing a — b, as we did in the main exposition above.

Finally, appealing once more to the rule of logarithms which allowed us to reach the final
stage earlier, we now arrive at the alternative statement of our rule of integration, which is as
follows:

1

I_J 1 d = x+a
) (x+a)(x+b) T h—a

x+b

In + C

This looks initially to be quite different from the first version of our rule. However, closer
investigation will prove more reassuring.

We first note a consequence of the rule of logarithms which we have been calling to our aid

at the last stage of simplifying the result of our integration. To begin with, we can certainly
state that:

a b
Ina— Inb =1n (E) and alsothat Inb — Ina = In (E)

However, we also relied on the rule of algebra which states that:
b—a= —(a—D>b)

Now since Ina and In b are both perfectly good real numbers, to which this rule of algebra
will also apply, we can deduce from it that:

Inb— Ina= —(lna— Inb)
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Recalling that each of the differences of two logarithms in this identity can also be expressed
as the logarithm of a quotient, we come to the interesting conclusion that it must be true to
say:

n(2)- -3

Readers with a strong familiarity with logarithms and their behavior will no doubt dismiss
this with an air of superiority as a trivial and well-known property of logarithms, but I have
taken some trouble to justify it for the benefit of those readers without such wide experience.

We must immediately note that a consequence of this identity which affects our current
concerns more closely is the following:

x+b x+a
m| |=—m|
X+a x+b
Remembering also that:
1 1

a—b  b—a

we can finally bring together the facts we have noted here to be able to state with confidence
that:

1 l |x+b|_< 1 ) 1 |x+a>_ 1 1 |x+a
a—b lxtal " b—a( "x¥pl) T b—a " lx¥b

The final step here is made by the cancelling out of the minus signs in the product of two
factors in the intermediate step — this amounts to relying on an identity of the form:

(—a)(=b) = ab
We therefore see — leaving out of consideration the constant of integration — that the two
versions of the solution to our integral turn out to be equal, and the two versions of our rule of
integration therefore turn out to be equivalent.

The Second Rule

The second rule of integration | want to exhibit here can be regarded as a special case of the
first rule, once we have performed a little algebra on the integrand involved. The general
integral we will consider here is as follows:

1
=f;::§M

In order to turn this integral into something more recognizable in the current context, we must
apply the algebraic identity which lets us state that:
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x?—a’=(x+a)(x—a)

This means that our integral can be restated as:

I = ! d
a f(x+a)(x—a) x

This integral is now indeed a special case of the one we dealt with earlier in this section, with
the simple substitution b = —a.

We can therefore write down its solution fairly easily by recalling the statement of our first
Partial Fractions rule of integration:

f 1 dy = 1 1 |x+b|
Grac+0) " a—b Mx+a

and making the substitution b = —a in this rule.

I will take a moment to point out the effect of this substitution on the constant coefficient on
the right-hand side. The substitution changes this coefficient into:

1 1 1

a—(—a): ata 2a

The change to the logarithmic function is quite easy to see, and it is altered to the following
expression:

xX—a
ln| |
x+a

Putting these together, we can now state the second rule of integration which is a
consequence of the use of Partial Fractions:

1 1 XxX—a
I=j—dx——ln| |+ ¢

x2— a2 2a lx+a
17 An Investigation of the More General Partial Fractions Problem

Having derived two standard integrals using the Method of Partial Fractions in the previous
section, | will devote some space here to an investigation of whether a similar job can be
done for what one might regard as the “general” integral which is approachable using partial
fractions. This “general” integral can be expressed as follows using symbols:

. ax+b d
) (ex+d)(ex + f) *

We have in this integral no less than six symbolic constants, so we should stand ready for
some serious symbol manipulation. As always in these circumstances, the best advice is to
keep our heads and stick rigorously to the rules of algebra.
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So let’s see how far we can get. As in the previous section, it will be our first task to restate
the integrand as follows:

ax+b A 4 B
(cx+d)(ex+f) cx+d ex+f

Converting the right-hand side using the common denominator (cx + d)(ex + f) we will
get:

A(ex +f) B(cx+d)  A(ex+f)+ B(cx+4d)
(cx+d)(ex+f (cx+d)(ex+f (ecx+d)(ex+ f

Equating the numerator on the right-hand side with that of our original integrand gives us the
following equation:

Alex+ f)+ B(cx+d) = ax+b

At this point, things become a little more complicated than previously. First of all, we want
to choose a value for x which will make the factor cx + d take the value zero, thus allowing
us to end up with an equation for A alone. We therefore require:

d
cx +d = 0sothat cx = —d and thus x = —Z

This converts our equation of numerators into the following:

ad
(- )
de
(r=)
This is more than a little ugly and cumbersome. We can do a little better, however, by

transforming the numerator and denominator on the right-hand side above into single
fractions with a common denominator of c, as follows:

ad bc—ad de cf —de
b— —= and f — —=
c c c

In the fractional expression we obtained for A, the “factor” 1/c can be cancelled from the
numerator and denominator, leaving us with the following somewhat neater expression for A:

B bc — ad
~ cf —de

We can derive a formula for B in a very similar way. First, recall the equation we obtained
by equating numerators:

Alex+f)+ B(cx+d) = ax+b

420



Supplementary Examples and Investigations

This time, we need to choose a value for x which will make the factor which multiplies A
take a zero value — that is to say, we need to set:

ex+ f = 0sothatex = —f and thusx = _je;

The equation we recalled a few lines ago then becomes:

(-
B(d—i)zb—a?fsothath —Ce}
(4-%)

e
As before, we can re-express the numerator and denominator on the right-hand side as two
single fractions with a denominator of e as follows:

be — de —
po Y _bemdf gL d
e e e e

We can then cancel the “factor” of 1/e from both numerator and denominator to reach the
following neater expression for B:

be —
p=2¢-4
de —cf

Having found expressions for both A and B, we can now restate out integrand as the sum of
two fractional expressions. In order to avoid a cluttered and hard-to-grasp expression, | will
here show the result of our efforts in the following form:

1

A. + B.
cx +d ex+f

This form will also make it easier to see what has to happen when we proceed to the actual
integration. Our symbolic integrand can be rewritten as follows:

ax+b _bc—ad 1 +be—af 1
(cx+d)(ex+f) cf—de'cx+d de—cf ex+f

(We should perhaps pause for a moment to contemplate what would seem to be the general
solution to partial fractions decompositions of expressions which take the form shown on the
left-hand side above. We might also notice that this kind of decomposition will not work in
cases where cf = de, since this would make the denominator of each of our constant factors
zero.)

We are almost finished. We can now proceed to perform the integration of the expression we

have been working on, noting that it will be possible to split it into two easier integrals as
follows:
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ax+b P _bc—adf 1 +be—af 1
(ex+d)(ex+ () x_cf—de cx+d " de—cf ) ex+f

Each of the right-hand side integrals here can be evaluated using the rule of integration we
derived using the method of substitution in Part 1 Section 7. The relevant rule is this one:

1 1
f dx = —Inlax + b| + C
ax+b a

Applying this rule (noting carefully that we must take account of the coefficient of 1/a which
appears on the right-hand side) we can now write down the solution to our general integral:

/= ax+b dx = bc — ad Incx + d| + be — af
T xr Dex+H T cef —de) K e(de — cf)

Inlex + f|+ C

Verification of the Symbolic Solution

Since this turns out to be quite a complicated formula for the solution, it might be reassuring
to check that it predicts correctly at least one of the examples we evaluated by hand in Part 3
Section 1. Let’s take Example 2 as our test. The integral evaluated there, with its solution,
was as follows:

1—] Xt = 4lnfx—1]+ 3nfx+ 2]+ C
B x—Dx+2) X=X i

The integrand is an instance of the general integrand we have been investigating here, with
the following values for the symbolic constants:

a=7,b=5c=1d=-1le=1,f=2

We should be able to see immediately (“by inspection” as the mathematical phrase would
have it) that the arguments of the logarithmic functions enclosed in modulus brackets already
conform to the pattern predicted by our symbolic solution. It therefore just remains for us to
prove the following two identities, and we will have verified that our general formula
correctly predicts the solution to the example we have taken from the main text (these
identities are obtained by equating the coefficients of the logarithmic functions):

bc — ad _4 be — af _ 3
ccf —de) M ede—cp)

Substituting the vales for our symbolic constants into the left-hand side of the first of these,
we have:

51-7.(-1) _ 5+7 _12_,
1.(12-(-D.1) 1..(2+1 3

Moving on to the second required identity, its left-hand side yields:
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51— 7.2 5—-14 -9

T (—D1-12 Li-D-2 33

and so we see that our symbolic coefficients do in fact also predict the coefficients of the
logarithmic functions in the solution to our concrete example. This provides some evidence
for the correctness of the symbolic general solution we have derived here.

A Condition for a Solution which Combines the Two Logarithmic Functions

In Part 3 Section 1 Example 1, we evaluated an integral using partial fractions and were
eventually able to reduce the solution to an expression of the form:

kln (g)

The second rule of integration established in the preceding section also produced a solution
which could be reduced to this form.

It would be interesting to extend the current investigation a little to see if we can establish a
condition on the symbolic constants in our general partial fractions integral which would
allow us to predict instances which would yield a solution in this more compact form.

We need to note first of all that in the cases where we have obtained solutions of the desired
form, we have always been able to finish our work by simplifying our solution as follows:

kInp—klng =k(Inp — Inq) = kln(S)

We can see that this chain of equalities required the coefficients of the two logarithmic
functions which the integration step gave us to be equal and separated by a minus sign.

In terms of the coefficients of the general solution we have just worked out, this would mean
that the following would have to be true:

bc —ad be — af
c(cf —de)  e(de —cf)

We can immediately remark that the denominators of these two expressions each contain a
bracketed factor; in the first expression, this has the form p — g, whereas in the second it has
the form g — p - in other words, the bracketed factors contain the same terms, but in reverse
order. It we make the further observation, using simple algebra, that p —q = —(q — p), we
should be able to see that we can remove the minus sign on the right-hand side by simply
reversing the order of terms in the bracketed factor in the denominator. This means that our
equality above is equivalent to the following restatement:

bc—ad  be—af
c(cf —de) e(cf — de)
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Here, both sides share an identical factor in their denominators. We can therefore multiply
both sides by this factor, which is cf — de, to obtain the following equivalent identity:

bc —ad  be—af
c e

To go a step further, we can first multiply both sides by ¢, and then multiply both sides by e,
to get the following equivalent identity:

e(bc —ad) = c(be — af)
Multiplying out the brackets produces the following:
bce — ade = bce — acf
Subtracting bce from both sides, we have:
—ade = —acf

And a final step of dividing both sides by -a produces the surprisingly brief equivalent
identity:

de = cf

However (and this is a really big “however”) if this equivalence is true, then we will have the
consequences:

cf —de=0andde—cf =0

which would make the constant coefficients predicted by our general formula impossible to
calculate since in each case the denominator would be zero!

We have arrived in our reasoning at a contradiction. This means that we are forced to the
(actually rather interesting) conclusion that in the general partial fractions integral, if a is
non-zero, there are actually no cases where we can integrate to a solution comprising a single
logarithmic function!

The Cases Where a = 0

It just remains to investigate what we can say about the cases where the coefficient a in our
standard expression is equal to zero: these are the cases where there is no x term in the
numerator of our expression.

We can immediately make one useful statement: that is that any integrand of the form:

k
(x+a)(x+Db)

will integrate to give just one single logarithmic function. We can be confident about this
because in the previous section we evaluated the integral:
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1
f(x+a)(x+b)dx

and found that the solution had the desired form. The assertion | made a few lines ago can be
seen to be true since we can always be sure that:

k dx =k ! d
f(x+a)(x+b) x= f(x+a)(x+b) x

We therefore just need to look at the following general integral:

k
f (ax +b)(cx + d) dx

As noted a moment ago, we can always move the constant numerator k outside the integral
sign. So we only really need to consider the following integral:

1= ! d
_j(ax+b)(cx+d) x

The reasoning involved in producing a solution for this general integral will be similar to that
which we followed at the outset of this section. However, in order to avoid any pitfalls
arising from the absence of an x term in the numerator of the integrand, I will go through it
again in brief.

We wish, of course, first to restate our integrand as follows:

1 __4 B
(ax +b)(cx+d) ax+b cx+d

As before, we convert the right-hand side using the common denominator (ax + b)(cx + d)
as follows:

A(cx + d) B(ax+b) A(cx+d)+ B(ax+b)
(ax + b)(cx + d) * (ax +b)(cx +d) (ax + b)(cx +d)

Equating the right-hand side numerator with the numerator of our original integrand gives us:
A(cx+d)+ B(ax+b) =1

To find a suitable value for a, we must find a value for x which will make ax + b equal to
zero. This requires:

ax+ b =0sothatax = —bandx = —

With this value for x, our equation of numerators becomes:
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bc a c
A (d — 7) = 1 or alternatively A ( ) = 1sothatA =

ad — bc

Adopting an analogous approach to find a value for B, we must make the factor which
multiplies A take a zero value, so that:

d
cx+d =0sothatcx = —d and thus x = —Z

Once again, using this value for x in our equation of numerators, we have:

ad ) ad
B (b - 7) = 1 or alternatively B ( ) = 1sothatB =

bc —ad
Putting these values for A and B in place, we are now able to restate our integrand as follows:

1 _ a 1 N c 1
(ax +b)(cx+d) ad—bc'ax+b bc—ad cx+d

This means that we can now perform our job of integration by means of the following
equivalence:

f 1 dy — a f 1 dx + c f 1 J
(ax+b)ex+d) " " ad—bc) ax+b " T be—ad) cx+d""

Using the same rule of integration as before, this integrates to give the following solution:

Clnlax+b|+ Injcx +d|+ C

1 1
I_,f(ax+b)(cx+d)dx_ad—b bc — ad

Note that ion this solution, the numerators of both the coefficients of the logarithmic
functions are found to be 1. This is because the values a and c in the numerators of the
constants which we took outside the integral signs can be cancelled due to the fact that the
rule of integration we are using here lets us state that:

1
cx +d

1
dx = Elnlcx +d|+ C

1 1
j dx = —In|ax + b| + CandJ
ax+b a

Using the same reasoning as before, we can be sure that the general solution we have
sketched out above will reduce to one single logarithmic function whenever the coefficients
of the two functions in our general solution satisfy the following equivalence:

1 B 1
ad —bc  bc —ad

However, using the general algebraic rule which states that:
a—b= —(b—a)

we can immediately make the following statement about the second of our two coefficients:
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1 B 1
bc—ad  ad— bc

We therefore see that our equivalence actually reduces to the following:

1 B 1
ad —bc  ad — bc

which is, of course, always true!

We can therefore conclude that it is always the case that integrals of the form:

1
f (ax + b)(cx + d) dx

evaluate to a solution comprising one single logarithmic function. It will be important to add,
however, that our reasoning can only be relied upon as long as the expression ad — bc is
non-zero; otherwise the coefficients in our general solution make no sense, and cannot be
assigned any values.

Conclusion
We can conclude this section by stating what would seem to be the conclusion of our
investigation. We set out to examine the conditions which might have to be satisfied for an

integral of the following form:

[ = ax+b d
T xrdDex+HY

to evaluate to a solution of this form:

kin (g)

We concluded that it all depends on the value taken by the placeholder a: if a # 0, then the
integral will not evaluate to the desired form; however, if a = 0, then the integral will always
evaluate to the desired form.

18 Integration of 29/(x% — 5) Using Partial Fractions

In the final example of Part 3 Section 5, we had to integrate a remainder term which was left
over after carrying out polynomial division. The integral in question was as follows:

e [
1 x2—5x

In the text, the integration was carried out by quoting a standard integral which in turn was
derived by means of the Method of Partial Fractions. | present here the explicit procedure,
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without appeal to a standard integral for those who would like to see it, and as a further
worked example of the kind contained in Part 3 Section 1.

We first note that the denominator of the integrand here need not be treated as an irreducible
quadratic. We can use the familiar rule of algebra which tells us that:

a’— b =(a—-b)(a+b)
To rewrite our integrand as follows:

29
(x — V5)(x + V5)

In this form, the job of integrating our expression can be carried out using an approach based
on partial fractions. We will try to rewrite the expression in the following form:

A N B
x—\/g x+\/§

Writing our desired form using the common denominator (x — v5)(x + V5) will give us
the following version:

A(x + V5) + B(x — V/5)
(x — V5)(x + V5)

Equating the numerator with that of our original rational expression gives us the following
equation:

A(x+ V5)+ B(x — V5) = 29
We should be able to find values for the placeholders A and B by choosing suitable values of

x. Let’s start by producing an equation in A alone by choosing the value x = /5. This gives
us the following equation:

29
2V54 = 29 sothat A = ——

2V5
If we now choose the value x = —/5, we will obtain the following equation in B alone:
29
—2V5B =29sothatB = ———
2v5

We have therefore been able to rewrite our integrand in the following form:

29 1 29 1
2\/§'x— V5 2\/§'x+ V5

Our integral is then restated in the following way:
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f 29 p 29 1 p 29 1 p
——dx = X — X
x2—5 2v5J) x— /5 2v5J) x+ /5

Using the standard integral with which we have become familiar when integrating with the
aid of partial fractions, the solution is as follows:

29 29
——In|x — V5| = —=In|x + V5| + C
Szl = V5| = = nfx + V5|

Noting that the two logarithmic functions share the common coefficient 29/2+/5, and taking
advantage of the rules of logarithms, we can rearrange our solution into the following form:

x —+/5
+
x+\/§

29 |
n
25

which, as we would expect, is the solution our standard integral provided in the main text.

11: C

19 A Useful Standard Integral for Some Polynomial Division Problems

In Part 3 Section 5, we integrated some rational functions using a shorthand version of
polynomial division to pit them into a form which was relatively easy to deal with. In two
cases, the final integration stage required us to evaluate an integral of the form:

f px +q d
x%2+ bx+c x

We did this by completing the square for the denominator, using substitution, and finally if
necessary splitting the resulting integral in terms of u into two separate parts which could be
evaluated using rules already derives elsewhere in this book.

It would obviously be very useful to have a general formula for the solution to an integral of
this type, just as we had one which could be used to deal with remainder terms after
polynomial division by a linear denominator. 1 will set out here the reasoning which will lead
us to such a formula.

As we did in Part 3 Section 5, we will begin by completing the square for the quadratic
denominator of our integrand. The formula for this, which is derived in Appendix 3 Section
1, gives us the following equivalence:

b\* b2
2 — _ —_
x+bx+c—<x+2>+<c 4>

We will immediately adopt an abbreviation which will make things easier: the second
bracketed term on the right-hand side of the above equation contains nothing but constants,
so that it is itself a constant. We will abbreviate it as follows:
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Our integral has now become:

f px +q d
(x+ %)2 + ky

Our next step will be to make the substitution:
— + —_—
u=12x >

This gives us the following consequences:

du
— = 1sothatdx = du

dx
and:
b bp
X=u-— Esothatpx+q=pu— 7+ q

Let’s introduce a second constant abbreviation, as follows:

b
k, = 7}7_ qsothatpx +q =pu— k,

We can substitute all these useful facts back into our integral to obtain this integral in terms
of u:

pu — kj
ju2+ kldx

We will evaluate this integral by dividing it into two parts and taking any constants we can
outside the integral sign, turning it into the following:

f L du-—k f L4
P)uz + ki, R Y + ki u
The two integrals in the above expression can be named using the following abbreviations:

u 1
Il = fmdu amd12 = fmdu

The complete integral in terms of u will then be obtained using the formula:
ply — ka1,

Both of these integrals are very similar to standard integrals referenced repeatedly in the
course of this book. The first of the two, I, is similar the following integral:
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x 1 )
fx2+ 1dx= Eln(x + 1)+C

Like this standard integral, the integrand in I; contains a function-derivative pair multiplied
by a constant; in other words, it has the form kg'(f(w))f’(w), where:

k= %,f(u) = u? f'(u) = 2u

1
u,2+ kl

g = Inju+ k|, g'w) = and g'(f(w) =

u+ ky

Using the formula describing integration by substitution, we can then write down the solution
as the expression kg(f(w)) + C, so we can conclude that:

1 2
11 = Elnlu + kll +C

The second integral, I,, is an instance of the following standard integral:

1 11
f—dx= —tan '—x+ C
x2 + a? a a

where a = /k,. Its solution is therefore as follows:

1 1
I, = tan~!
k1 ky

Using the formula we set out earlier to obtain the complete integral in terms of u from the
two separate parts we have been considering, we can now write down its solution as follows:

%lnlu2 + k| — —=tan~ 1—u+ C

T

It’s interesting to note that the abbreviated constant k;, from the denominator of the integrand
in terms of u appears three times in this preliminary version of our solution, while the
constant k, only shows up once, as a coefficient of the inverse tangent term. Having noted,
then, let’s move straight on to reverse the substitution. We recall that this was:

u=x+ =
2

so that our solution in terms of x is:

gln

b2
(x+§) +k1 -

%2 tan—1 L ( + b>+ C
—t@an "~ —\x -
Ve kY2
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We now have the job of unpacking the abbreviation constants k; and k,. We will first
remind ourselves briefly of their definitions, which were:

2 bp
ky = c—zandkzz - 4

To begin, we will address the argument of the logarithmic function inside the modulus
brackets. Multiplying out the bracketed squared term and substituting the definition of the
constant k, gives us:

b\ b? 2
(x+ E) + ki = x* + bx + -+ c—:=x2+bx+c

which is, interestingly enough, the denominator of our original integrand in x.

We are now faced with expanding out the abbreviations in the second, inverse tangent, term
of our solution. Let’s start with the coefficient; this is:

I
N

In order to handle this more easily, we will convert our expressions for the two abbreviation
constants into two single rational expressions, each with its own common denominator.
These expressions are:

The square root of k, can then be written as follows:

4c — b?> V4c— b?
e

We therefore now have the unpacked version of the coefficient as follows:

k,  bp—2q 2 _ bp—2q
N 2 Vac—bp* ac— b?

Having dealt with this, the coefficient of the bracketed element of the inverse tangent’s
argument is somewhat easier. We know that:

4c — b2
Jin= L2

So that it becomes a very simple consequence of this to be able to say that:

432



Supplementary Examples and Investigations

1 2
\/k_l_ Vé4c — b?

We can now substitute the results of all these unpacking operations into our preliminary
solution in terms of x to obtain the following final result, which we can use to create a
standard integral formula which will be very helpful when integrating rational expressions
with a quadratic denominator and which require the application of polynomial division. Our
solution is:

OP =29 g1 2 ( +b)+C
— tan ' ——(x + =
Vac — b? Vac — b? 2

We ought not to leave this investigation without asking what might happen if the expression
4c — b? turned out to be negative, in which case we would not be able to obtain its square
root within the real number system. We would also be unable to use this formula if 4c — b?
were equal to zero, since this would entail a division by zero.

I = gln|x2+ bx + c| —

The condition which must be satisfied in order to use this formula is therefore:
4¢c— b%* >0

Multiplying both sides by —1 and reversing the inequality as a consequence of the use of a
negative coefficient, we can see that this is equivalent to the following condition:

b?> —4c <0

This is, of course simply the condition that the discriminant of the monic quadratic in our
original denominator should be negative; in other words, it is the condition that that quadratic
should have no real roots. We therefore see that our formula can only be applied when the
quadratic in the denominator of the integrand has no real roots — in other words, when it is an
irreducible quadratic.

We ought, before closing this investigation, to check that the formula we have derived for the
solution of this particular type of integral does indeed yield the same results as those we
obtained by going through the integration process explicitly in the two relevant examples in
Part 3 Section 5.

Example 2 of that section included the following integral as part of our working:

3x +1 3. .
11: fmdxzzln(x +2x+2)—2tan (x+1)+C

In the integrand, the following constant coefficients are present, using our chosen model for
expressions of this type:

p=3q=1b=2andc=2

We can now confirm that our formula makes the correct prediction of the result obtained in
Part 3, by noting the following equivalences:
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p 3
2 2

X4+ bx+c= x>+ 2x+2

bp—2q 23-21_ 6-2

Vac— b2 42 -4 N 2
2 _ 2 2 2

Vic— b2 a2—4 4 2

f 2ot
X Z—X

All of these equivalences together show that our formula gives the same result as the explicit
integration process given in the main text.

Finally, let’s look at the interesting case of Example 5. The following integral arose in the
course of our working:

x —+/5
+
x+\/§

Does our formula work in this case as well? The solution we obtained in the main text
doesn’t really look quite like the solution in the example we just considered. To find out
more, let’s first set down the values of the constant coefficients in the integrand; these are:

C

"f 29 . _ 29
17 )5 T E

p=0,qg=29b=0andc=-5
We immediately note that two of our constants have zero values in this example, so we might

expect a significant impact on our workings. However, the most important conclusion from
this list of constants is the following:

b2 — 4c=0— 4.(=5)= 20 >0

The diascriminant of the quadratic denominator is greater than zero, so that it has real roots,
and is not irreducible. Our formula therefore does not apply in this case.

We might already have noticed that the denominator can easily be factorised as follows:
x?— 5= (x— V5)(x + V5)
The integration can therefore be easily carried out using one of the rules derived from the use

of partial fractions — and this is exactly what we did in the main text. See also the preceding
section in this appendix for an alternative evaluation of the integral in question.
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20 The Integral of 1/vVx? + a? as a Standard Integral

In Part 3 Section 7 Example 7 (and actually before that as well — in Part 1 Section 11
Example 2) we uncovered an instance of the following standard integral:

dx = ln|x+ Jxz + a2|+ C

fm

I will give a derivation here by explicitly evaluating the symbolic integral on the left-hand
side, rather than simply appealing to the Fundamental Theorem of Calculus as we did in the
main text. This will hopefully help to show why the solution to the integral is so apparently
unexpected.

We will therefore evaluate:

1
N
x? + a?
We first remark that the integrand contains the square root expression:
Vx?%+ a?

which we learned in Part 1 Section 11 indicates that it will respond to the use of tangent-
substitution. Our substitution will therefore be:

x = atanu
Differentiating, we obtain:

dx

v asec?u so that dx = asec’u du
u

Our integral in terms of u therefore becomes:

X asec’u
asec‘u du = du

1
j\/aztanzu ta? Ja?(tan?u + 1)

The right-hand side above can be rewritten as follows by dividing up the square root in the
denominator:

asec’u asec?u sec’u
du= | ——du = | ——=du
va?vtanZu + 1 avtaniu + 1 VtanZu + 1

A trigonometric identity will come to our aid at this point — a version of the identity which
connects tan x and sec x. This identity, in terms of u, which is what we require here, is:

sec?u = tanu+1
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and it allows us to rewrite the integral in terms of u as follows:

sec’u sec’u
du= | secudu
\/Sec u secu

This has now become a lot simpler: we know the integral of secx as a standard integral (I
give a justification of the standard integral in Section 6 of this appendix). Our solution in
terms of u is therefore:

In[secu + tanu|+ C

Reversing the substitution, we first note that we can rearrange the substitution formula to get
the following expression for u in terms of x:

x
— = tanu sothatu = tan 1—

and we can use this to arrive at the following solution in terms of x:

-1

X X
In |sec tan a+ tan tan 2 + C

Examining the two compound terms inside the modulus brackets, we note first that:
1 X _ X

tantan " — = —
a a

and second, that (as derived in detail and listed as a standard trigonometric idenntity in
Appendix 4 Section 4):

2

X X x>+ a?> 1 ——
a

a? a? a
These two equivalences mean that our solution in x can be written as follows:

VxZ+ a2+ x
n

a

+ C

x
x% + a2+a|+ C=

We can now use the rule of logarithms which states that:
a
ln(z) = lna— Inb
to restate the right-hand side above as follows:

lnl x%2+ a?+ x|—ln|a|+ C
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This allows us to “restate the constant of integration”, as we have done before on several
occasions in the ma\in text to write our solution as:

ln| x*>+ a? + x| + C'where C' = C — In|a|
We have taken the opportunity afforded by the presence of the constant term (—In|al) in our
solution to restate the constant of integration in order to avoid having to show this constant

term explicitly in our solution at all.

Our solution can finally be rewritten by simply swapping around the terms inside the
modulus brackets as follows:

ln|x+ A x2 + a2| + C’

and this matches the form of the solution I gave at the outset.

We can now see that the somewhat unusual standard integral we have obtained is a
consequence first of the nature of the integral of secx, and second of the resolution of the
compound trigonometric and inverse trigonometric functions which we obtained on reversing
our substitution.

21 Three Standard Integrals Derived Using the Product-to-Sum Formulae

In the opening examples of Part 3 Section 9 and the subsequent notes, | demonstrated how
the trigonometric product-to-sum formulae could be used to allow us to integrate products of
trigonometric functions. | will use these formulae here to derive three useful standard
integrals which can be used to shortcut the process of applying the formulae if desired.

First, it is worth quoting the three formulae used in Part 3 for easy reference. These are:
1
sinasinf = 3 (cos(a — B) — cos(a + B))
1
cosacosf = > (cos(a — B) + cos(a+ B))

sina cosf = %(sin(a + B) + sin(a — B))

The three standard integrals we will evaluate contain in template form the pattern of the
integrals evaluated in the first two examples of Part 3 Section 9, and they are as follows:

I = fsin mx sinnx dx

I, = f Ccos mx cos nx dx
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I3 = f sin mx cos nx dx

We can use the three formulae we have quoted, each of which clearly corresponds closely
with one of the above integrands, to restate the integrands as follows:

sinmx sinnx = 5 (cos(m — n)x — cos(m + n)x)
1
CcoSmx cosnx = 5 (cos(m — n)x + cos(m + n)x)

1
sinmx cosnx = 3 (sin(m + n)x + sin(m — n)x)

As a result of the above, we can restate each one of our three integrals in a form which can be
easily evaluated, as follows:

I, = %(f cos(m —n)xdx — fcos(m + n)xdx)
I, = %(f cos(m —n)xdx + jcos(m +n)x dx)

I; = %(f sin(m + n)x dx + jsin(m —n)x dx)

Continuing in parallel, as we have begun, each of these integrates to the following
preliminary solutions:

1 1 1
I, = —( sin(m — n)x — sin(m +n)x) + C
2\m—n m+n

1 1 1
I, = —( sin(m —n)x + sin(m + n)x) + C
2\m—n m+n

1 1
I; = = (— cos(m+n)x — cos(m — n)x) + C

m+n m-—-n
Multiplying out the coefficients of 1/2 will give us final results which might allow easier
calculation of the individual coefficients of the trigonometric functions. So we will do this
and immediately write out the standard integrals we have thus derived:

j sinmx sinnx dx = msin(m —n)x — msin(m +n)x+ C

1
f cosmx cosnx dx = msin(m —n)x + msin(m +n)x+ C
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1 1
—mCOS(Tn + TL)X - mCOS(m - TL)X + C

f sinmx cosnx dx =
22 The Strange Case of the Integral of sin x cos x

The very first integral we considered in this book, right at the beginning of Part 1, was the
following one:

I = fsinxcosxdx

We obtained a solution to this integral using what was subsequently revealed to be a form of
the method of substitution — the solution obtained was as follows:

1
I = Esin2x+ C

However, in Part 3 Section 9 on trigonometric integrals, we used a trigonometric product-to-
sum identity to obtain the following, apparently different, solution:

1
I =—-— 2 C
4cos X+

Interestingly, we can produce yet a third solution to this integral. The first solution above,
which we obtained at the beginning of Part 1, was explained as being achieved by making the
substitution u = sinx. We can, however, also try the substitution u = cosx, which has as
its consequence:

du )
— = —sinx sothatdx = ——

du
dx sin x

Making these substitutions into our integral, we have the following version in terms of u:

-1
fusinx. du = —fudu

sinx

This integral in terms of u integrates to give the solution:

1
2
——= C
2u +

and on reversing the substitution, we have our third solution in terms of x as follows:
1 2
I = —Ecos x+ C

We have now assembled a total of three seemingly quite different solutions to the same
integral. Let’s list them together, so that we can contemplate the true enormity of the
situation. They are:
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1 1 1
Esm2x+C,—zcoszx+ C and —Zc052x+ C

In fact, these three solutions can be shown to be different statements of the same solution.
This can be done because the trigonometric identities establish some unexpected
equivalences between apparently different expressions containing trigonometric functions.

Looking at the three solutions listed above, we might expect to call to our aid the
Pythagorean identity:

sinx + cos?’x =1

as well as the power-reduction formula:
_ 1
sin?x = 5 (1 — cos2x)

The first of these can be rearranged to show that:
cos?x = 1 — sin%x so that — cos?x = sin?x — 1

From this, multiplying both sides of the second equation by 1/2, we have the immediate
consequence for the second of our alternative solutions to the effect that:

LUUPTE PSS ISR SRR SUIPSNE
2COS X = 2SlIl X ) or alterna 1vey251n X = 2COS X )

Furthermore, the power-reduction formula multiplies out and rearranges as follows:

'2—112tht12—'21
SlIlJC—2 2COS X SO a 2COS X = SIn“x 2

Multiplying both sides by 1/2 once again, we have the following important consequence for
our third solution:

1 1 1 1 1 1

—7c0s 2x = Esinzx —gor alternatively Esinzx = —cos 2x + 7

These manipulations should convince us that the three solutions we listed earlier only differ
from one another by a constant quantity. From the reasoning based on the Pythagorean
identity, we can state that:

N =

1 1
Esin2x+C = —Ecoszx+ C'whereC' = C +

and our use of the power-reduction formula gives us this:
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e B

1 1
Esin2x+C = —Zc052x+ C"whereC" = C +

We can therefore say quite confidently that the three different solutions we have obtained for
the integral in question are in fact equivalent solutions. This is possible in consequence of
the action we have called restating the constant elsewhere in the text.

It is only when we evaluate an indefinite integral that a constant difference between two
solutions seems to make a difference — and then, it is only in terms of how the solution is
expressed. If we were to evaluate a definite integral of sinx cos x, we would find that the
three solutions gave the same results.

To illustrate this, let us consider the following definite integral:

/2
j sin x cos x dx
0

The three “different” solutions we listed above give us the following results:

1 mzq 1
[Esinzx] =-—-0= <

0 2 2
1 /2 1 1
— —cos? =0+ —= —
[ cosx]0 +2 >
[ 1 2]’T/2_1+1_1
4cos x0 =2t2173

23 Investigation of a Reduction Formula for the Integral of sin™xcos™x

In Part 3 Section 9 there are several examples of the integration of trigonometric expressions
of the form sin™xcos™x. It will be interesting to see whether we can derive some kind of
reduction formula which relates the integrals of various expressions of this type for different
values of m and n.

In the ensuing investigation, we will adopt the following notation for the general
trigonometric integral of the type which interests us here:

Ton = fsinmxcos"xdx

where | have chosen the letter T in recognition of the trigonometric nature of the integrand.

To start our investigation, it may be a good idea to look at cases with very small values for
the placeholders m and n, since in a typical reduction formula, integrals with higher valued
placeholders will be found to depend on others with lower valued placeholders.

Accordingly, we should perhaps start with the very lowest values for m and n, by looking at
the following integral:
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T, = f sinx cos x dx

Leaving aside the discussion if this integral in the preceding section, we can simply note that
we evaluated this integral at the beginning of Part 1, where the solution was found to be:

1
Ty1= Esmzx +C

Having made that fairly simple start, we can now take the next step of considering cases
where one of the two identifying placeholders is kept to a value of 1, while the other is
allowed to vary. First, we will consider the case of:

Ty = j sin™x cos x dx

We can deal with this by substitution — even though it is a general integral with a symbolic
power of sin x present, we should be able to recognize the presence of a function-derivative
pair.

I will carry out the substitution explicitly, instead of using the rule of integration based on
substitution. We will substitute:

u
U = sinx sothat — = cosx and dx = du

dx cos x

Making the substitution therefore gets us this integral in terms of u:

1 1
jum COS X du = Jumdu = —— ™l 4 C
CoS X m+1

and reversing the substitution yields the following solution in terms of c:

1
Tm1 = sin™*1x 4+ C

m+1

We note that this is an explicit formula for the general integral we evaluated, and not a
reduction formula in terms of a lower value for the placeholderm.

The logical; next step will be to consider the case where the first placeholder is fixed at a
value of 1, and the second one is allowed to vary. Our integral this time will be:

Tip= J sin x cos™xdx
Once again, we can use substitution. This time, however, we will choose:
du )
u = cosx sothat — = —sinx anddx = ———du
dx sin x
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Putting these facts back into the original integral gives us this integral in terms of u:

1 1
fsinxu".(— _ )duz —fu"duz — utl 4 ¢
sin x n+1

and reversing the substitution produces this solution in terms of x:

T, = — 1 cos™tlx + C
Ln n+1

It has been our experience in this book that the reduction formulae for integrals containing
powers of trigonometric formulae frequently relate the integral of a particular power of the
function to another integral containing a power which is lower than the one we started with
by 2. In case we are confronted with a similar situation here, it will be useful to pay some
attention to the integrals T, , and T, ,, before we proceed to the fully general case.

We will therefore start with:
T = fsinmxcoszxdx

Since we do not in this instance have a function-derivative pair to work with, we will attempt
to integrate this case by parts. Before choosing parts, we should note from Appendix 4
Section 2 that we have a standard integral for cos?x which is as follows:

1
Jcoszxdx=§(x+ sinxcosx) + C

I have chosen the version of this standard integral which avoids trigonometric functions of
2x, so that we can limit ourselves to functions of x alone in our solution if at all possible.
With this useful piece of information at our disposal, we can choose parts as follows:

dv
u = sin™x and == cos?x
X

These choices have the following consequences:

du

1
T msin™ 1xcosx and v = > (x + sinx cosx)
X

The integration by parts formula then gives us:

1 1
Tmo = E(xsinmx + sin™*lx cosx) — Emf(xsinm‘lx cosx + sin™xcos?x)dx

The integral on the right-hand side can be split into two components, as follows:
fxsinm‘lx cosx dx + f sin™xcos?xdx = fxsinm‘lx cosxdx + Ty,

443



Supplementary Examples and Investigations

We can see that the integral we sought to evaluate has made its reappearance on the right-
hand side, so that we might hope to be able to find its value by solving the resulting equation.
We can therefore restate out earlier expression for T, ,, obtained directly from the integration
by parts formula, as follows — this time, multiplying out all the common coefficients to save
us the trouble later:

1 FaMM 1 som+1 m om—1 m
Tm,z = EXSIH X + ESln X COSX — ? XSin xcosxdx — ?Tm,z

We will now abbreviate the integral on the right-hand side using the identifier /;, and move
all the instances of T;,, , to the left-hand side. We will then have:

(E+ 1)T = 1xsinmx + 1sinm“x CoS X — TI
2 m2zT 9 2 21

where:
I = fxsinm_lx cos x dx

We can now clear this equation up a little by simplifying the coefficient of T,, , on the left-
hand side in the following way:

m m 4 2 _m+ 2

2 2 2
The intermediate integral I, is in prime condition for integration by parts, with the aid of the
LIATE rule to help us make the best choices. We will choose parts as follows:

dv e
u = x and — = sin X COS X
dx

We might feel that we have made a dreadful error here, until we reflect that with the above
choice of dv/dx, we can say the following:

du 1 1
—=1andv = | sin™ "xcosxdx = T,,_11 = —sin"x
dx ’ m

omitting the constant of integration for the time being, confident that it will be back in place
at the end of the process.

The integration by parts formula now gives us the following expression for I;:

1 1
I, = —xsin™x — —J sinxdx
m m

Now, we do not have a ready formula to hand for the integral of sin”x: however, we do have
a reduction formula for this general integral, and we can use this formula repeatedly as many
times as necessary to obtain than expression for the integral if we are given a particular value
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for m. (The first six integrals in this sequence are listed based on repeated use of the
reduction formula in Appendix 4 Section 2.) We will therefore represent this integral using
an abbreviation, as follows:

Sm = fsinmxdx

so that we can now give the following expression for ;:

1
I, = —xsin™x — —S§
1 m m m

Returning to our expression for T, , with the aid of the above two pieces of work, we can
now restate it as follows:

(m+2)T _1_m_|_1_er1 1_m+15
> m2 = 2xsm x 2sm X COSX 2xsm x > Sm

We can remove the coefficients of 1/2 which are applied uniformly to both sides to obtain:

m+1

(m+ 2)Tp,, = xsin™x + sin™"x cosx — xsin™x + S,

The two xsin™x terms on the right-hand side are seen to cancel each other out, giving us the
following:

(m+ 2)Tp,, = sin™ 1x cosx + Sy,
and so we finally arrive at the following formula for T,,, ,:

B 1
T m+2

1
sin™*t1x cosx + TSm where S;, = fsinmxdx
m

Tm, 2

We can now turn to the similar case of;
Top = J sin®xcos™xdx

It should be possible, given the similarity in structure, to use the same methods we used to
deal with T, ,. This time, however, we will need a different standard integral to help us —to
wit, the following one:

1
fsinzxdx=§(x— sinxcosx) + C

With this in mind, we will again use integration by parts, and we will choose parts as follows:

n dv .
u = cos™x and — = sin“x
dx

The consequences of these choices are:
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du

1
i —nsinx cos® 'xandv = 3 (x — sinx cosx)
X

and the integration by parts formula now gives us:

1

1
Tyn = E(xcosnx — sinx cos™1x) + on f(x sinx cos™ 1x — sin®xcos™x)dx

(Note the plus sign just before the integral on the right-hand side, which is a consequence of
the minus sign preceding the expression for du/dx.) Once again, the integral on the right-
hand side splits up as follows:

f x sinx cos™ x dx — j sinxcos™xdx = j x sinx cos™ txdx — Ty,

Let’s now put this back into our earlier expression for T,, and, as we did in the previous
case, multiply out all the coefficients. We obtain:

1 n 1 ; n+1 n ; n-1 n
T, =5 ¥C0s"x — - sinx cos X+ - | Xsinxcos xdx — ETZ'n

We will now abbreviate the integral on the right-hand side as /; and move all instances of
T, » to the right-hand side, to restate the above equation in the following way:

n 1 1 n
(E+ 1) Tyn = Excos"x — Esinxcos"“x + 511
where:

n-—1

I = jxsinxcos xdx

As before, we now proceed to tidy up this equation. First, the coefficient of T, ,, on the left-

hand side simplifies as follows:

n+?2
2

Pi1=24 2o
2 N 2

NS

The intermediate integral I; can be dealt with by parts, with the following choices, based on
the LIATE rule:

dv _ i
u=xand — = sinxcos" 'x
dx
The consequences are:
u . 1
—=1andv = | sinxcos" 'xdx = T;,,_; = ——cos"x
dx ’ n
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and so the integration by parts formula gives us the following preliminary result:
1 1
I, = ——xcos™x + —f cos™xdx
n n

Treating this result in a similar way to the previous case, we will abbreviate the integral on
the right-hand side above as follows:

C, = fcos"xdx

bearing in mind that we have a reduction formula from Part 2 Section 13 of the main text, as
well as a set of solutions for low values of n in Appendix 4 Section 2. Our expression for I;
now becomes:

1
I, = ——xcos™x+ —C
1 n n n

We can now put the above information back into the expression for T, ,, which we obtained
above. It becomes:

<n+2)T 1 n 1 . 1 n +1C
> 2 2xcos x 2smxcos X 2xcos x 5 Cn

Once again, we can remove the coefficients of 1/2 which are applied throughout both sides
to get the following equation:

n+1

(n+2)T,, = xcosx — sinxcos™ " x —xcos"x + C,

The right-hand side terms in xcos™x cancel each other out, and we can divide both sides by
n + 2 to arrive at the following expression for T, ,,:

1 ) 1
sinx cos"*'x + ——C,, where C,, = | cos"xdx

T,, = —
Zn n+2 n+2

We could, of course, express this instead as follows, getting rid of the opening minus sign:

1 1
T, = C, — si coS
T 42" n+2 mx

n+1

X

We have now obtained expressions (perhaps with varying degrees of usefulness) for the
following instances of our general integral:

Ty,1, T Tinyzo Tan and Tyn

This should be enough foundational work, and we can now proceed to look at what we can
make of the general case, Ty, ,,

Let’s start with a useful reminder to the effect that:
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Ton = f sin™xcos™xdx

In obtaining reduction formulae, we usually begin by an application of integration by parts.
To facilitate a useful choice of parts, we will extract one factor of cos x from the integrand,
and restate the integral as follows:

f sin™xcos™ 1x cos x dx

This device allows us to choose parts in a useful way, as follows:

i Mm n—-1 dv
u = sin™xcos™ 'x and — = cosx
dx
The consequences are:
du sam—1 n saom+1 n-2 3
T msin™ *xcos™x — (n — 1)sin™"*xcos™ “x and v = sinx
X

The first of the above consequences was given by an application of the Product Rule to
differentiate the expression we chose to be u, and the second shows the usefulness of the
choice of parts we were enabled to make by restating the integrand.

We can now use the integration by parts formula to obtain the following expression for our
general integral:

Tn = sin™1xcos™ 1x — J(msinmxcos”x + (n — 1)sin™*2xcos™ 2x)dx

We can, of course, divide the integral on the right-hand side into two separate integrals and
take the coefficients in their integrands outside the integral sign. This gives us the following:

Tyn = sin™ xcos™ 1x — mj sin™xcos™xdx + (n— 1) J sin™*2xcos™ 2xdx

Both the integrals on the right-hand side are now integrals of the type we are considering
here, and as such they can be expressed using the subscripted-T notation we have adopted.
Using this notation, our equation becomes

Tn = sin™*txcos™ 'x — mTyn + (0 — DT g0z
Bringing all the terms in Ty, ,, over to the left-hand side, we have:

(m+ DTy, = sin™ txcos™ 1x + (n — DTpson_2

and if we now divide both sides by m + 1, we will obtain the general formula we have been
hoping for:
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_ 1 om+1 n-1 n-1
by 1sm xcos" x + men,n—z

Tm,n

In conclusion, it will be interesting to look at a list of the various formulae we have derived
here. They are as follows:

1
Ty1= Esmzx +C

Ty = ! sin™*1x + C
™ m 41
Tip=— ! cos™lx + C
L n+1
1 sam+1 iam
Tho= — sin™"*x cosx + o— 2Sm where S;, = | sin"*xdx
1 : n+1 1 n
Tyn=— m— sinx cos"" x + an where €, = | cos™xdx
Toon = ! sin™*1xcos™ 1x + n—_lT
mmn m+ 1 m+ 1 m+2,n-2

For the integrals of powers of sinx and cos x, we derived the following reduction formulae
in Part 2 of the main text:

n—1 R
Sp = Sp_p — —sin""“xcosx
n n
Co= B2y + —sinx cos™?
= _ —sinx cos" x
n n n-2 n

We can see from this summary that the general integral T,,, has been found to depend on
another general integral T, , where p is greater than m, while g has the more usual relation
found in a reduction formula of being less than n. This is a phenomenon we observed at the
end of Part 2, where we derived a reduction formula for the general integral known as the
“beta function” B(m.n). This last integral was, like our current trigonometric one, the
integral of the product of two functions each raised to a power, so that we might be tempted
to conclude that integrals of this type have a tendency to generate reduction formulae of the
kind we have found in this case.

We should note further that the integrals T, , and T, , depend on the integrals of powers of
sinx and cos x. Since the general case T, , depends on an instance of the T integral which
differs in indexation by an even amount (actually, by 2 for each subscript!), we must
conclude that any of these T integrals whose second subscript is even will ultimately itself
depend on the integral of a power of sinx. This is because the general reduction formula for
Ty n 1s found to depend on T,,4,,—> - the second subscript on the right-hand side is 2 less
than the second subscript on the left-hand side. Consequently, if we apply the reduction
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formula often enough for a version of our symbolic integral with an even value of n, we will
eventually reach T,, ,, which we see above depends on the integral | have named S,,.
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The following table lists every integral evaluated in the text and appendices, with a brief note
on the method used in each case and a reference to the location of the full solution. Integrals
containing explicit constants and coefficients are listed first, and symbolic integrals in a
second table.

Sometimes, an integral will have been evaluated in two places in the text, perhaps using
slightly different techniques; in these cases, two references to the text are given. Finally, I
have also chosen to include some references to intermediate integrals evaluated as part of a
larger integration problem if such intermediate integrals have been fully evaluated and they
seem significant enough to act as useful reference material — in such cases, the following
table shows the integrands as functions of the variable x rather than any substitution variable
which may be used in the text.

The final section contains a list of the standard integrals which are discussed at various points
in the text, and most of which are also listed with brief comments in Appendix 4 Section 2.

1 Integrals with Explicit Constants

Integral Method of Evaluation | Location in Text
1 ] ] .
f g dx Partial fractions Part 3 Section 2 Example 3
x —
1 e .
f dx Substitution Part 1 Section 9 Example 1
1+ vx
1
——dx Substitution Part 1 Section 7
f vxZ+ 1
fﬁdx Substitution Part 1 Section 9 Example 3
X — X
1
dx Substitution Part 1 Section 12 Example 1

V4 —2x — x2

] ’1 —X dx Substitution Part 3 Section 7 Example 1

fm x Substitution Part 1 Section 11 Example 2
1
fmdx Substitution Part 1 Section 11 Example 1
1
f—dx Substitution Part 1 Section 11 Example 5
Jx(1— x)
1 e .
fmdx Substitution Part 1 Section 11 Example 3
1 - Part 1 Section 12 Example 2
,[xz + 1 dx Substitution (intermediate integral 1)
I Part 3 Section 2 Example 4
f (x? — 4x +5)? dx Substitution (intermediate integral I5)
1 : : Part 3 Section 8 Example 6
x—D*+ x+1) du Partial fractions (intermediate integral I,)
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1 du Partial fractions Part 3 Section 8 Example 6
(x—=1D2(x%+ x+1)° (intermediate integral I3)
f 2+ \/de Multiple techniques Part 3 Section 6 Example 1
3— x
3 . . :
fmdx Multiple techniques Part 3 Section 6 Example 2
6
d Partial fractions Part 3 Section 1 Example 1
,f x—4(x-1) x D
12 . : Part 3 Section 2 Example 1(a)
f (x + 1) dx Rule of integration (intermediate integral I5)
29 . . . .
f PR dx Partial fractions Appendix 5 Section 18
x —
64 : . .
J 18 dx Partial fractions Part 3 Section 4 Example 3
x —
\/_1 Multiple techniques Part 3 Section 4 Example 1
x —
x+ 1 . . .
\/3— Multiple techniques Part 3 Section 6 Example 3
Vx(Vx + 1)
Vx+9 dx Substitution Part 3 Section 7 Example 3
X
f 4 —2x — x2dx Substitution Part 1 Section 12 Example 3
f V4 ; X dx Multiple techniques | Part 3 Section 4 Example 2
X
f\/(16 — x?)dx Substitution Part 1 Section 11 Example 4
i/_ + \/_ Substitution .
dx Rearranged integrand Part 1 Section 9 Example 4
3lx +1 : : i
J / dx Multiple techniques Part 3 Section 8 Example 6
x —
x4 + 5 : . .
——1c Multiple techniques Part 3 Section 4 Example 3
x —_—
x N Part 1 Section 12 Example 2
fxz + 1 dx Substitution (intermediate integral I;)
X
J—dx Substitution Part 1 Section 12 Example 2
X2+ 2x+2
x—1

J (x —2)(x? — 4x +5)?

dx

Partial fractions

Part 3 Section 2 Example 4

f X — 2 J
x%2— 4x+5 X

Substitution

Part 3 Section 2 Example 4
(intermediate integral 1)

X — 2

j(xz P

Rule of integration

Part 3 Section 2 Example 4
(intermediate integral 1,)

x—3

f(xz P e

Multiple techniques

Part 3 Section 2 Example 4
(intermediate integral I5)
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f x+ 2 d
2t a1l

Substitution

Part 3 Section 2 Example 3
(intermediate integral 1,)

x+5 g
f(x—Z)(x+1)2 x

Partial fractions

Part 3 Section 2 Example 1

Part 3 Section 5 Example 2

—3x 1 d Substitution
fxz 2 t2 (intermediate integral I,)
2
: dx Multiple techniques Part 3 Section 8 Example 5
x* =4
x3—1 e .
f > dx Polynomial division Part 3 Section 5 Example 3
X
3 _ 2 _
f X sz -|-I-_ :x 15 dx Polynomial division Part 3 Section 5 Example 4
X
x*+ 4 e .
J P dx Polynomial division Part 3 Section 5 Example 5
x —
7 6 5
fx T 5x7 F 10X - dx Polynomial division Part 3 Section 5 Example 2
x2+ 2x+2
fxzz%dx Rule of integration Part 1 Section 7 Example 5
2x + 3 . . .
f 71 4 dx Multiple techniques Part 3 Section 2 Example 2
x
2x + 3 . . .
f f 9 dx Partial fractions Part 3 Section 1 Example 3
x —
3x +1 . Part 3 Section 5 Example 2
j x?+ 2x +2 dx Substitution (intermediate integral I,)
3x+2 e .
d
=5 x Substitution Part 1 Section 9 Example 2
3x+5 e .
mdx Substitution Part 1 Section 8 Example 4
3 _ 2 _
J 3% 53x -:—110x 3 dx Polynomial division Part 3 Section 5 Example 1
X
6x% + x + 13 . . .
X X X Partial fractions Part 3 Section 2 Example 2
(x—Dx*+ 4)
7x +5 ) . .
dx Partial fractions Part 3 Section 1 Example 2
(x—Dx+2)
7x + 19 . i
dx Substitution P_art 3 Sec_tlon_Z Example 1(b)
(x +1)? (intermediate integral I,)
f(Zx + 5)3dx Rule of integration Part 1 Section 7

j(Zx —1DIn(x?+ 1)dx

Integration by parts

Part 2 Section 7 Example 1

fx\/(l — 3x%)dx

Substitution

Part 1 Section 3 Example 4

j x(3x + 5)%dx Integration by parts Part 2 Section 4 Example 3
jx(3x + 5)2dx Substitution Appendix 5 Section 7
j(x —2)*dx Rule of integration Part 1 Section 7
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fx(x + 1)3dx

Substitution

Part 1 Section 8 Example 1

fx(xz + 1)%dx

Substitution

Part 1 Section 3 Example 3

J.xexdx

Integration by parts

Part 2 Section 4 Example 1

xe?*dx

Integration by parts

Part 2 Section 5 Example 2
(intermediate integral 1,)

2
X

cos x dx

Integration by parts

Part 2 Section 3
Part 2 Section 6 Example 3

w

xsin?xdx

Integration by parts

Part 3 Section 9 Example 12

f xsin®xcos3xdx

Rule of integration

Part 3 Section 9

xtan~!x dx Integration by parts Part 2 Section 4 Example 4
f xInxdx Integration by parts Part 2 Section 4 Example 5
o Part 1 Section 8 Example 3

f(x + DV(x + 2)dx Substitution Appendix 5 Section 1
f (x + 2)(x + 3)*dx Substitution Part 1 Section 8 Example 2

1
f(3x +5) cos X dx

Integration by parts

Part 2 Section 4 Example 2

f(3x2 — 4 tan lxdx

Integration by parts

Part 2 Section 7 Example 2

f /5+ Vax dx

Substitution

Part 1 Section 10 Example 1

f }2+ \/mzdx

Substitution

Part 1 Section 10 Example 3

13/1+de

Substitution

Part 1 Section 10 Example 2

fxz(x3 + D*dx

Substitution

Part 1 Section 6
(treated as a definite integral)

2
f X dx Substitution Appendix 5 Section 8
1+ x2
2
f 3x 5 dx Rule of integration Part 1 Section 7 Example 6
3 —
2
+ x—-1 ] ] )
j de Partial fractions Part 3 Section 1 Example 4
x(x?2— 1)
f 3x2(x3 — 5)*dx Rule of integration Part 1 Section 7 Example 2
3 . Part 2 Section 5 Example 2
— N2,2X
f 2 X¢ dx Integration by parts (intermediate integral 1)
x? sinx dx Integration by parts Part 2 Section 5 Example 1
9 yp Part 2 Section 6 Example 1
x3 p Substitution Part 1 Section 8 Example 4
fxz F1 Part 1 Section 8 Example 5
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x3 4 Partial fractions Part 3 Section 8 Example 6
(x3 — 1)2 x (intermediate integral 1;)
fx3(x4 + 2)%dx Rule of integration Part 1 Section 7 Example 3
20x3 . . Part 3 Section 4 Example 3
fx4 —1g % Rule of integration (intermediate integral I,)
. Part 2 Section 5 Example 2
3,2x
f xTedx Integration by parts Part 2 Section 6 Example 2
f x3e?*dx Reduction formula Part 2 Section 13 Example 2
. Part 2 Section 5 Example 3
3
fx cos x dx Integration by parts Part 2 Section 6
eﬁ . . .
f_dx Rule of integration Part 3 Section 7 Example 5
Vx
ex
d Multiple techniques Part 3 Section 8 Example 1
f (e*— 1)(e*+ 3) x P a D
e* sinx dx Integration by parts Part 2 Section 12 Example 1
f e?* cos 3x dx Integration by parts Part 2 Section 12 Example 2
f\/ex + 1dx Substitution Part 3 Section 7 Example 2
1 . . .
J T 1 dx Multiple techniques Part 3 Section 8 Example 2
e

f cos(x + 3) dx

Rule of integration

Part 1 Section 7 Example 7

f cosx (1 + sinx + sin’x) dx

Substitution

Part 1 Section 3 Example 1

f cos 2x dx

Rule of integration

Part 1 Section 7 Example 8

f cos(2x + 3) dx

Substitution

Part 1 Section 3 Example 5

cosx
- dx
sinx

Rule of integration

Part 1 Section 7 Example 4

J cos’ xdx

Reduction formula

Part 2 Section 13

f cotx dx

Rule of integration

Part 1 Section 7 Example 4

f secx dx

Substitution

Appendix 5 Section 6

f sec x tan®x dx

Integration by parts

Appendix 5 Section 12

j sec?x p
X
tan3x — tan?x

Multiple techniques

Part 3 Section 8 Example 3

j sec3xdx Integration by parts Part 2 Section 12 Example 3
sinvVx I Part 1 Section 3 Example 6

7 dx Substitution Part 1 Section 9
j sinvx — 1dx Multiple techniques Part 3 Section 8 Example 4
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f(sinx + cosx)(sinx — cosx)? dx

Substitution

Part 1 Section 3 Example 2

f sinx cos x dx

Substitution

Part 1 Section 1 & Section 2

J- sinx cos x dx

Substitution

Appendix 5 Section 22

J- sinx cos x dx

Trigonometric identity

Appendix 5 Section 22

sin 3x cos 5x dx

Trigonometric identity

Part 3 Section 9 Example 1

sin 7x sin 5x dx

f— —

Trigonometric identity

Part 3 Section 9 Example 2

sin®xcos3xdx

Substitution

Part 3 Section 9 Example 3

sin®xcos*xdx

Multiple techniques

Part 3 Section 9 Example 6

sin?xcos®xdx

e [—— [——,

Substitution

Part 3 Section 9 Example 5

f sin3x cos x dx

Rule of integration

Part 1 Section 7 Example 1

f sin3xcos8xdx Substitution Part 3 Section 9 Example 4
f sin*xcos®xdx Multiple techniques Part 3 Section 9 Example 7
f iin_l ’: dx Rule of integration Part 3 Section 7 Example 4
- X
J tanxsec3xdx Trigonometric identity | Part 3 Section 9 Example 11
J tan3xsec?xdx Substitution Part 3 Section 9 Example 8
J tan3xsec*xdx Substitution Part 3 Section 9 Example 9
Jtan5xsec3xdx Substitution Part 3 Section 9 Example 10
tan~! x dx Integration by parts Part 2 Section 8 Example 2

Jlnxdx

Integration by parts

Part 2 Section 8 Example 1

fj1n|x+ Vx? + 1|d
X

x4+ 1

Substitution

Part 3 Section 7 Example 7

dx

j3\/1 + Inx

X

Rule of integration

Part 3 Section 7 Example 6
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Symbolic Integrals

Integral Method of Evaluation | Location in Text
fx i - dx Rule of integration Part 1 Section 7
1
d Partial fractions Appendix 5 Section 17
f(x+a)(x+b) x PP
f ! dx Rule of integration Part 1 Section 7
ax+b

1
f (ax + b)(cx + d) dx

Partial fractions

Appendix 5 Section 17

1
d N . .
f*\/(xz Ty Substitution Appendix 5 Section 20
X
—dx Substitution Appendix 5 Section 5
.f Yax +b
1 i . ) .
j - dx Partial fractions Appendix 5 Section 17
X — a
n
fxidx Reduction formula Appendix 5 Section 9
x22+_11
f X dx Substitution Part 1 Section 8
x"+ a
ax+Db

(ex+d)(ex+f) dx

Partial fractions

Appendix 5 Section 17

j’ px +q d
x%2+ bx+c X

Multiple techniques

Appendix 5 Section 19

axZn—l
—  dx Substitution Appendix 5 Section 4
bx™ + ¢
f (x + k)"dx Rule of integration Part 1 Section 7
f(x +a)(x + b)Pdx Substitution Appendix 5 Section 2
f(ax + b)"dx Rule of integration Part 1 Section 7
f (ax+ b)(cx + d)Pdx Substitution Appendix 5 Section 3
_ _ . Part 2 Section 13 Example 4
m-1 _ n—1
J X7 (1= x)"dx Reduction formula (treated as a definite integral)
J x"e**dx Reduction formula Part 2 Section 13 Example 2

J e cos bx dx

Integration by parts

Appendix 5 Section 10

j cos mx cosnx dx

Trigonometric identity

Appendix 5 Section 21

J cos"xdx Reduction formula Part 2 Section 13

J secxdx Reduction formula Appendix 5 Section 11
f sin mx cos nx dx Trigonometric identity | Appendix 5 Section 21
f sin mx sinnx dx Trigonometric identity | Appendix 5 Section 21
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f sin™xdx Reduction formula Part 2 Section 13 Example 1
f sin™xcos"xdx Reduction formula Appendix 5 Section 23
f In"x dx Reduction formula Part 2 Section 13 Example 3
f f(x + k)dx Substitution Part 1 Section 7
f fUex)dx Substitution Part 1 Section 7
f (F)"f' (x)dx Substitution Part 1 Section 7
];((;C)) dx Substitution® Part 1 Section 7

3 Summary of Standard Integrals

Algebraic Integrals

1 1
—d = sin~ 1= C
f g x = sin"l—x +

1
dx = cos_lax+ C

fmdx— ln|x+ x4+ a2|+ C
X a

1 1 1
Jﬁdx= —tan""—x+ C
xXc+ a a a

jrlazdx= %ln|i12|+ c
f @ — x2dx = %(a2 sin‘1§+ xaz = x2)+ ¢

[V =t = S (o= @ - @+ = @)+ €

[V ax = (V3 F @+ @i+ Ve @)+ €

X 1
fxz—-l-ldx = Eln(xz + 1)+C

2
X
Jx2+ 1(Jlx= x—tan"tx+ C
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f © = Loz 1) 4C
= g —hnGr+ D

x? 11
ﬁdxzx— —tan" " —x+ C
x4+ a a a

x+a
f dx =x—(b—a)In|x+b|+ C

x+b
f 1 dx = 1 1 |x+b|+C
(x + a)(x + b) *Ta-b"lx+a

bp —2 2 b
P20 00 2 (

]ﬂdx=glnlx2+ bx + ¢| — ——tan™' —— x+—)+ C
2 Vac — b2 Vac — b2

x2+ bx +c

2
Trigonometric Integrals

1
fsinkxdx= —Ecoskx+ C
1
fcoskxdx= Esinkx+ C
fsecxdx= In|secx + tanx|+ C
fcotxdx = In|sinx| + C
. 1 1 1 .
fsmzxdxz E(x— Esm2x>+ C = E(x— sinxcosx) + C
1 1 1 _
fcoszxdxz E(x+ Esm2x>+ C = E(x+ sinxcosx) + C
ftanzxdxz tanx — x + C
Jseczxdx = tanx + C

1
ftan_lxdx = xtan"lx — Eln(x2 + 1D+C

1 1
j sinmx sinnx dx = ——sin(m —n)x - —————sin(m+n)x + C

2(m—n) 2(m+n)
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sin(m —n)x + sinlm+n)x+ C

1 1
2(m —n) 2(m+n)

f cosmx cosnx dx =

1
f sinmxcosnxdx = ————cos(m+n)x — —————cos(m—n)x+ C

2(m+n) 2(m —n)

Exponential & Logarithmic Integrals

1
fekxdx = Ee"x+ C

flnxdxz xlnx— x+C

460




